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ON APPROXIMATIONS BY TRIGONOMETRIC POLYNOMIALS
OF CLASSES OF FUNCTIONS DEFINED BY MODULI OF
SMOOTHNESS

NIMETE SH. BERISHA, FATON M. BERISHA, MIKHAIL K. POTAPOV,
AND MARJAN DEMA

ABSTRACT. In this paper, we give a characterization of Nikol’skii-Besov type
classes of functions, given by integral representations of moduli of smoothness,
in terms of series over the moduli of smoothness. Also, necessary and sufficient
conditions in terms of monotone or lacunary Fourier coefficients for a function
to belong to a such a class are given. In order to prove our results, we make
use of certain recent reverse Copson- and Leindler-type inequalities.

1. INTRODUCTION

Let ' f € Lpy[0,27], 1 < p < oo, be a 2m-periodic function. We say that the
function f has monotone Fourier coefficients if it has a cosine Fourier series with

o0
flx) ~ Z a,cosnr, ay 0.
n=0

We say that the function f has lacunary Fourier coefficients if

flx) ~ Z Ay cos vz,
v=1
where
_Ja, =0 for v = 2#,
"0 for v £ 2H,
that is

(o)
f@) ~> aycos2z, a, > 0.
=0

By wi(f,t), we denote the modulus of smoothness of order k in L, metrics of a
function f € L,, 1 <p < oo:

wi(f,t)p = sup [|A} flp,
|h|<t

where

k
Akt = S0 (5 a4 om)

v=0
is the k-th order shift operator.
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By E,.(f), we denote the best approximation in L, metrics of a function f € L,,
1 < p < o0, by means of trigonometric polynomials whose degree is not greater than
n—1,1ie.

En(f)p = jin,fl ”f - Tn—l”Pv

where T),_1 = ZZ;S (o cosve + B, sinvex), a,, and B, are arbitrary real numbers.
We say that a 2r-periodic function f belongs to the Nikol’skii-Besov class N (p, 8,7, A, ),
1 < p < o0, if the following conditions are satisfied
(1) f € Lyl0, 27];
(2) Numbers 6, r, A belong to the interval (0, 00), and k is an integer satisfying
k>r+ X
(3) The following inequality holds true

S . 1/0
0 1

while the function ¢ satisfies the conditions

(4) ¢ is a non-negative continuous function on (0,1) and ¢ # 0;
(5) For every d1, d2 such that 0 < §; < 3 < 1 holds p(d1) < Crp(d2);
(6) For every & such that 0 < ¢ < $ holds ¢(28) < Cap(6),

where constants? C, C; and Cy do not depend on 67, d and 4.

A more detailed approach to the classes N(p, 0,7, A, ) is given in [6] and [12]
(see also [2]). In the paper, we give a characterization of N(p,8,r, A, ¢) classes
of functions in terms of series over their moduli of smoothness. Then we give
the necessary and sufficient conditions in terms of monotone or lacunary Fourier
coefficients for a function f € L,[0,27] to belong to a class N(p,0,7, A, ¢). In
the process of proving the results, we make use of certain recent reverse l,-type
inequalities [10], closely related to Copson’s and Leindler’s inequalities.

Finally, by making use of our results, we construct an example of a function ha-
ving a lacunary Fourier series, which shows that N(p,0,r, \, ) classes are properly
embedded between the appropriate Nikol’skii classes and Besov classes.

2. STATEMENT OF RESULTS

Now we formulate our results.

Theorem 2.1. A function f belongs to the class N(p,0,7,\, ) if and only if*

0o 1 0 n 1 0 1/6
< Z W <f, V) Y01 4 =0 Zwk (fvy) l/(r+/\)91)
v=1 P

v=n+1 P

where constant C does not depend on n.

Theorem 2.2. For a function f € L,[0,27], 1 < p < 00, such that

f(@) ~ ZGVCOSIKE, ay 40, (2)
v=1

2Without mentioning it explicitly, we will consider all the constants positive.
3Here and below we assume that the parameters 0, r, A and k satisfy the condition 2, and the
function ¢ satisfies the conditions 4-6 of the definition of the class N(p, 0,7, X, ¢).
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to belong to the class N(p, 0,7, A\, @) it is necessary and sufficient that its Fourier
coefficients satisfy the condition

0o n 1/6
( Z a0 rOH0=0/p=1 | ;=0 Zagyre+w+e—9/p—1> < Cy (1> ’
v=1 n

v=n-+1

where constant C does not depend on n.

Regarding Theorem 2.1, a very interesting open question remains its analogue
for functions with general monotone Fourier coefficients, generalized in the sense
of [13, 9.

Corollary 2.1. Put () = 6%, 0 < a < A, in the definition of the class N(p, 0,1, \, @),
we obtain [6] the Nikol’skii class H**. Thus Theorems 2.1 and 2.2 give the single
coefficient condition

C
al/ — 1
Vr+oc+17;
for f € H}™, given in [5], where the function f is given by (2).
Corollary 2.2. If ¢(8) > C, then we obtain [6] the Besov class BY. Thus Theo-
rems 2.1 and 2.2 give the necessary and sufficient condition
ZagyTG—FG—G/p—l < 00
v=1

for f € Bg”, given in [11], where the function f is given by (2).

Theorem 2.3. For a function f € L,, 1 < p < oo, such that

f(z) ~ i Ay COS VT, (3)
v=1

and
N a, >0 forv=2",
i 0 for v #£ 21
to belong to the class N(p,0,r, A\, ) it is necessary and sufficient that its Fourier
coefficients satisfy the condition®

e m 1/6
1
(S awremo S aeon) < op (L)),

v=m+1 v=1

where constant C' does not depend on m.

Corollary 2.3. Putting ¢(0) = §%, 0 < a < A, in the definition of the class
N(p,0,r,\ @), we obtain [6] the Nikol’skii class H;*O‘. Thus Theorem 2.3 gives
the single coefficient condition

a, < Cz—u(?“+a)
for f € H;*O‘, where the function f is given by (3).

Corollary 2.4. If ¢(§) = C, then we obtain [6] the Besov class Bgr. Thus Theo-
rem 2.3 gives the necessary and sufficient condition

o0
E aZQ“ra < 00
pn=1

for f € Bgr, given in [11], where the function f is given by (3).

4Here and below we assume that the parameters 0, r, A and k satisfy the condition 2, and the
function ¢ satisfies the conditions 4-6.
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Ezxample 2.1. Let
fz) ~ Z a, cos2¥z,

pn=0
where are
ay = 27" (u4 1)~/ o >0
Then, we have
) 1/6
Cin™ ¢ < ( Z afLQ‘”g) < Oyn™“
p=n-+1
and

n 1/6
anf(orFl/e) < <2n)\9 ZaﬁQM(T+)\)9) < C4n7(04+1/9)7
pn=0

—Q

thus implying (see the proof of Theorem 2.3) f € N(p, 8,1, \, ) for p(0) = (ln %)
This means that classes N are classes of embedding between classes H and B.
3. AUXILIARY STATEMENTS
In order to establish our results, we use the following lemmas.
Lemma 3.1. Let 0 < a < 8 < 00 and a, > 0. The following inequality holds true

£ <"

v=1 v=1
Proof of the lemma is due to Jensen [4, p. 43].

Lemma 3.2. Let {a,}S2, be a sequence of non-negative numbers, o > 0, A a real
number, m and n positive integers such that m < n. Then

(1) for 1 <p < oo the following equalities hold

i Ma—l (i al,V)\)p <0 i Moz—l(aulux\—i-l)l)’
pu=m v=p p=m
n I n
P S D
p=m v=m p=m

(2) for 0 < p <1 the following equalities hold

n n p n
S (Sant) 203ty
pn=m

pu=m v=p

n " n
Z u—a—l (Z G,VV>\>p > 04 Z /L_a_l(auﬂ)\+1)p7
p=m v=m p=m

where constants Cy, Cy, C3 and Cy depend only on numbers o, A and p, and do
not depend on m, n as well as on the sequence {a,}52 .

Proof of the lemma is given in [4, p. 308].

Lemmas 3.3 and 3.4 that follow state certain ,-type inequalities which are rever-
sed to the ones given in Lemma 3.2 and closely related to Copson’s and Leindler’s
inequalities (see, e.g., [3, 7, 8, 14]).

We write a, | if {a,}32; is a monotone-decreasing sequence of non-negative
numbers, i.e. if a, > a,41 >0 (v=1,2,...).

Lemma 3.3. Leta, |, @ >0, A a real number, m and n positive integers. Then
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(1) for1 <p< oo, n>16m the following equalities hold

n n D n
S (L et) 26 3wy
p=m v=p

pn=8m

n 1% P n
> ”_a_l(z WA) 2Co 0w e
n=m

v=m pn=4m

(2) for 0 < p <1, n>4m the following equalities hold

n n P n
> (e ) <0 3wy
V= p=m

p=4m

n w P n
St (2 wt) s a3 i ey,
p=4m v=4m pu=m

where constants C1, Co, C3 and Cy depend only on numbers o, \ and p, and do
not depend on m, n as well as on the sequence {a,}52 .

Proof of the lemma is given in [10].

Lemma 3.4. Let a, |, a > 0, X\ a real number, m and n positive integers. For
0 < p < oo the following inequalities hold

n n n p n
c, Zuafl(aulu)H»l)P < Zludafl (Z CLVVA> < Cy z:M(szl(aﬂlu)H»l)P7
p=1 pu=1

v=p

p=1
n n 1% P n
Cs Zﬂ—a—l(amu)\-s—l)p < ZM—Q—l (Z a,,VA) <y Zu—a—l(au/’u)\-i-l)]g’
p=1 p=1 v=1 p=1

where constants Cy, Cy, C5 and Cy depend only on numbers o, A and p, and do
not depend on m, n as well as on the sequence {a,}5° .

The lemma is also proved in [10].

Lemma 3.5. Let f € Ly[0,27] for a fizred p from the interval 1 < p < oo and let

(oo}
flx) ~ Za,, cosvz, a, 0.
v=1

The following inequalities hold

1 n 1/p oo 1/p 1
(et ) (2 ) sa(n)
v=1 p

v=n-+1
1 n 1/p o) 1/p
SC’zk(Za’;V(kH)p_Q) +( > agyp—2> ,
n v=1 v=n-+1

where constants C1 and Cy do not depend onn and f.
The lemma is proved in [11].
Lemma 3.6. A function f belongs to the class N(p,0,r, A, @) if and only if
0o n 1/6
1
70 0 —n\f r+X)0 [
(3 2B+ e ) <0p ().

p=n+1 pn=0

where constant C does not depend on n.

Proof of the lemma is given in [6].
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Lemma 3.7. Let f€ L,, 1 <p < oo, and

oo
x) ~ Zau cos2'x, a, >0.

The following inequalities hold
) 1/2 ) 1/2
a(Xa) sih=a(Xd)
n=0 pn=0
where constants Co and Cy do not depend on f.
Proof of the lemma is due to Zygmund [16, vol. I, p. 326].
Corollary 3.1. Lemma 3.7 yields the following estimate

oo

1/2 o 1/2
ol (Z a,%) < Eon(f), < Cy (Z ai> ,

pn=n pn=n

where constants Co and Cy do not depend onn and f.

4. PROOFS

Now we prove our results.

Proof of Theorem 2.1. Put

_1 1
1
I, = / t_rg_lwk(fv t)z dt) Iy = / t_(r+>\)9_1wk (fv t)g dt
0 1

n+1

We have [4, p. 55]
et
I :/ t—re—lw Z / t—r9 1 f’ )
0 v=n-+1

1 oo 0
< Z WE <f7 > / t*’f‘@*l dt S Cl Z WE (f, i) I/TG—l

v=n-+1 v+ v=n+1 p

and, taking into account properties of modulus of smoothness [15],

6 1 o) 0
v 1
I > § Wi (f, +1> /1 7 dt > O, § wk<f,y> proL,

v=n-+1 v=n-+1 p

In an analogous way we estimate

n 0 1 n 9

1 V) 1 g

SZwk <f7y> /1 (20 ldtSC’ngk (f’y> Y(rFA)0—-1
v=1 p

v+1 v=1 p

and
0

n 6 1 n
1 v 1
> —(r+X)0—1 > L (r+)\)6—1.
I2_;wk(f7y+l>p/l t dt_c4zwkr fa]/ 14

U1 v=1 p

Let f € N(p,0,7, A, ¢). For a positive integer n we put § = . Then we have

=1, + 61,

> 0 n 9
S L 1
> 05( Wk (f, V) pro=1 0 } :Wk (f, V) Z/(T'H‘)G_l),
1 v=1 P

v=n-+
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Hence we obtain

o] 1 6 n 1 0
J:( Z Wk (f’,,) Vre_l—&—n_wl;wk (f,y) v

1/6
(r+/\)9—1>
p

1 1
< Csl < Cre(6) = Cryp < n 1) < Cgp (n) ;

which proves inequality (1).

Now we suppose that inequality (1) holds. For ¢ € (0,1) we choose the positive
integer n satisfying —= < 6 < 1. Then, taking into consideration the estimates
from above for I; and Ig we have

= 5
n+1

19:/ t_“g_lwk(f,t)f,dt—i—/l £ g (f,t)g dt
0

nt1

1
+6>\9/ t—(T-‘:—)\)@—lwk(f’ t)]d; dt < [1 +6A912
1)

[eS) 6
§Cg( Z W (f’i) yro-1 4 492% <f, > Y(r+2)0— 1)

v=n+1 p

Hence
1 1
I < Ciod <Chip <> < Chap (> < Ci139(9),
n 2n

implying f € N(p,0,7,X, ).
Proof of Theorem 2.1 is completed. O

Proof of Theorem 2.2. Theorem 2.1 implies that the condition f € N(p, 8,7, A, ¢)
is equivalent to the condition

e 0 0
1 _ - 1
Z Wk (f’ ) VTG 1 A0 Zwk ( ) ( +A)6—1 < Clg@ < ) ;
v=n+1 v p n

where constant C7 does not depend on n. Lemma 3.5 yields that the last estimate
is equivalent to the estimate

(r—k)6 ootrp2) L o2\
S vt (3 e oy Za#

v=n-+1 pn=1 v=n-+1
n v 0/p
+ n—)\e Z V(T+)\—k)0—1 (Z CLZN(k+1)p_2>
v=1 p=1

0/p 1 (4
)‘92 (r+2)0 (Za up_2> < Cyp (n) )

where constant Co does not depend on n. Hence, if we denote the terms on the
left-hand side of the inequality by Jy, Jo, J3 and Jy respectively, then condition
f € N(p,0,r, )\ p) is equivalent to the condition

o
1
J1+J2+J3+J4§02%0(n> . (4)

Now we estimate the terms Jy, Jo, J3 and Jy from below and above by means
of expression taking part in the condition of the theorem.
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First we estimate J; and J; from below. We have

[ee}

J = Z (r k)6 (Z ap (k+1)p— 2)
v=n-+1
v 0/p
> Z —(lc r)6— 1( Z aﬁﬂ(k+l)p_2>

v=n-+1 p=n-+1

For k — r > 0, making use of Lemmas 3.2 and 3.3 we obtain

Jp > Cs Z V—(k‘—r)@—l(agy(k+1)p—2y)0/p
v=4(n+1)
=4 Z agyre-s-e—e/p—l. (5)
v=4(n+1)
In an analogous way, for 70 > 0 we get
0/p 0o
Z Vr@ 1<Za ‘up 2> 204 Z agyr0+970/p71. (6)
v=n+1 v=8(n+1)
We estimate the term Jo from above:
Jy < C5 Z Vrefl(al;zjyp72u)0/p _ 05 Z agyr6+970/p71. (7)
] Y
For J; we have
o0
Ji < Cﬁ( Z p~ (k=) ( Z ahp (k+1)p— 2)
v=n+1 p=n+1
n 4
b3 e l(Z > “’)
v=n-+1 pn=1
and applying once more Lemmas 3.2 and 3.3 we obtain
n 6/p
DG S et (S agee)
o[ =
Put
I = - r)eza (k+1)p
Then for

I = Iln(kfr)a,
taking into account that (kK + 1)p — 2 > 0 and a, | 0 we get
[n] n
Zap (k+1)p=2 < Zap (k+1)p=2 | a Z plFp=2

pu=1 p=1 [¢] p=[%]+1

w3

p, (k+1)p—2 (k+1)p—1 ;D (k+1)p
<Y au +Cgn (441 S Oo Z ab ¢
1

©w
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Since kK —r — A > 0, we have

0/p
1P < Cyon= ") (Z ap 2)

v 0/p
< Oy Z L~ (k—r=2)0-1 (Z afbu(k-&-l)p—Q)

p=1

=r

0/p
< Cyn AHZV—(k r—\)0 (Zap (k+1)p— 2)

v=1
Applying Lemma 3.4 we obtain

If/p < Cunﬂ\e Z Vf(kfrf)\)Ofl(alzjy(k+1)p72y)9/p

v=1

_012n /\OZGG (r+X)0+6—0/p— 1.

From (8) it follows that

ha §C13( Z ol yr0+0—0/p= 1+n—wza9 (r+X\)0+0—0/p— 1)

A
This way, inequalities (5), (6), (7) and (9) yield

oo
Cia Z agyr0+9—0/p71 <Ji+ Js
v=8(n+1)

9)

SC’15< Z alyro+o=9/p= 1+nwzagy(r+,\)e+99/p1>’ (10)

v= [n+1] v=1

Now we estimate J3 and Jy. Put

v

6/p
_ nAOJS ZV(T+)\ k)o—1 (Z ap (k+1)p )
and
0/p
Ay — Mg, — Z (r+2)0 (Z“ s 2) ’
applying Lemma 3.4 for r + \ — k < 0 we get

n
Al < 016 Zagu(r+’\)9+9_9/1’_l.

v=1

We estimate Ao in an analogous way:

n n 0/p
Ay < Oy7 (Z V(T+>\)0—1 (Z a;f“up—2>

v=1 p=v
n o 0/p
i ZV(T.+A)9—1( Z aﬁup_g) )
v=1 p=n-+1

n [eS) 0/p
< Cis (Z agl/(r+)\)0+070/p71 + n(r+/\)0( Z aﬁup2) >

v=1 p=n-+1

(12)
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We estimate the series

oo 0/p
B: ( Z aﬁ/},p_2> .

p=n-+1

First let % > 1. Applying Holder inequality we have

o'} 00 p/0
> < (X tagrtereyn)

pn=n+1 p=n+1
00
" ( S /e
p=n-+1

(0-p)/0
)9/(9—p>) ,

§+1)%:rpﬁ+l>l,weget

oo p/o
Z aﬁ;ﬁ’—Q < Cion~"P ( Z aa 0—0/p+ro— 1) .

p=n-+1 pn=n+1

Since (rp —

So, for % > 1 we have proved that

oo
B S 0207177"9 E az‘ur0+079/p71'
pu=n+1

Let % < 1. For given n we choose the positive integer N such that 2V <n+41 <
2N+1 Then we have

oo ovtl_q 0/p
<(Sur) 2SS )

n=2N p=2v
o0 6/p
< Cy (Z a§y2”(p_1)> .

v=N

Making use of Lemma 3.1 we obtain
2v—1

EEIHD SR ELCULICHS Sl ORI

v=N v=N p=2v-1

= Oy Z a9 0—0/p—1 < Oy Z aa 0—0/p—1

y=2N-1 V_[n1-1]

n+1]17" S r0+0—0/p—1
SCQQ 4 Z a,v .

=)

Since for n > 3 holds [i] > I 15, we get

B < Cosn™ r6 Z a@ r0+6—0/p— 1
A

This way, for 0 < g < oo we proved that

oo

—r6 0. ro+6—0/p—1
B < Caoun E a, v .
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Hence (12) yields

Ay < Cos (Z agy(r+)\)0+076'/p71 + n)\e Z aﬁyr0+00/pl> )
= -]
Now, from (11) it follows that
Js+Jy=n" (A + Ay)
< 026< )\GZCL Vr+)\)0+t9 0/p—1 + Z a@ r0+6—0/p— 1>' (13)
=[]

Further, we estimate the series

2 CLO r6+6—0/p—1 A4+ E aG r6+60—0/p— 1

y—["II] v=n+1
where is
n
A4 — Z agVTO—i-G—O/p—l S 027afn7+1]nr9+0—9/p
=[] 4
(23] n
< ng’rli/\a Z agy(r+)\)9+079/p71 < 02877/7)\6 Zagy(r+)\)0+070/p71.
v=1 v=1
Hence

A3 <ng( A@Za V(TJr/\ )0+6—6/p— 1+ Z a6’ r6+6—0/p— 1> (14)

v=n-+1

Making use of (14) and (13) we have

Js + Jy §030< M)Zae (r4+X)0+6—6/p— 1 Z ae r0+0—0/p— 1>
v=n-+1

Hence, applying (14) in (10) we obtain
Ji+Ja+Jz+

<031( )\GZCLH (r+X\)0+60—0/p— 1+ Z a@ r0+6—0/p— 1>' (15)

v=n+1
Now we estimate A; and Ag from below. Making use of Lemma 3.4 we get

Al > 03220,9 (r+X)0+60—0/p— 1
v=1
and in an analogous way

n n 0/p n
Ay > Z L(rHNe-1 (Z aﬁﬂp_2> > Css Z aﬁy(”’\)“e—e/p_l,
v=1 u=v

v=1

Hence "
Ay + Ay > Cyy Z agv(r+/\)0+970/p71.

v=1

This way the following inequality holds

Js + Jy > Cssn~ Z agy(r+x)9+e—9/p_1_

v=1
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From (10) it follows that

Ji+ o+ I3+ Jy

%) n
> CBG( Z agyr6’+079/p71 + nf/\G Z agy(r+)\)9+9«9/p1> ) (16)
v=8(n+1) v=1
Since
v=8(n+1)—1
Z agyr9+0—9/p—1 < 037aflnr9+0—9/p
v=n+1

n
S CBSn—AQ § agy(r+/\)9+9—9/p—1

v=1
holds, we have
s3] n
Z Qfyro+o=0/p=1 | =20 Zagy(r+,\)9+e—9/p—1
v=n-+1 v=1
oo n
< 039( § : agyr9+9—9/p—1 + n—>\9 § agy(r+/\)9+9—0/p—1>.
v=8(n+1) v=1

Now, estimates (16) and (15) imply

oo n
C40< Z ol yrO+0—0/p=1 4 ;=20 Z agy(T+)\)9+9—9/p—l)

v=n-+1 v=1
<JI+Jo+J3+Jy

o0 n
= C41< Z ag,f@Jrf?*G/pfl + nfM)} :agy(r+>\)9+99/p1)'
v=n-+1 v=1

This way we proved that condition (1) is equivalent to the condition of the
theorem. Since condition (1) is equivalent to the condition f € N(p,0,r, X\, ¢),
proof of Theorem 2.2 is completed. O

Proof of Theorem 2.3. Considering Lemma 3.6, condition f € N(p,0,7, X, ) is
equivalent to the condition

0o n 0
vr —n vr !
Z 2770 By (£)0 + 2 ,\92:2 N0 Bo (1) < Caop <2n> ;
v=n+1 v=0

where constant C' does not depend on n. Corollary 3.1 yields that the last estimate
is equivalent to the estimate

oo i 9/2 n 0o 0/2 1 0
Z quré (Z “3) 1 9nA Z ou(r+A)6 <Z ai) < Cyzp <2n> , (A7)
v=n+1 p=v v=0 n=v

where constant C43 does not depend on n.

Put
00 oo 0/2 n oo /2
J = Z 21/7"9 <Z ai) . Jy= 2771/\9 Z 2V(7’+/\)9 <Z ai) ’
v=n+1 pn=v v=0 n=v

we estimate J; and Js from below and above.



ON APPROXIMATIONS BY TRIGONOMETRIC POLYNOMIALS... 13

Let 0 < £ < 1. Using Lemma 3.1, changing the order os summation we get
2 g ging g

LS 00 ) m
J; < Z 21/r0 Z CLZ — Z az Z 21/7‘0.
u=v

v=n-+1 p=n+1 v=n-+1
Therefrom, taking into consideration that r6 > 0 while computing the second sum
we obtain

oo
0 our
J1 §C44 Z aHQMT .
p=n+1
Let 1 < g < oo and 0 < € < r. Applying Holder inequality we have

o0 00 2/60 , 1/¢’
A=doat s () (L)
pn=v n=v pn=v

where is % + % = 1. Computing the second sum we obtain

045 ) I 2/60
A é 2251/ Z a#QN :

p=v
Now we have
oo oo
J < Cue Z 21/(r—£)9 Zaz2w§9
v=n+1 p=v
s3] Iz oo
= Cue Z az2u€9 Z 21/(7"—5)0 < Cyr Z CLZQHTG.
pn=n-+1 v=n-+1 p=n+1

This way, for 0 < § < co we have

oo
J1 < Cus E a2,
p=n+1

where constant C4g does not depend on n.
Now we estimate J; from below.
Let 1 < g < 0o. Making use of Lemma 3.1 we get

oo

Jp > Z 21/7‘0%&2: i G’Z i 21/7‘9'
p=v

v=n-+1 p=n-+1 v=n-+1

Computing the second sum we get

(o)
J1 Z 049 Z CLZQ‘U'TH.
pu=n-+1
Let 0 < g <1 and ¢ > 0. Applying Hélder inequality we have

oo 00 0/2 , oo 1/6’ Cso 00 0/2
0 o—pueb 2 —pedo’ 2
St (Ya) (Xeer) < g (Xa)

p=v HU=v

p=v p=v

where is g + % = 1. The last estimate implies

oo (oo}
J1 > Csy Z gv(r+e)0 Z aZQ‘“sG.
v=n-+1 pu=v

Changing the order of summation and then computing the second sum we obtain

o I L)
JlZCE)l Z az2—u£0 Z 2u(r+a)92052 Z az2u7"97

p=n+1 v=n-+1 p=n-+1
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where constant Cso does not depend on n.
Consequently, for every 0 < 6 < oo the following estimate holds

o0 o0
053 Z GZQMTG S Jl S 054 Z abe‘”g, (18)
p=n-+1 p=n+1
where constants Cs3 and Cs4 do not depend on n.
Now we estimate Jo. Obviously

n n 0/2
J2 Z 27?7,)\9 Z 21/(T+)\)9 <Z ai) .

v=0 p=v

Let 1 < g < 00. Applying Lemma 3.1, changing the order of summation, and
then computing the second sum we obtain

n n
J2 2 2—n)\€ Z 21)(7’4—)\)9 Z az
v=0 pu=v

n 173 n
— 2771)\0 Z az Z 2u(r+/\)0 > 0552777)\0 Z (ZZQM(TJFA)G.
pn=0 v=0 n=0

Let 0 < g <1 and ¢ > 0. Applying Hélder inequality we get

- 0 27#59 < = 2 2 27#506' 1 < Cse . 2 "2
Z Ay = Z Ay Z = 9ue0 Z ap ’
H=v H=v

u=v u=v

where is g + % = 1. The last estimate implies

n n
Jy > Cgr27 M Z ov(rate)d Z az27”59.
v=0 p=v
Changing the order of summation and computing the second sum we have

n " n
J2 Z 0572771)\0 Z az‘27,u,69 Z 2U(T+)\+€)9 Z 0582777)\0 Z a22;t(7”+)\)9'
n=0 v=0 n=0

Thus, for every 0 < § < oo holds
Jo > Csg2~ "N Z af 2r(r N0, (19)
pn=0

Now we estimate J; from above. Taking into consideration that (r 4+ X)8 > 0,
we have

n n 0/2 00 0/2
nzcarr e ((Sa) (3 )
v=0

pn=v pn=n+1

n n 0/2 o 0/2
< C61 <2n)\0 Z 21/(7‘+>\)9 (Z ai) + 2nr0( Z ai) > ) (20)
v=0 pn=v p=n+1
Since
0o 0/2 o ) 0/2
gnre( 3 2) <y we( 3 2) —
pu=n-+1 p=n+1 p=n+1

holds and an upper bound for J; is already found, we estimate from above the

expression
n n 0/2
_ v(r+X)o 2
=Yoo (e

v=0 p=v
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Let 0 < g < 1. Applying Lemma 3.1 we obtain

J3 < Zn:Qu(rJr)\)G Xn:az _ Z ZQV(TH < Ces Za (20
v=0 u=v

pn=0 v=0

Let 1 < % < oo and 0 < e <7+ A. Then applying Holder inequality we have

n a2 B < n ag QMEO) 2/0 < n 22#59’) 1/6’
§ : = E : w § : J
n=v n=v u=v

where is % + % = 1. Using the last estimate we get

J3 < Xn: ov(r+X)0 (i 22,u50') 277 i aZQlAEG < Cy3 Zn: gu(r+i—e)0 zn: aZQ'uEO,
v=0 pw=v u=v v=0 p=v

Changing the order of summation and computing the second sum we obtain

n I_)‘ n
J3 < Cégs Z aﬁ?“d’ Z r(r+2=2)8 < 1, Z aﬁ2“<r+*)9,

©n=0 v=0 n=0

Therefore, for every 0 < 6 < oo the following estimate holds

n
J3 S C65 Z aZQ"(’”‘L’\)a.
pn=0
Now making use of inequalities (20) and (18) we have

n o
J2 < Coo (2—"“ > afer Nl N aﬁ2#T9>.

n=0 p=n-+1

This way, inequalities (18), (19) and the last inequality imply the estimate

Cir( 3 a4+ 270 30l o) <y 4y

p=n+1 pn=0

< C68( Z a, Oourt | 9=—nAb Z a2t H)‘)e)

p=n-+1

where constants Cg7; and Cgg do not depend on n. Hence, con31der1ng the con-
dition (17) we conclude that condition f € N(p,0,r, A, ) is equivalent to the
condition

0
1
Z af 21?4 om0 Z a%2rr+N0 < Cuge <2n) , (21)

p=n-+1 pn=0

where constant Cgg does not depend on n.

We put
Z Xum0 4 Z Ay (r+2)0
v=m-+1
For given m we choose the positive integer n such that 2" <m+1 < 27t
First we consider the case 2" < m + 1 < 2"+!. We have

ontl_q
Z )\Oyr0+ Z )\eyve_'_m A6 Z )\9 (r+X)0
—9on+1 v=m+1

m— Z A0 (r+2)9

v=2n
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Since A\, = 0 for v # 2 we get

e 2" -1
Dm = Z )\SVTG + mf)‘e Z )\SV(TJF)‘)G + m*A@)\gn2n(r+>\)9
v=1

p=2n+1
co  2KTI_] n—120t11
— Z Z /\10/1/7“9 + mfkt‘) Z Z )\SV(TJr)\)G + mf)ﬂ)\gn 2n(r+)\)9
pu=n+1 v=2# pn=0 v=2+
e} n—1
_ Z )\gu 2;“‘0 + m—,\e Z )\gu 2#(7‘+A)9 + m—)ﬁ)\gn 2n(r+/\)9.
pu=n-+1 pn=0

Further, since Agn = ay,, we get

o0 n
D,, = Z GZQW(J IS Z azQM(H,\)a_
p=n-+1 pn=0

Hence, for 2" < m + 1 < 2! we obtain

C’?O( Z GZQMTG +2—nAGZaﬁ2u(T+A)0> <D,,

p=n+1 pn=0
00 n
< Cp ( Z aﬁ ouré + 9—nAb Z a& 2M(T+)\)0>7
= I 1
pn=n-+1 n=0

where constants C'7g and C7; do not depend on m and n.
Let us assume now that m + 1 = 2". In an analogous way we have

0o 2" —1
D,, = Z Agyr9+2—n>\9 Z )\119/1/(7"+)\)9
v=2m v=1
00 n—1
— Z aZQ,uTG + 2—77,)\0 Z afLQM(T+>\)0
p=n pn=0
S n
— 0 0 —n\f 0 +2)6 _
= Z a, 2" +27" ZaMQ“(T 9 — A,.
p=n+1 =0

Thus, for 2" < m 4 1 < 2"*! the following estimate holds
Cr2A, < Dy, < Cr3Ay,

where constants C72 and Cr3 do not depend on m and n. Hence, considering the
condition (21) we conclude that condition f € N(p,0,r,\, ) is equivalent to the
condition

1\?
Dy, < Cup <2n> ; (22)

where constant C'74 does not depend on m and n.
Since 5 < —2- < %, we get

2n m+1
1 2 2
— | <C — | <C —
<P<Qn> = Lrsp (m+1) = Crep <m>,

where constant Cr7¢ does not depend on m and n; and since = > —t— > L we

2" — m+1 2m
get
1 1 1
ol=)2Cro|—|2Cwne|—],
n 2m m
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where constant C7g does not depend on m and n. This way, condition (22) is
equivalent to the condition

1 6
Dm S C’79(,0 (m) ’

where constant C79 does not depend on m.

This completes the proof of Theorem 2.3. O

Remark 4.1. Notice that another way of proving Theorems 2.2 and 2.3 is presented
n [12]. Our approach here is similar to that used in [1].

10.

11.

12.

13.

14.

15.

16.

REFERENCES

M. Q. Berisha and F. M. Berisha, On monotone Fourier coefficients of a function belon-
ging to Nikol’skii-Besov classes, Math. Montisnigri 10 (1999), 5-20 (English). MR 1723439
(2000j:42003)

. O. V. Besov, V. P. I’in, and S. M. Nikol’skii, Integral representations of functions and imbed-

ding theorems. Vol. II, V. H. Winston & Sons, Washington, D.C.; Halsted Press [John Wiley
& Sons|, New York-Toronto, Ont.-London, 1979, Scripta Series in Mathematics, Edited by
Mitchell H. Taibleson. MR 521808

. E. T. Copson, Note on Series of Positive Terms, J. London Math. Soc. S1-3 (1928), no. 1,

49. MR 1574443

. G. H. Hardy, J. E. Littlewood, and G. Pdlya, Inequalities, Cambridge Mathematical Library,

Cambridge University Press, Cambridge, 1988, Reprint of the 1952 edition. MR 89d:26016

. A. A. Konyushkov, O klassakh lipshitsa, Izv. Akad. Nauk SSSR. Ser. Mat. 21 (1957), no. 3,

423-448.

. B. Lakovié, Ob odnom klasse funktsit, Mat. Vesnik 39 (1987), no. 4, 405-415. MR 89h:41062
. L. Leindler, Generalization of inequalities of Hardy and Littlewood, Acta Sci. Math. (Szeged)

31 (1970), 279-285. MR 0277676 (43 #3409)
, Power-monotone sequences and Fourier series with positive coefficients, JIPAM. J.
Inequal. Pure Appl. Math. 1 (2000), no. 1, Article 1, 10. MR 1756652 (2001d:42004)

. E. Liflyand and S. Tikhonov, A concept of general monotonicity and applications, Math.

Nachr. 284 (2011), no. 8-9, 1083-1098. MR 2839773

M. K. Potapov, F. M. Berisha, N. Sh. Berisha, and R. Kadriu, Some reverse l,-type inequalities
involving certain quasi monotone sequences, Math. Inequal. Appl. 18 (2015), no. 4, 1245-1252
(English). MR 3414593

M. K. Potapov and M. Q. Berisha, Moduli of smoothness and the Fourier coefficients of
periodic functions of one variable, Publ. Inst. Math. (Beograd) (N.S.) 26(40) (1979), 215—
228. MR 81e:42009

S. Tikhonov, Characteristics of Besov-Nikol’skii class of functions, Electron. Trans. Numer.
Anal. 19 (2005), 94-104. MR 2149272 (2006d:42002)

, Trigonometric series with general monotone coefficients, J. Math. Anal. Appl. 326
(2007), no. 1, 721-735. MR 2277815 (2007h:42010)

S. Tikhonov and M. Zeltser, Weak Monotonicity Concept and Its Applications, Fourier Analy-
sis, Trends in Mathematics, Springer International Publishing Switzerland, 2014, pp. 357-374.
A. F. Timan, Theory of approximation of functions of a real variable, Translated from the
Russian by J. Berry. English translation edited and editorial preface by J. Cossar. International
Series of Monographs in Pure and Applied Mathematics, Vol. 34, A Pergamon Press Book.
The Macmillan Co., New York, 1963. MR 0192238 (33 #465)

A. Zygmund, Trigonometric series, Two volumes, Cambridge University Press, Cam-
bridge, 1988, (Russian translation, Gosudarstv. Izdat. Inostrannoi Literatury, Moscow, 1965).
MR 89c:42001




18 N. SH. BERISHA, F. M. BERISHA, M. K. POTAPOV, AND M. DEMA

NIMETE SH. BERISHA, FAcULTY OF EcoNowmics, UNIVERSITY OF PRISHTINA, NENA TEREZE 5,
PrisuTiNa, Kosovo
E-mail address: nimete.berisha@uni-pr.edu

FATON M. BERISHA, FACULTY OF MATHEMATICS AND SCIENCES, UNIVERSITY OF PRISHTINA
E-mail address: faton.berisha@uni-pr.edu

MIKHAIL K. POTAPOV, DEPARTMENT OF MECHANICS AND MATHEMATICS, MOSCOW STATE UNI-
VERSITY, Moscow 117234, RussiA
E-mail address: mkpotapov@mail.ru

MARJAN DEMA, FACULTY OF ELECTRICAL AND COMPUTER ENGINEERING, UNIVERSITY OF PRISHTINA
E-mail address: marjan.dema@uni-pr.edu



