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APPROXIMATION OF CLASSES OF FUNCTIONS DEFINED BY
A GENERALIZED r-TH MODULUS OF SMOOTHNESS
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Dedicated to Proffesor P. L. Ul’yanov on the occasion of his 70-th birthday

ABSTRACT. In this paper, a k-th generalized modulus of smoothness is defined
based on an asymmetric operator of generalized translation and a theorem is
proved about the coincidence of class of functions defined by this modulus
and a class of functions having given order of best approximation by algebraic
polynomials.

Introduction. In paper [4], an asymmetric operator of generalized transla-
tion was introduced and by means of it the corresponding generalized modulus of
smoothness of first order was defined. Then a theorem was proved about coinci-
dence of the class of functions defined by this modulus with the class of functions
having a given order of best approximation by algebraic polynomials.

In the present paper, analogous results are obtained for the generalized modulus
of smoothness of order r. In addition, the space in which the theorem of coincidence
of the corresponding classes of functions holds true is widened.

1. For 1 < p < o0, as usual, L, denotes the set all measurable functions f on [—1, 1]

for which
1 1/p
1l = < / 1 f(x)lpd:c> .

For p = 00, Lo is the space of all continuos functions f on [—1,1] with a norm

Il = s 17
Denote by L, o s the set of functions f such that f(x)(1—z)*(1+z)” € L,, and
set

1Fllpap = 1F (@)(A = 2)* (1 + )7,

By E.(f)p.a,ps we denote the best approximation of f € L, . g by algebraic
polynomials of degree not greater than n — 1 in L, o g metrics, that is,

En(f)p,oz,ﬁ = Pirelg) Hf - P”Hp,aﬁ ’

where P, is the set of algebraic polynomials of degree not greater than n — 1.
By E(p, o, 5, X) we denote the class of functions f € L, o g satisfying the condi-
tion
En(f)pas < Cn2,

where A > 0 and C' is a constant not depending on n (n € N).
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2 M. K. POTAPOV AND F. M. BERISHA

For functions f we define the operator of generalized translation Tt (f,x) by

A 1 4 2
Tt(f,m):ﬂ_i)/o (1—(mcost—x/l—ﬁsintcoscp) — 2sin® tsin?

(1—2a2
+4(1- x2) sin? t sin? go)f(x cost — /1 —a?sintcosp)dp.

By means of this operator of generalized translation we define the generalized
difference of order r by

AL (f0) = Ay (f2) =T, (f,2) = f(o),
Ap o () =B, (A7, (fa),e) (=23,

veey

and the generalized modulus of smoothness of order r by

Or(f,0)pag = sup HA;,...,tr (f, x)Hpa 8 (r=1,2,...).
<é o

tili=1,...,r

Consider the class H(p, a, 8,7, A) of functions f € L, o g satistying the condition
&r(f,0)pa.p < OO,

where A > 0 and C is a constant not depending on 4.
The aim of the present paper is to prove the following statement

Theorem 1.1. Let p, o, 8 and r be given numbers such that 1 < p < oo, r € N;

1 1
§<a§2, §<ﬁ§2 forp=1,

1 1 1 1
l-—<a<3—-=, 1—-—<f8<3—=- forl<p<oo,
2p D 2p P

1<a<3, 1<B<3 for p = oo.
Then, for any \ satisfying the condition
3 1 3 1
)\02H1&X<|OLB|,O&2+2]9,/82+2P> <>\<2T

the class H(p, a, 8,7, \) coincides with the class E(p, «, 5, \).

The validity of Theorem 1.1 will follow from the validity of Theorems 4.3 and 4.4,
which we are going to prove below.

2. Put y = cost, 2 = —cos ¢ in the definition of Tt (f,z) and denote the resulting
operator by T, (f,x). Let us rewrite it in the form

1
Ty(f,x)ﬂ(ll_mg)/ (1-R=2(1-9?) (1-22)

+4(1- x2) (1- y2) (1- 22)2>f(R)%,

where R = xy—2zv/'1 — 224/1 — y2. We define the operator of generalized translation
of order r by

T} (f,2) =T, (f2),
Ty, F0) =T, (T, (f2),2)  (r=2.3..).

By Pﬁ"‘*m () (v = 0,1,...) we denote the Jacobi polynomials, i.e. algebraic
polynomials of degree v orthogonal on the segment [—1,1] with a weight (1 —

7)%(1 + x)? and normalized by the condition PV(Q’B)(l) =1(r=0,1,...).
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For any integrable function f on [—1,1] with a weight (1 - ;102)27 we denote by
an(f) the Fourier—Jacobi coefficients of f with respect to the system of Jacobi

polynomials {P,SQ’Q) (x)}oo , Le.

n

=0
onl$)= [ F@PEN@ (=2 dr (n=0.1,...).

1

Introduce certain operators which will play an auxiliary role later on. First we
set

T __ 1 11R221212Rdz
1;y(f793)7r(1_332)/1( - = (*y)( *Z))f( )\/17_7’

1
TQ;y (fvx) = %‘/71 (1 - 22)2f(R)\/%a

where R = zy — zv/1 — 221/1 — 92, and then define the corresponding operators of
order r by

Tli;y (f7 $) = Tk;y (f7 LC) )
Tlg;yu---,yT (f,z) = Ty, <Tk7;§;11x~~7y7"71 (f,z) ,x) (r=23...)
for k=1,2.
3.
Lemma 3.1. Let f € L, o g and let the numbers p, o, 5, p, o and A be such that
1<p<oo, p>0,02>0,A\> X =2max{p,0};
1 1
a>——, f>—— forl<p<oo,
p p
a>0, B5>0 for p = 0.
If there exists a sequence of algebraic polynomials {Pan(x)},—, such that

Gy

If = Porllp.astp 40 < S

then the following inequalities also hold true

Cy
Hf—PQan’a)BSm (77/2172,...),

where the constants Cy and Co do not depend on n.
Lemma 3.1 was proved in [2].

Lemma 3.2. Let P,(z) be an algebraic polynomial of degree not greater thann—1,
1<p<o0,p>0,02>0. Assume that

1 1
a>—— f>—= forl<p<oo,
p D
a >0, 5>0 for p = co.
Then
1P (@)l ar1,541 < Cin [ Pall
1Pallya s < Con®™@2) B, |

p,a,B

p,at+p,B+o
where the constants Cy and Co do not depend on n.

Lemma was proved in [1].
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Lemma 3.3. The operators 11,y and Ts,, have the following properties
Ty, (P22,2) = PE (@) PSS (v),
Ty (PP?2) = PP (@) P2 ()
forv=0,1,...
Lemma 3.3 was proved in [4].

Lemma 3.4. Let g(z)T}., (f,z) € L12,2 for every y. Then for k= 1,2 the follow-
ing equality holds true

/_1 f(x)Tk;y (ga x) (1 - .%‘2)2 dz = /_1 g(x)Tk;y (f’ x) (1 B x2)2 da.

Proof. Let k=1 and

L = /_1 f(@)Ty, (g,2) (1 - x2)2 dx

B %/_1 /—1 J@)g(R) (1 - R -2 (1 - 92) (1 - 2’2)) (1 - 1‘2) %7

where R = zy — 2v/1 — 224/1 — y2. Performing change of variables in the double
integral by the formulas

z=Ry+V+v1—R2\/1—192,

(3.1) R\/1—y2 - VyJ/1 - R?

Z:_\/1— (Ry+V\/1—R2\/1—y2>27

we get
I = 71r/_11 /_11 (1-R%)f (Ry—l—V\/ﬁm) 9(R)
x (1_ (Ry+VVI—RVI=3) —2(1-4?) (1_V2)) avin

_ / g(R)Ty, (f, R) (1 — R*)” dR,

-1

which proves the equality of the lemma for k£ = 1.
Let k=2 and

1
Iy = /71 f(x)Ty,, (9, 2) (1 - x2)2 dx

//f 1—x2)2(1—22)2%.

Performing again the change (3.1) in the double integral we get

N % /11 /11 f (Ry + V\/ﬁﬂ) 9(R) (1 - R2)2

Lemma 3.4 is proved. (|
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Corollary 3.1. If f € L1 2,2, then for every r € N we have Tlg;h,...,ry (fix) € L1229
(k=1,2).

Proof. Put g(x) =1 on [—1,1]. Taking into account that by Lemma 3.3
PR

2,2 2,2 0,0
Ty, (L) = Ty, (A2, 2) = PP @) PO ) = S - 5,

TQ;y (1,1’) = 17

we clearly have f(z)T}., (1,2) € Li2,2 (k= 1,2). Hence, applying Lemma 3.4 we
derive the relation

/lTk;y (f,z)(1— x2)2 dx = /_1 f(@)Ty, (1,2) (1 - m2)2 de (k=1,2),

which implies that T}, (f,2) € L1,2,2. Now the corollary can be proved by induc-
tion. |

Lemma 3.5. Let f be an integrable function on [—1,1] with a weight (1 - :172)2.
For every natural number n the following equality holds true

| Tt Py = S (),

m=0
where v, (x) is an algebraic polynomial of degree not greater than n—2, and v, (x) =
0 forn=0o0orn=1.

Lemma 3.5 was proved in [4].

Lemma 3.6. Let g and m be given natural numbers. Let f be an integrable function
on [—1,1] with a weight (1 — x2)2. Then for every natural numbers 1 and r (I <)
the function

mts

4 a4 " /sin 2q+4
! .
§)<.’17) = / / Tll;costl,‘..,costl (faaj) H ( - t25 ) sin® tsdty...dt,
0 0 5\ sin

2

is an algebraic polynomial of degree not greater than (¢ + 2)(m — 1).

Proof. In this paper we denote, for simplicity,

gin mt\ 27+
A(t) == ( 2 > .

sin 5
Since
(g+2)(m—1) (g+2)(m—1)
Alts) = Z ay cos kty = Z b (costs)k,
k=0 k=0
it follows that
(g+2)(m—1) (g+2)(m—1)+2
A(ty)sin® t, = Z b (cost,)k (1- cos’t,) = cr(cost,)k
k=0 k=0

(g+2)(m—1)+2

= Z akP,gl’l)(cos ts) (s=1,2,...,7).
k=0



6 M. K. POTAPOV AND F. M. BERISHA

Hence we have
(Q+2)(m_1)+2 T T T
Q@ = Y ak/ / [T At sin® tdty ... dtyy dtrss ... dt,
k=0 0 0 s=1
s#l
X / Tll;cos t1,...,cost; (f7 1’) P]ng)(COS tl) sin tl dtl'
0
Let

s
1,1 .
oup(x) == / Tl ootr cost, (1) PO (costy) sinty diy
0

s
- 11 .
= / Tl;costl (Tl;céstl,“.,costl,l (f7 x) ,JJ) Plg )(COS tl) sint; di;.
0

Substituting y = cost; we obtain

1
_ 1,1
ou@) = [ Toyy (Tiadsn o, (Fo2).2) P

Then, by Lemma 3.5,

k—2 1
_ 2
pLr(@) = Y Am(@) / Tiicosta,ocostis (L R)PZP(R) (1= B?)” dR
m=0 -
On the bases of Corollary 3.1, we conclude that Tll;;éstl,...,costl,l (f,R) € Li23.
Applying now [ — 1 times Lemma 3.3 we obtain
o1k(z)
k—2 1 )
= Z ’Ym(x)/ Tll;icgstl,.“,cost,_g (f’ R) Tl;costl,l (P'r(nz’m’ R) (1 - R2) dR
m=0 -1
k—2 1 )
0,0 _
= 3 @ PR eosti) [ TEE o, (LR PED(R) (1= B dR
m=0 -
k—2

1
- ym(x)PsferQ)(costl)...Psffz)(costl,l)/ F(R)PZD(R) (1 - R?)® dR
-1

k—2 -1
= Z ’Ym(z)am(f) H PT(,,?_;_OQ) (COS ts)7
m=0

s=1

where a,,(f) is the Fourier—Jacobi coefficient of the function f with respect to the
(oo}

system {sz)(x)} . Substituting the last expression of ¢; () in the formula

m=0

above for le)(x) we get

(g+2)(m-1)+2 k-2
!
V= X a D Bum(@)
k=0 m=0
Since vy, () is from Py_q for k > 2 and v, (x) = 0 for £ = 0 and k = 1, then the

last equality yields that le)(x) is an algebraic polynomial of degree not greater
than (¢4 2)(m —1).
Lemma 3.6 is proved. 0
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Lemma 3.7. Let g and m be given natural numbers. Let f be an integrable function
on [—1,1] with a weight (1 — x2)2. For every natural numbers | and r (I < r) the
function

™ ™ T
! .
é)(x) = /0 /0 Té;costhm,mstl (f,x) I | A(ts)sin® tydty ... dt,
s=1

is an algebraic polynomial of degree not greater than (q + 2)(m —1).

Proof. As shown in Lemma 3.6,

(g+2)(m—1) (g+2)(m—1)
Alts) = bi(costy)® = Z BkP,EQ’Q) (costs) (s=1,2,...,r).
k=0 k=0
Hence
. (q+2)(m71) T T T
Q= Bk/ / [T At sin® tdty .. dty—y dtrs ... dt,
k=0 0 0 s=1
s#£l
y ﬂ-Tl (f P(272) ) 5
2;cos t,...,co8 ’x) k (CObtl)bln Ly diy.
0
Let

wl,k(x) = / T2l;cos t1,...,cost; (f) 33) PIEZ’Q) (COS tl) Sil’l5 tl dtl
0

T
_ -1 (2,2) 5
- /O TZ;COS t; (TQ;costl,..‘,costl,l (f’ m) 7$) Pk (COS tl) sin” ¢ dtl'

Substituting y = cost; we obtain

1
_ 2
¢l,k(m) = /1 T2;y (Té;c;stl,...,costl,l (f7 l‘) 7x> P]£2)2) (y) (1 - y2) dy

Since the operator T, (f,z) is symmetric with respect to z and y (i.e. Ty, (g, ) =
T, (g, y) for every function g), we have

1
_ 2
wl,k(x) = /1 TQ;:E (Té;céstl,...,costl,l (f? y) ’ y) P]EQQ) (y) (]' - y2) dy

Note that, in view of Corollary 3.1, TQI;_C(:ESth___,C()Stlﬁ1 (f,y) € L12,2. Then, by
Lemma 3.4,

1
_ 2,2 2
k() =/1Tzl;cist1,...,costl,1 (f,9) Ty (PIE ),y) (1-y%)" dy.

Using the property of the operator 15, described in Lemma 3.3 we get
1

2,2 - 2,2 2

1/)[,/6(55) = PIS )(I) / 1 Té;céstl,...,costl,l (f7 y) Pk(; )(y> (1 - y2) dy

Now we apply [ — 1 times Lemma 3.3 and arrive at the expression

Y p(z) = P,£2’2)(m)P,52’2) (costy)... P,E2’2) (costi—1)
-1

1
x /_ 1 FWPEP () (14" dy = PP (@)an(f) [ B (costs).

s=1
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where ay(f) is the Fourier—Jacobi coefficient of the function f with respect to the

system {PIEQ’Q) (:c)} . Substituting the last expression of v x(x) into the formula

for él)(x) above, we finally get
(g+2)(m—1)

Pay=" > & @.

k=0

Since P,§2’2)(ac) belongs to Pr1, it is seen from the last identity that Qg)(:ﬂ) is an
algebraic polynomial of degree not greater than (¢ + 2)(m — 1).
The lemma is proved. u

Lemma 3.8. The operator T,, has the following properties

( ) T, ) is linear on f;

(f;
T (f, f(@);
T;(PQQ) ) P2 (2)Ruy) (n=0,1,...),
ere Ru(y) = P35 (v) + 3 (1 - ) P2 (y);
@) T, (La) = 1;
(5) ax (T, (f.2)) = Re(y)ar(f) (k=0,1,...).
Lemma 3.8 was proved in [4].

Corollary 3.2. If P,(x) is an algebraic polynomial of degree not greater than
n — 1, then for every natural number r and any fized y1,y2, ..., Yr, the functions

Ty, (P, ) are algebraic polynomials of x of degree not greater than n — 1.

Lemma 3.9. If -1<z<1,-1<2<1,0<t<7wand R=zcost —zv1 —z2 X
sint, then —1 < R <1 and

(1-2%) (1-2%) < (1-R?),
(1-y?)(1-2") <(1- Rﬂ
2
( V1—y2+yz 17x2>
1-2?<C(1-R*+¢t* ),
l-2<C(1-R+t%),
1+2<C(1+R+1t%),
where y = cost and C' is an absolute constant.
Lemma 3.9 was proved in [4] and [3].
Lemma 3.10. Let p, a, f and v be given numbers such that 1 < p < oo, v =
min{«, 8}, and
1
y>1—— forl<p< oo,
2p
v>1 for p = oc.
Lete, 0<e< %, be an arbitrary number. Define
_Ja=8, fa>p 0, ifa>p
" 07 Zfaéﬂa 2 /870[7 Zfaélgﬁ
and for 1 < p < oo let
_ 7_7+ +53 1f’YZ
7o, ify <

Iw Noleo
S
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while, forp =1,

0, if v <1.

Let R = zcost — zv/1 — x?sint. Then, for every measurable function f on [—1,1]
the following inequality holds

1 ! dz
1—R? R)|——
Hl_fz [1( )‘f( )|V1_32 p,o,f8
= C( ”fH:D,a-ﬂ + t2(71+72)||f||p,a7“/1,57”/2 + tQWHf”p,afvs,Bfﬁfa

+ t2<%+%+%) Hf“p,a—’h—'vaﬁ—’yz—'ys) ’

where the constant C' does not depend on f and t.

V3 =

Proof. If at least one of the terms on the right-hand side of the inequality is not
finite, then the lemma is obvious.
Suppose now that all the terms on the right-hand side of the inequality are finite.
Let o > 3. We first consider the case 1 < p < co. Clearly

1 p

(3.2) I::Hle/_ll(1—Rz)|f( )|m
=/11 / PR (1=22) " (1 R?) dz

-1
I</ / R)|6dzdz,

If p=1, then
§=(1-2)""1-R)(1-22)"" (1 —2) "
Let 8 < 1. Then, in view of Lemma 3.9,
b=(1-2) (1) (1-22)"" (01— R (1 — )7
<O (1= (1= (1-2%)" (1= B2 (1 - R+ )"

p,a,fB
P

(1 — z)Pe=D (1 4 z)PB=Y gy,

where

= 6151(I7 Z, R)
Suppose that g > 1. Making use of Lemma 3.9 we see that
<=2 0-R)(1-R2+)" 1-R+)
= CQ(SQ(J), Z, R)
Incorporating these estimates for 6 we get the inequality
I<Cg/ / R)|0k(z, 2, R)dzdx (k=1,2),
which, after the change of variables (3.1), takes the form
1<03/ / R)6(R,V,R)dV dR (k = 1,2).

6i(R):=(1-R)"(1-R+2)""
< Cy ((1 — R)*(1 4+ R)P + 2@ (1- RQ)B) 7
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0o(R):= (1-R) (1-R*+#2)" (1 - R+
< Cs ((1 — R)*(1+ R)? + 2P (1 - R?)”
+ 2D (1 = R)P=F1(1 4 R) + 120~ (1 — R?) )
Then clearly
I<Cs /1 |F(R)|0x(R)dR (k =1,2).

-1

The last inequality and the estimates for 5k(R), given above, yield

I'< 07( a8 T n Hf”l,afw,ﬁ + 27 Hf”l,afw,ﬁfvs

+ t2(71+’yg) ||f||17a—71—73,/3—73)7

where the constant C7 does not depend on f and ¢. Hence the lemma is true in the
case p = 1.

Assume now that 1 < p < co. Applying Holder’s inequality to the inside integral
in (3.2) we get

[ B A TR N e Gl R
f—/_1[|f<R>\<1 ) (1-&)(1-=) ’

1

p

x (1 — )Pl (1 4 g)P=D da:<08/ / R)|Psdzdzx,

where
w = (]_ — 22)—1-'1‘]3(%—1)) (1 _ R2)p (1 o x?)p(ﬂ_l) (1 _ w)p(a—ﬁ)7

b is an arbitrary positive number, the constant Cg does not depend on ¢ and the
function f.
Let 8 < % — 5. Putb= % — % — 3. Applying Lemma 3.9 we derive the estimate

x<Cy(1— 22)—1/2 ((1- 22) (1- x2))p(5—1) (1- R2)p (1-R+ t2)p(a—ﬁ)
= Cys(x, 2z, R).

Let 5 > % - ﬁ. Put b = ¢, where ¢ is an arbitrary number belonging to the

interval 0 < € < % Again by Lemma 3.9 we see that

< Cro(1-2) 72 (1= 22) (1-22) 0 - ey

y (1 _R2 _~_t2)p(ﬁ7%+ﬁ+s) (1 _ R_th)p(a*ﬂ) — Chos(, 2, R).
Using these estimates for »r we get the inequality

I<C’11/ / R)Ps(x,2,R)dzdx (k=1,2).

and consequently (after the changes of variables (3.1)),

I<Cu/ / R)|Ps(R,V,R)dV dR (k =1,2).
Set
s(R) = (1- R (1 - R42)"*?

er ((1 — R)P*(1+ R)PP + 27— (1 = RQ)W) :
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_1 3_ 3,1 o
ffz(R) — (1 _ RQ) 2+P(2 8) (1 _ R2 +t2)p(6 2+2p+5) (1 _ R+t2)p( B)
< Cuis ((1 — R)P(1 + R)PP 4 27~ (1 — g2)"”
+2(B54a51e) (1 = gyplo—fti—s5—<) (1 4 Ryr(3 -5 —)
4 g2p(a-i+ag+e) (1— R2)P(§—2lp—€)>.
Then clearly

1

1<Cu [ 1@®PR) AR (E=12).
-1

From the last inequality and the estimates of 5, (R) we obtain

I<Cis ( 1F 118 + EF I amrs i + 2 F I s =

+ $2p(11+73) || f

p
10701—71—’)’375—73)’

where the constant C45 does not depend on f and t. This shows that the lemma is
true in the case 1 < p < oo as well.
Now let p = co. Consider the integral

J = / |f(R)] (1 - 22)71/2 (1-R)(1-2)*'(1+2)’'de

-1

-/ (RN,

—1

where
A= (1-2) AR (1-2d) T 1) (122

and b is an arbitrary positive number.
Let 8 < % Put b = % — 8. Applying the estimate from Lemma 3.9 we get

A=(1-22)2 P (1= R (1-22) (1-22)" 7 (1 = z)oP
<=2 (=R (1-R+12)" " =1 (1- 22 " M (R).

Let 5 > % Put b = €, where ¢ is an arbitrary number from the interval 0 < € < %
Applying again Lemma 3.9 we see that

A= (1= (1= (1-2?) (1= BY) (1-2?) 2 (1= 2)
<Cir(1-2) R (R4 T - R )
= Cyr (1= 22) 7 A (R).
Using these estimates for A and taking into account the relations

M(R) < Cis ((1 — R)*(14 R)P + 2= (1 — R2)ﬁ) :

Xo(R) < Cuo (1= R)*(1+ R)? + 29 (1 - R2)°

+12(8-34e) (1 = R)eAti—=(1 4 R)3 < 4 2(0-3+e) (1 - RQ)%*»
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for kK = 1,2 we obtain
J < Coo max |F(RIA(R) < Cor (I loescs + 27 [ Flloc.a 1.0

+ 77 flloo,ans 8- + 20| flloo,a—s 0,87 )

where the constant C5; does not depend on f and ¢. This proves the lemma for

p = 00.

Thus, the lemma is proved for & > . The case a < f goes similarly. We omit
the details. The proof is complete. (]
4.

Theorem 4.1. Let p, o, 8 and v be given numbers such that 1 < p < oo, 7 =
min{e, 8}. Assume that

1
y>1—— forl<p< oo,
2p
v>1 for p = oo.
Let € be an arbitrary number belonging to the interval 0 < e < % Let

_Ja=8, ifa>p 0, ifa>p
o, ifa<p, P 1B8-0 fa<p

Set for 1 <p < oo

V3 =

Sl

V=5 + gyt fory >
0, fory <

NI Nl

and

=1, fory=>1
= 0, forv <1

for p =1. Then the following inequality holds true

P,o—71,8—"72

(7, ac)H L < c( 110 + 820002 | 1]

pa,
2 2
+ ”f”;lhoé—"/sﬁ—’vs +1 Ot Hf”P,Oc—’Yl—’Ysﬁ—’m—’Ys )7
where the constant C' does not depend on f and t.

Proof. We have

where R = xcost — 2v/1 — x2sint,
A=1-R*=2(1—a?)sin®t+4 (1 —2%) (1-22)"sin’t.

1 1 dz
. /1A|f(R)\\/T—Z2

T, (f.2)

1
= ’
s
p,a,B p,o,B

Using Lemma 3.9 we get
A<1-R*+2(1-R) +4(1-R)*<7(1-R?).
Hence

7
S —_
p,a,f3 ™

1
1— 22

! 5 dz
[1(1—R)|f(3)\ﬁ

Now the theorem follows from Lemma 3.10. O

|1, (4.2)

p,a,f3
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Theorem 4.2. Let g, m and r be given natural numbers and let f € L122. The
function

1 v s - B B , .
Q(Z‘) = (P)/m)r /(; s /0 (Ath...,t,« (f,l‘) ( 1) f( ))
X | | A(ts)sin® tydty ... dt,,

where
Vm = / A(t) sin® ¢ dt,
0
is an algebraic polynomial of degree not greater than (¢ + 2)(m — 1).

Proof. To prove the theorem it is sufficient to show that for every [ = 1,...,r the
function

1 ™ ™ T )
Q(l) (;p) = W / Ce / T(fostl,...,costl (f, IL') H A(ts) SlIl3 ts dtl . dtr
Tm)" Jo 0 it

is an algebraic polynomial of degree not greater than (¢ + 2)(m — 1).
It is obvious that the function Q) (z) can be written in the form

Q") = 5 (@) + S ).

where le)(x) and le)(x) are the functions from Lemmas 3.6 and 3.7, respectively.
But then it follows from Lemmas 3.6 and 3.7 that QY (z) is an algebraic polynomial
of degree not greater than (¢ + 2)(m — 1).

The theorem is proved. O

Theorem 4.3. Let p, o, 5, r and A be given numbers such that 1 < p < oo, A > 0,
r € N. Assume that

a <2, p<2 forp=1,
1 1

a<3——-, pf<3-—= forl<p<oo.
p p

Let f € Ly ap and
@r(f,0)pap < M.
Then
En(f)p,as < CMniA’
where the constant C' does not depend on f, M and n (n € N).

Proof. Under the conditions of the theorem, if f € L, g, then f € Ly 22. Indeed,
for p = 1 we have

1
2= [ @I =)0+ 2) (1= 0 (1 +2)* dn <

provided oo < 2 and 8 < 2. For 1 < p < oo, by Holder’s inequality,

1/p

111,20 < {/_11 | (@)[P(1 = 2)P* (1 + )P dx}

p—1
P

1
A [ amaEEa st E T — i,

-1
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fora<3—%andﬂ<3—%. For p = oo we have

1
120 < Wl [ (1= 2P0+ 2P o = Coll

provided a < 3 and 8 < 3.
We choose a natural number ¢ such that 2¢ > A, and for each n € N we choose

a number m € N satisfying the condition

n—1 n—1
q+2 <ms q+2
For these ¢ and m the polynomial Q(x) defined in Theorem 4.2 is from P,,. Hence

En(f)p,a,ﬁ < ||f(JC) ( )T+1Q ||p a,3

1 ™
—_— .. A7 H At sm tsdty...dt,
(Ym)" /O /0 Froeet

Applying the generalized inequality of Minkowski we obtain

/ / [y, [z pQBHA sint, dt; ... dt,

sup [ AL, ()]
lui| <3251 5

(4.1) + 1.

p,o, B

En(f)na,ﬁ <

p,a,B

X HA s1n tsdty ... dt,

wr(f Zt) HA sin®ty dty ... dt,.

P, B s=1

(Ym)"

Hence, taking into account the assumptions of the theorem, we have

En(f)p,aﬁS%/o /0 (j ) HA sin®t, dty ... dt,

T 1 T T T )
<CMY E /0 /0 3 [ A(ts) sin® ¢, dty ... dt,.
j= s=1

* (Ym)

Applying the standard evaluation of Jackson’s kernel and making use of inequal-
ity (4.1) we obtain

Eu(f)pap < CsMm™ < CeMn™?
Theorem 4.3 is proved. 0

Theorem 4.4. Letp, o, B, r and X be given numbers such that 1 < p < oo, r € N.
Assume that

1 1
a>1——, B>1—— forl<p<oo,
2p 2p

a>1, p=1 Jor p = oo;

1 1
)\0—2max{|a—5|,a—3+7ﬂ—3+}<)\<27".

2p 2 2p

If f € Lpop and
M
En(f)p,a,ﬂ S ?7
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then
Or(f ) < OMS,

where the constant C' does not depend on f, M and 6.
Proof. Let P, (x) be the polynomial from P,, for which

If = Pullyas =En(flpas (n=1,2,...).
We construct the polynomials Qg (z) by

Qr(z) = Por () — Pyr—a1(x) (k=1,2,...)
and Qo(z) = Pi(x). Since for k > 1 we have

k
1Qulyes = [PE = Poeca oy < 1Pok = Fllys + 1f = Pl
= EQk (f)p7(y,ﬁ + E2k71 (f)p7a7ﬁ )
then it follows from the assumptions of the theorem that
1Qkllp0,5 < CLM27MA.

It is obvious that without lost of generality we may assume that ¢ # 0 (s = 1,
,7). Next we estimate the quantity

I = ||AI1, e (f’x)Hp,a,ﬂ

for 0 < |ts| < 8 (s =1,...,r). For every natural number N, taking into account

that the linearity of the operator Ttl (f,z) implies the linearity of Ttﬁ,i..,tr (f,x),
i.e. the linearity of the difference A}, (f, ), we have

+ AL, (Pov,2)|

I< HAtl, o (f—P2Na$)H

Since Pon(x) = Zk:o Qr(z), we get

p,a,f3 p,a,f

I< A, (f = P2, +ZHA Qe 6= A+ka
Let N be chosen so that
™ ™
(4.2) N <6< N1
We shall show that
(4.3) A< CyMS*
and
(4.4) I, < C3M§*r2kEr=2),

Consider first the quantity A. Assume that » = 1. An application of Theorem 4.1
to the function p(z) = f(x) — Py~ (z) gives

HAtl (f - P2N733)Hp7a,5

= HTtl (0, 2) — p(2)

p,a,f
<[, 1e@las < C(Ielpas+ 8 ol 05,
+ 62% ”(pllp,ozf%,ﬁ*‘m + 62(’Y1+‘Y2+73) ||80Hp104*71*’)/375772773 )

for |t1] < §, where the numbers 71, v and 73 are chosen as in Theorem 4.1. Hence,
by Lemma 3.1

80— Pyl < Cobr (2 4 201y O=n =2

+ §52139—N(A=273) + 52(71+72+73)Q—N(A—2’h—2'yz—2'ya))
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for A > Ao + €, where the constant C5 does not depend on f, M and 6. Here ¢ is
either equal to 0 or is an arbitrary number belonging to the interval 0 < e < %
Therefore, this inequality holds for any A > Ag. Finally, applying inequality (4.2)
we get

&, (f = Pons)|[,, 5 < CoM2NN < Cr MO

Thus inequality (4.3) is proved for r = 1.
Suppose that

|t =P <cams
D,
Then inequality (4.2) yields
HAtl ..... tr—1 (f P2N x)
p,0,f3
. M
- HAtl’ tr—1 (f’ ) Atl,l’tT 1(P2N’x) p,a, B SCE)W

Reasoning as above, i.e. applying first Theorem 4.1 to the function

AL (F = Pav,m),
taking into account that by Corollary 3.2 Atl ity (Pon,x) is an algebraic poly-
nomial of degree not greater than 2" — 1, applying Lemma 3.1, and finally inequal-

ity (4.2), we obtain that
= ||Af17 Lt (f P2N I)||p7a’5 S 0105)\.

Inequality (4.3) is proved.
Now we prove inequality (4.4). Let

Yr(z) = A4 (Qk, @)

It can be shown that

0lo) = 5= | A (A@)(R;)?j;%A S (@R

~ (AR, 24 @R AL (@)

+ A" ()ATTL L (Qr Ry) ) dy dv du,

where R, = zcosv — /1 — x2 cos psinv,
Alw)=1- Rz —2sin®vsin® p + 4 (1 — 1132) sin? v sin? Pp.

Applying the estimates from Lemma 3.9 and performing the change of variables
z = cos ¢ we obtain

C
|V (z H / /_u/ 1—z2 dvdu

where
2 2 d2
B(RU) = (1 - Rv) dR2 A PR (Qk? )
d .
(1 - R2) dR, Atl, " (Qka ) + ‘Atl,il..,tr,l (QkaRv)

= Bl(Rv) + B2(Rv) + B?)(Rv)
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Therefore, using the generalized Minkowski inequality, we get

t u
" dz
4.5) I, = T <C / / 7/ B(R,))—— dv du
( ) k ||7/1k( )Hp@ﬁ— 11 0 Y 1 — 22 . ( )m s
1 dz
< Chat? sup 7/ B(R,) ——
s 1= 22 = P8
1 ! dz
< Chat;, su 7/ B, (R,) —— .
w23 e [ [ ]

Next, applying first Lemma 3.10 to the function B;(R,), then Lemma 3.2, and
finally inequality (4.2), we get for |v| < |t,| < d and k < N

1 ! dz
- By (R,) ———
[ [ 2|

d? _
<Ci3 ( H (1-2?) WA;,}_W,:T,I (Qk, )

p,a,f

+ |v|2(71+v2)

2 d? -1
‘(1 —z°) Tz Dt (@ @)
d r—1
(1_ )dZAtl, otr— 1<Qk’ )
‘(1 - ) 7A:1,41..,tr 1 (Qka ) >
p,a—y1—"73,8—72—"73
< C14(1 + |v‘2(71+72)22k(71+v2) + \v|27‘°’22’”3 + "L)|2('71+72+73)22’“(V1+’Yz+"/3))

(-2

D,a—71,8—"72

+ o

P, a—73,6—"73

4 |U|2(71+72+73)

2
A e Qe )

< Cis

.....

p,a+1,6+1
Similarly, applying first Lemma 3.10, then Lemma 3.2, and finally inequal-
ity (4.2) we obtain

1 /1 dz
- B2(Rv)7
H =22 ), V122,08 pya,B

and

< Onr || A7 (Qeo)

p,a,B

pa—1,8-1"

1 ! dz
- Bs(R,)————
Hl—:z:2/_1 a(R )\/1722

Now, from inequality (4.5) and the fact that |¢,| < § we derive the estimate

d? _
I < C150° ( H2A:1,.1..,tr1 (Qk,x)

p,a+1,8+1

el )

Applying twice Lemma 3.2 we obtain the recurrence relation

=A% e, @), 5 < Cus0®22 AT, Qi)

H tl, ot 1(Qka )

)

p,a,B

which yields

Ik < 01952r22kr HQkH < 020M52T2k(2T7A).

p,a,f3
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Inequality (4.4) is proved.
Now combining (4.3), (4.4) and (4.2) we finally get

N
I<CoyM 6)\ + 621“ Z2k(2r—)\) < CaoM (6/\ + 527"2N(2r—)\))
k=1
< Cog M6,
The proof of Theorem 4.4 is completed. O
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