0503HAYEHMHS

[a, b] 03HauUaeT MHOYKECTBO BCeX X, TAKHUX, UTO @ < X < b; COOTBETCTBEHHO
(@, b] mnst a < x<Cb; (a,b) ma a < x < bu[a,b) ansg a< x <b
[x] — menas 4acTh 4mcya X.

(x) = x— [x].
{x} — pasHoCTb MeXHYy X ¥ OmwKaiiuum HedsM (10 HETOCTATKY WM 10
130 BITKY).

X == X, (mod @) — pasHOCTb X — X, JeJIUTCS Ha a.
4 MOHOTOHHO He yOBIBA€T; | MOHOTOHHO He Bo3pacTaeT; } a (u | @) — CTpe-
MUTCSI K @, MOHOTOHHO He YObIBast (COOTBETCTBEHHO He BO3pacTasi).

f(x)€ Cla, b] — f(x) nenpepeiBHa Ha [a, b],
fO)€L{ab] — f(x) cymmnpyema Ha [g, b],
f(x)€ L?[a, b] — f(x) cymmupyema B cTenend p Ha [a, b].

1
b I )
Il LPre, 01 = élil" dxgp, 1< p<oo;|fllcras = max |f(x)].

XX

Ecnu sicHo, 0 KaKOM OTpe3Ke HMJeT peub, To OyaeT ynoTpebsiThest KpaTioe
obosnauenue |!f||,, um ||ff!c.

lfll — cm. § 9 BBojHOT0 Marepuaa.
f(x) € Lip a 03Hauaer: cymectByer KoHcTaHTa C TaKast, uto | f (x;) — f (X5)| <
< Clx; — X, 11st MOOBIX X, M X, HA OTPe3Ke, TAe f(X) onpejesieHa.
0, O, ~, ~ cM. § 11 BBopHOro marepuasna.
o(f) — psn ®ypoe dpyHruun f(x).
X € E — TOuKa X NpHUHAMIE)KUT MHOXecTBY E.
E, C E, — nmwbast Touka u3 E, npuHamiexur E,.






BBOJIHbIi MATEPUAJI
I. TEOPEMbI U3 AHAJIN3A

§ 1. Ipeodpa3oBanue Abens

ITyetb uy, Uy, ..oy Vo Viy <oy Vny ... — JIOOBIE JAEHCTBUTENBHLIE UKCTIA;
HIOJI0YKUM

Vo=v+nrn+...4v,.

Torna nist MOOBIX M U 11 UMeeM
n n—1
kZ Up v, = kZm (e — ) Ve +u, Vyy — U1y Vi (1.1)
=m =

(eciu m = 0, To ycnoBumesi cuutath V_; = 0).

dra dopmyna, HOcsLAsi Ha3BaHUe npeoldpaszosanus Abeas, NOKa3bBaeTCs
MIHOBEHHO; HaJ0 TOJBKO 3aMeTUTb, UT0 Vv, = V, — V,_;, MOACTaBUTH ITO BhIpa-
JKeHKe B JIeBYIO YacTb U CIPYNIIMPOBAThL UJIEHBI.

[Mpu m = O nosydaem, B YACTHOCTH,

n—

n 1
2 V=3 (U — W) Vi + ty Vir. (1.2)
k=0 E=0

Baxxuocts gopmy (1.1) u (1.2) cTaHeT sICHOM, eCJIM 3aMeTHUTb, YTO OHU UIPAIOT
Ty )K€ poJib, KaK HHTeIPUPOBaHUE 110 YacTsM: MOJO00HO TOMY, KaK BbYMCIIeHHE
UHTerpana ju dv uHorza yno0HO CBeCTH K BBIYUCIIEHUIO HHTErpana jv du, Mbl U
31eCh, Mojaras

Ay = U — Upty s

AV, =V — Vi,

Mmokem nepenucath (1.1) B Bujae

n—1 n
2 Auk Vk= - 2 ukAVk—1+um Vm—l_'un Va, (13)
k=m k=m

T. €. CBECTM BbIUMCJIEHHE OJHON M3 PacCMAaTPUBAEMBLIX CYMM K JAPYIOi, 4TO 4acTo
OKasbiBaeTcst M10JIeSHBIM.

B yacTtHOCTH, 9T0 GpBaeT ya00HO, KOT/A OfHA U3 paccMaTPUBAEMbIX I10CTIeJ0~
BaTeJLHOCTe MOHOTOHHO yObiBaeT (TaK KaK U3 Uy | cieayer Au, >0 s
BCeX k).
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W3 npeoOpasoBanust Abenst cpady nojyyaem CleJCTBHe.
CnencrBue. Ecauece u, >0uu, |, a|V]<Moram< k<n, mo

n
ké‘ﬂu,{vk < (1.4)

JlelcTBUTENLHO,

2 WV | << — Wyty) + Un + U | <2 U, M.

PaccmoTpum Teneph Ciayuaif, KOrja BMeCTO YucCes ¥, Mbl uMeeM (QyHKUMH
v,(X), olpefiesieHHbIe Ha HEKOTOPOM oTpe3ke [a, b]. ITonaras

Vi@ =v(x)+...+v, (%),
HMeeM JIEMMY:
Jlemma AbGens. Ecwmu, | Qu

[V, |<<M, a<x<h,
mo pao

2 UnVn )

cxooumes pasHoMepHo Ha [a, b] u 0aa e2o cymmot S (X) cnpage0augo HepaseHCmMEo
IS |<Muy, a<x<b. (1.5)
JleCTBUTENILHO, TTOJIOYKUM
n
8,00 = 3 wvi(®).
Torma no gopmyine (1.2)

S0 () = 3 (= tn) Vi) + 1, Va (), (16)
OTKY/a
Sn (x) — Uy Va (X) = ké'o (uk - uk+1) Vk (x) .
Tak Kak
| — W) Vi ) | <@ — ) M, a<x<b, (1.7)
a psin

2 M (1) — )
£=0

C HEOTPUUATEJbHBIMU WieHaMu cxoautest (B cuny 4, | O) u umeer cymmy Mu,,
TO PSR

(K

(e — 1) Vi (%)

k=0

I

CXOAUTCS abCOJIOTHO U paBHOMepHO Ha [a, b]. Torma u3 u, | O u (1.6) cneayer,
4T0 S, (X) CTpEMUTCS paBHOMEPHO Ha [a, b] K HeKoTOpO# QyHKIMHU S (X), 4SS KOTO-
poit cnpasennuBo (1.5), 1 jemma J0KasaHa.

Jlemmy Abenss moykno 0600wwuTs. IlpenBaputensHO BBeJeM OlpejeseHue.



§3 BbBIINIYKJIBIE KPUBBIE 1 BBIINIYKJIBIE ITOCJIEJOBATEJIbBHOCTHA

Onpenenenue. IlocaenoBarensHoCTh uncen { i, } UMeeT 02paHuYeHHoe
u3MeHeHue, eciu

3|4ty | < + oo (1.8)

Slcno, uro ecnu u, | 0, To ycnoBue (1.8) umeer mecro.

Jlemma AOenst coxpaHsieT cuily, ecnu ycaoBue u,, | O 3aMeHUTb YCIOBHEM:
NoCe/I0BaTeNIbHOCTb {U,} MMeeT OrpaHMYeHHOe M3MeHeHHue.

JleliCTBUTENBHO, 0KA3aTeNbCTBO IMOJHOCTBIO COXpPaHSIET CUNY, eCliu TOJbKO
B NpaBoit yactu (1.7) BMeCTO uy, — Uy, HAIIHCATD |Uy — Uy, | = |A 1.

§ 2. Bropas Teopema 0 cpeqHeM 3HaueHHH

ITycme f(x) u g (x) — 06e Pynryuu, unmezpupyembie no Pumany Ha HeKkomopom
ompesxke [a, b]. Toz0a, ecau f(x) monomonna na [a, b], mo umeem mecmo gopmysa

[16980¢x =1 feyax+10) fg@x, e

20e a <& <b.
B cnyuae, xoraa f(x) He TOJIbKO MOHOTOHHA Ha [a, b], HO U HeoTpULATENILHA
Ha 3TOM OTpe3Ke, GopMyJia YNpoILaeTcss ¥ NPUHUMAET BUA

af ()2 (x) dx = 1 (a) afg(x)dx, et f() 4, 2.2)

[10e@ax=10 feax, com 109 4 3

(cm., nanpumep, I'. M. duxrtenronsn, Kypce muddepennuanbHoro n nHTErpaib:
Horo ucuucienusy, T. 11, § 294).

§ 3. Bomykinie KpHBbIe M BHINYKIbie MOCHEA0BATEILHOCTH

Onpenenenue 1. KpuByio y = ¢ (X)ycioBuMCs1 Ha3blBaTb 6bINYKAOL,
ecau JUist JIo0bIX JIBYX ee ToOueK A U B TOuKM
ayru AB nexar Hwke Xopinl AB wnm Ha
Heit (puc. 1). AHanoruuHo, KpuBasi Hasbl-
BAaeTCs 602HYMOl, eCIX TOUKH AYTH JIe)KaT p)
BBILLIE XOPJIbl WK Ha Heil.

Hanpumep, ecnu ¢ (X) umeer npousBoj-
Hyl0 BTOpOro mopsiaka u ¢’’(x) > 0 Ha 8
[a, b], To @(x) BEIIyKIa Ha 3TOM OTpe3Ke.

HefictBuTenbHO, ecnn a < X < b, TO
st yoboro h >0, ecnu TONBLKO OHO J0C-

a b va
TaTOUYHO MaJIo JUisl Toro, yToO0u X + hu x —h
BCe elle Jie)Xanu Ha (a, b), umeem Pyc. 1
px+h)—e@)="he'(x), rie x<x<x-+h;

px—h—ex)=—he¢'(x), TR x—h<x<x.
[TosTomy

px+n+ox—h—2¢x)=h[¢'(x)— ¢ (x)] = h(x1 —x2) 9" (6) > 0.
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(Baech x — h < £ < x + h.) Urak,
p(x+h+ox—h—29(x)=>0,
T. €. q)(x)<¢(x+h)‘32"l’(>¢—h),

OTKYyJa, B CHIY HempepuiBHOCTH ¢ (X) cienyet, uro jiodast TOUKAa AYTH KPHBOii
MEXIy X — h u X 4~ h JIOKUT HU)Ke MJIM Ha XOpAe, T. €. KpUBAasi BHIIYKJIA.

Teopema. Ecw F(x) sainykaas na [a, b] gynxyua, mo ee moxncro npeo-
cmasurms 8 loe

F(x>=F(a>+f<p(t)dt, @.1)

20e @ () — HeylGvisarowan ynkyua Ha [a, b). O6pemmo, kancoas Pyuxyus F(X),
npedcmagumas 8 maroti popme, ebinyxaa Ha [a, b].

CmM., Hanpumep, Hartancon M- 181 crp. 547.

BriocienctBun Ham npuzeTcst nofpoOHee 3HAKOMHUTLCST CO CBOKCTBaMMU BBITY K-
JbIX QYHKUMI; B laHHOE BpeMsl Mbl FOBOPHMM O HMX JIMLIb B CBSI3U C IONSITHEM
BLITYKJIOH NOC/Ie0BaTeILHOCTH.

Onpenenenue 2. INocnegoparensHocTs {a,} (n =0, 1, ...) HasbBa-
eTCS 6bINYKAOL, ecnu, Toyaras

Aanzan_an+lv

Azanzdan—Aan+li
£a,>0 (1=0,1,2,...).

$lcHo, 4T0 ecau KpuBasi ¥ = ¢ (X) Builykia Ha 0 < x < + oo, TO TOUKH
a,, = ¢(1) 00pasyioT BHIYKIYIO IT0CIEI0BaTeNEHOCTD.

VKa)keM psii CBOHCTB BHIIYKJIBIX [IOCJIe0BATEIbHOCTEMH.

1) Ecau nocacdogamensnocme {a,} 6blNyKAQ U 02paHuyeHq Céepxy, no a, | .

Hamo noxasats, uro Aa, >>0. Ecnu 6bl 370 0bUI0 HeBEPHO, TO HALLIOCh Obl
TaKoe m, uto Aa,, <. 0. Ho Torxa B cuiy BHUITYKJIOCTH NPH JI00OM Kk > m uMeem
da, < 0 u |da,| > |4a,|; Tak Kak

an — Ay = (an - an-—-l) + (an-l — an—z) + ...+ (am‘l'l - am) =

HMEeeM

n—1 n—1
— =3 da,= 3 |da,|>(n—m)|day| > oo

IPU 1 — oo, HO @, OFPAHMYeHO CBepXY, U Mbl IPUXOJUM K IIPOTUBODPEUMIO.
2) Ecnu {a,} esinyraa u a, -0, mo a, | O.
HeiicTBuTenbHO, U3 @, — O cieayer OrpaHMYeHHOCThL @, CBEpXY, TOrjga B
CHJIy TOJIBKO YTO JOKa3aHHOIO a, | ; Bmecre ¢ ¢,— O 3ro paer a, | O.
3) Ecau {0,} epinykaa u 02paHuueHa, mo

nda, —0 (3.2)
2 (n+ 1) Aa, <+ oo (3.3)

JeiicTBUTENbHO, MBI YKe BHUAEJIH, YTO IpH 3TUX YCIOBUSIX 4, | . B cuny
OTPaHUYEHHOCTH CHU3Y, TOT/a YKCia @, UMeIOT KOHeuHbli npenen. ITycrs

i

lima, = a;
TOrzIa
Go—a=(0%—a)+(@—a)+... +@ — 1) +...»



§4 PAObI C MOHOTOHHO YBBIBAIOIIIVMMU YJIEHAMMW

rJie psifi, CTOSILMA B NPaBOi YacTH, MMeeT UJleHbl, MOHOTOHHO YObIBalowue, U OH
cxoaurcsi. Iloaromy u 1 Aa,, — 0 B CHI1y U3BECTHOM TeOpEMbI U3 TEOPUU YHCIIOBBIX
pSINOB.

Hainee, npumeHsist npeoOpasoBanue AGesisi, HAXOIUM

n—

n 1
day= 2 1-da, = 3 (m+ 1) 40, + (n+1)da,,

3
e

1 TaK Kak (n + 1)4a, -0, a

m%'OAam=a0—an—>a0—a opu  n—> oo,
T0

n—1 ©
Z‘O (m+ 1) 4%, —a,— a, T. €. psf é‘o (m + 1) 42a,,

CXOAUTCSI, @ 3TO ¥ HaJ0 ObLIO HOKa3aTh.
3ameuvaHnue. Ecna {a,} BeYyKNa u a, — 0, T0 JI0OKa3aHHOe NPEJIONe-
Hue Tem 0oJjiee CIpaBeINBoO.

II. YUCJIOBBIE PABI, CYMMUPOBAHUE

§ 4. Paapl ¢ MOHOTOHHO YOLIBRIOLUMMH YJIEHAMH

Teopema 1 (reopema Komu). Ecau u, |0, mo paost
Ju, u Zw'Z"uzn
n=1

€X00MeA UAU paAcXxo0Mmess 00HO8PEMEHHO.
JefcTBUTENbHO, B CUTY MOHOTOHHOCTU U, UMeeM Ipu Jrobom k

2k
2 e < Y Uy, <] 2K g
n=2k—141

1 0CTAETCs1 3aMETUTb, YTO

Teopema 2. Ecau a, | 0 u 3 a,= -+ oo, mo, noaazas Aa,=a,— a,,,

umeem

[Monoxum u, 2‘ kda,. B cuny a,|0 umeem 4q, >0 (k=1,2,...).

3uauur Bee u, >0 u 1. Hano noxasars, uto u, —oco. Ecnn Obl 370 6bUI0 He-
BepHO, TO
u, t a, roe a =+ oo.



BBOJHBII MATEPUAJI

Torma u, = a— &, rae &, | 0, u ciegoBaTesbHO, TAK KaK

u,—u,y=nda,=(@a—e,)— (@ — &) =4¢,,,
T0

Ab‘n—l
da, ===

B cuny 4, —0 u d¢, >0 umeem

Aeg- 1 2 1
Z Aa 2 k 1 ',T g 71— n=—1»

k=n =n

a moTomy na, - 0.

Ho, npumensis K cymme, usobpakaromeit u,, npeoOpasoBaHue Ales,
HAXOIUM
n

u, = kZ'kAak_al+a2+ +a +an+1y
a TaK KaK u,, —a, a na,, -0, 10
a+a+ ... +a,—>aq,

qTO MPOTMBOPEYUT YCIOBUIO X @, = -} oo.
Jnst nanbHeliero nojie3Ho BBECTH ClefyioLiee ONpefiefieHue.

Onpepenenue . Ilycrs 2 u, — cxomsawmmiica psag ¢ u, | O.
{Tomaraem
= 2 uk.
k=n

Bynem roBOpUTb, YTO STOT pAd y0osaemeopsem ycaoeuro (L), ecau
r. = 0(u,). 4:1)

Ecnu wienst psiia yObIBAaIOT He MejleHHee HEKOTOPOit reomeTpudecKoil mpo-
Cpeccud, T. €. eClu

un+1<0unv O<0<lv

TO OH YyJ0BJIeTBOpsieT ycyioBuio (L), Ho 00paTHoe 3aKiio4YeHue, pasymeercsy, He-
BEPHU, KaK MOKA3pIBACT XO0Ts Obl TaKoil mpumep:

Uppy = Uy, =0" n=12...;0<0<1

[Mokajxem, YTO ecu PsIf yAOBNETBOPsieT ycuoBuio (L), To KakoBO Obl HH OblJIO
6 < I, ero MOXXHO pa30uThb Ha KOHeyHoe uucio [ psioB (I 3aBuUCHT OT 6) TaK,
aT00BI WieHb! KOKJI0r0 U3 HUX yObiBaIU He MeJUleHHee, YeM reoMeTpUdecKasi npo-
rpeccusi C0 3HaMeHareyem 0.

HeitictButenpHo, yeioBue (4.1) o3Havaer, uTo

r, <cu,,
rae ¢ — nocrosinnoe. Iycts 6 sagano. Bribepem wucno [ Tak, 4ro0b!

[ = [%] : (4.2)

Torma B8 cuny MOHOTOHHOrO yOblBaHUS uucel U, U B cuny (4.2) umeem

k=n+l1 ®
(+ Dy < kg,; uk<k§nuk<cun, (4.3)
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a notomy B cuiay (4.3)
un+l<%f un<0un :

CrnepoBarenbHO, Bee [ psiioB

Uy + Uy + Uggor + - - o
Uy + Upyy + Uy + - oy

U+ +ug A+ ..,

Ha KOTOpble MO)KHO pa30uTb Haw psif 3 U,,, yObIBAIOT He MeJJIeHHEe, YeM Ieo-
k=1

MeTpuyecKast IPOrpeccust CoO 3HameHaTesem 6.
JloKa)KeM Teneppb Teopemy.
Teopema 3. Ecau pao Zu, yoosaemeopsem ycaoguto (L), mo

sL_o (_1_) (4.4)
Erwe 7 un )
JelictBuTeNbHO, UMeEEeM U3 OmpejeseHust
Up =TIp—TIn41,
'n
a moToMy u3 4, <¢

'n

CETN
OTKy A2
rn<c(rn_'rn+1)y
T. €.
Crn+1<(c_'1)rn
Wi
—1
i1 <Or,, rmme 0=——<I.
Ho torpa
n 1 "o n 'n 'n
llngl—u;<fnk.§l,—k<c[71+~,:+no+—,n—]<

Le(1+04... oy =0(),

a 9T0 M 3HauwT, 4To (4.4) JOKA3aHO.
Onpenenenue 2. Byaem roBopurs, 4T0 603pacmaiowjas nocae006ameo-
HOCMb HAMY PAAbHBIX Yucen

<< ... << ...

vOossemeopsem ycaosuro (L), ecnu psn 3 —nl?meBneTBopﬂe'r ycnosuto (L), T. e.

2 aw=0)

k=m m

(4.5)

B yacrHocTH, 3T0 MMeEeT MeCTO JJ1s1 OJJHOTO Ba)KHOTO KJlacca I0Cje/loBaTelb-
HOCTell, HasbiBaeMbIX JIAKYHApHBIMHU.
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Onpenenenue 3. ITocneroBaTenbHOCTh HATYpPabHBIX YKMCE
n<<n,<...<<n,<..
Ha3bIBACTCS! JAQKYHAPHOL, eclid CYUecTBYeT Takoe A > 1, uro

”,’;—;1>/1 (k=1,2,..). (4.6)

$IcHO, UTO BCSiKast JIaKyHapHast IOCJIeJ0BaTeIbHOCTb YOBJIETBODSIET YCJIO-
Buio (L), TaK Kak

a IoToMy

B ofmem ciyyae I0Cae10BaTeNbHOCTD, YIOBIETBOPSIOLYIO yeaoBuio (L),
MOYKHO pas0uTL Ha KOHEYHOe YMCIIO0 JAaKyHapHBIX (TaK KakK oHa pasOuBaercst Ha
KOHEYHOE YHCIIO TAKKX, Y KOTOP bIX WIEHBI PACTYT He MEJUICHHee, UeM UJieHbl He-
KOTOpO#i BO3pacraioiiel reoMeTpuyecKoil nporpeccun).

3dameuvanne 1. Eciu nocnenosarenbHOCTh {1} YIOBJETBOPSIET YCI0-
Buio (L), To u {n}} taroke. leiicTBUTENLHO,

gm0l =o(h):

3ameuanue 2. EciaunocnenoBaTe LHOCTD {1} YIOBIETBOPSIET YCI0BHIO
(L), 70

m
,é'l n,=0(n,) . 4.7)
JlelicTBUTENLHO, TI0 YCIOBUIO MMEEM
1 1
é’n ;— a X (4.8)

rie C — nocrogHuHas. sleno, yro C > 1.

TIMonoxum
A |
=2
Torn - I'm — I'm+p 4 (4.8) npuHUMaeT BUJ
Nm
I'm < C(rm—'rm+1)y
OTKY/ld
1
rm+1 < rm
C—1
uny, nojarasg 0 = >
Tm+1 < arm (m = 1) 2; .- ')’ (49)

rne 0 <6 < 1. Ho
nL<r,"



§5 JIMHEWHBIE METOAblI CYMMMPOBAHUSA

u, C APyrol CTOpoHsl, B cuty (4.8) 1, <;z£_’ CIeN0BATENBHO
m
c
My < -
m
Orcrona
1 mw m C r T, r
I, S =1 ] <
k=1 m~1 m-2 1

m k=1 Tk

c
<C[l+9+92—|—.]=m=K,
rae K — moCTOsIHHAs, a 9T0 M J0KasbiBaet (4.7).

§ 5. JluHeliHbIle METOALI CyMMHPOBAHHs

CyuiecTByeT Liesiblii psifi IPMEMOB, TO3BOJIAIOIMX NPUIMCATh «CyMMY» pac-
XOJUILLEMYCST PSILY; 9TU TIpUEMbl HOCSIT Ha3BaHUE MeMmo00s ¢y MMUPOSAHUS Psi00s.
Haubonee ynorpebuTenbHbIMU SIBJISIIOTCS JIMHEHbIE METO/Ibl CYMMHPOBaHM S, KOTO=
pble CTPOSITCST N0 CJIeYIOLIEMY NPUHLUNY: NYCThb A — HEKOTOpas maTpuua ¢
0eCKOHeUHbIM YUCJI0M CTPOK U CTOJI0LOB

| Qoo - n
anO * ann

............

BmecTo paccmoTpenusi 00bIYHBIX YACTHBIX CyMM S, paaa > U, paccmarpu-
BAXOT yuciIa n=0

Op = S ankska (51)
k=0

npeanoiarasi, 49ro psiibi B TPaBbIX YaCTsIX OTHX pPAaBEHCTB  CXOMATCS
(n=0,1,2, ..); ecniu Opu 9TOM CYL(ECTBYET Npesiest
limo,=S,

n—o

TO YKMCJIO S Ha3bIBAIOT «CYMMOLDy PSifia ' U, ¥ FOBOPSIT, UTO METOJ, OTIpe/ieisieMblii
k=0

MaTpuLei, cymmupyem psig du, K uncay S.

MeTojipl, OTIpe/ieieHHbIe TAKIUM 06pasoM, HOCSIT Ha3BaHMe /LHeLHbIX TIOTOMY,
UTO €CJIM TAKO! METOJ CYMMUPYeT psifi 2u, K cymme S, To pan 2Cu,, rae C nocro-
SIHHO, cyMmmupyeT K CS u ecnu psaj Zv, cymmupyetcst K Sy, To psaf Z(u, + vy)
cymmupyercst K S -+ S;.

MeTo/i CyMMHpPOBAHHUS TIPUHSITO HA3bIBATL peeyAspHbIM, €CIIU BESIKMI CXOIsi-
Wuiicst P CYyMMHUDPYETCSi 5TUM METOJIOM K Uiciy S, sIBJISIOLIEMYCs ero CyMMO# B
KJIACCHYECKOM CMbICIIE CJIOBA, T. €.

S =lim §,.
n— o
Tennuy (Toeplitz[ll) nokasan, yro daa pezyasprocmu aurelinoz2o memooa, onpe-
OessieM020 mampuyeli A, He06X00UMO U 00CMAMOYHO, Ymo0bl OblAL EbINOAHEHDbL cAe-
oyrowjue mpu YcaA08us :
1. lim a,, =0 (k=0,1,...).

n—o

2. Ecau A, =0+ au+...+ay+...,molimA,=1.

n— o
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3. Ecau K, = S‘ |@n |, mK,<C(n=1,2,...), 20e C — nocmosatnHoe.
k=0

[TpuHsATO HasplBaTh X «ycaosuamu Tenauyay, a YIOBJIETBOPSIOIME KM
matpulpl — T-mampuyamil.

Mbl He OyeM I0Ka3biBaTh, YTO 3TH YCJIOBHsT HEOOXOMMMBI ISl peryJsipHOCTH
meTona (cMm. 06 aTom, Hanpumep, Xapau [M- 2.1 § 3.2), yTo KacaeTcsi UX JOCTAaTOY-
HOCTH, TO OHa IOJyYaeTcsl MTHOBeHHO. JlelicTBuTeNIbHO, NYCTh

S=limS,.

n— o

[Monoxxkum S,, = S + ¢, TorAa ¢, -0 npu n — oo. Ho
o= 2 anpsp =S anp + p) anp£p=SAn+ 2 Qnpépe.
p=0 p=0 p=0 p=0

Tak Kak A, — 1 npu n — co B cuiy ycioBus 2, TO 0CTaeTCsl N0Kas3aTb, UTO
lim X a,,¢,=0.

n—o p=0
[lycte &€ > 0 naHo; BrifepeM N CTosp 00MBIIKM, UTO |&,| < & A1 p > N,
TOT/la

©

+ep2 |anp |-

=N+1

<

N
2 Anpep
p=0

2 Gnp&p
p=0

B nepBoif cymme YMC/I0 WIEHOB OTpaHM4eHo, a@,, —O0 Npu 1 — oo, uucna &,
OrpaHuyeHbl B COBOKYNIHOCTH; S3HAYMT, DU N —> oo 3Ta CyMMa cTpemutcs K O
BTOpas cymma He npeocxomut & C, rae C — KOHCTaHTa U3 yCJIoBHS 3, a & B3ATO
NPOM3BOJILHO MaJlbiM, IIO3TOMY IIpaBasi 4aCTb MOXKeT ObIThb CHleJlaHa KaK yTOofHO
MaJIoif ¢ POCTOM 1, M Teopema J0KasaHa.

[MpuHATO HasblBaTL MaTpuLy A noqomcumesvrol, ecnu Bce a,;, >0 (k=
=0,1,..., n=0,1,...). ScHo, yT0 ecnm JIg HOJIOXKUTEIbLHON MaTpHULBI
BbIIIOJIHEHO BTOpoe ycioBue Telmuua, TO BbIIOJHEHO U TpeTbe.

Marpuny A Haseiatot T *-mampuyeti, eciiz OHa y0BJIETBOPSIET ABYM ITepBbIM
ycnousm Tennuua, HO He 00513aTeNIbHO YI0BJIETBOPSIET TPeTheMy (B CHITY IIPeibl-
AYLIEro 3ameyaHus, I TIOJIOXKUTENbHBIX MATpHUL| 3TOT CIyyail HeBO3MOXKEH).

CrenaeMm eme o/iHO o0ee 3ameyaHue 0 marpuuax T'; nycts S, He CTpeMUTCS
K mpejeny, Ho 3aro cywmecrByer lim S, =S, rae {k,} — HeKoTopasi Bo3pa-

knq ®
cralomasi nocCjaeaoBaTeIbHOCTh U3 HaTYpaJbHBIX YKCE. Mbl MOXKeM TOTJa CKa=-
3aTh, UTO IIOCIEeN0BATEJIbHOCTD Sk Cymmupyercsd K S HEKOTOPhIM METOJIOM Tennuua.
JIeliCTBUTENILHO, eCin TI0JI0XKUTh

A, = 1, n=012 ...,
A =0, eciu K = K,,,
TO IIOJTyYeHHasl MaTpuLia YAOBJETBOPsieT BceM Tpem ycioBusam Tennuua u npu

aTom o, = 2 a,S, = Sk, — S Ipu n — oo, T. €. NOCIIEIOBATENLHOCTD S,, CyMMHU-
pyercst K S 3TUM METOJIOM.

§ 6. Merox cpepunx apudpmernueckux [umu (C, 1)]

B KauecrBe mpocreiilero npumepa MeTONOB, OnpesensieMbX marpuliamu T,
paccMOTpUM Kiaccuueckuii ciaydaif, a UMEHHO METOJl CpeJHMX apU(pMeTHyecKux
[mnu (C, 1) *) ], BBerennsiit Uesapo. Uesapo npesioKul DpUIUCHBATD pacxo/sie-

*) O6osnauenue (C, 1) craHer NnoHsITHO, Koraa Oyner BBefeHO HoHsATHe MeTonoB (C, a
(cm. HobGaBnenus, § 9).
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mycst psgy cymmy S, ecn limo, = S, rne

5 — Sot et Sn
n— n+1 ’

1 JI0Ka3aJl peryJsipHOCTb 9TOI0 METO/Ja CyMMUpPOBaHHUs.
Ecau nono)xurs

1
o —lTET =010,
10 (k> n),

TO METOJ CpeJIHUX apu(meTuuecKux onpesensercs marputeit A = ||a,,|| u cpasy
BUJIHO, UTO 3leCh TpH ycsoBust Tenyuua yAoBIeTBOPeHb!, T. €. A ecTb T-maTpuLa.

3ameyanue 1. Merox cpepuux apupmernveckux (unu meron (C, 1))
SIBJISIETCS] TAK)Ke U BIOJIHE PEryJIsipHBIM, T. €. eClIH

Sn-—>—|—00,
TO U
O‘n-—>+oo.

HeiicrBurensHo, ecnu M mioboe, To MoXKHO Haittu takoe N, uro S, > M
npu n > N. Torpa

=So+-n+SN SN+1+...+Sn

On n1 + nF1 .

I'IepBoe cjaraemoe CTpeMUTCS K HYJIIO IIpU 717 — oo, a JUISI BTOPOr'o NMeem

SN+1+...+sn n—N M
n+1 >M n+1 >T’

KaK TOJIbKO 11 > 2N 4- 1, a noTomy o, CTaHOBUTCSI KaK YIrOHO GOJIbLIKM, €CIIH
1 JI0CTATOYHO BEJIMKO, T.e. O, — co, a IT0 U Hajlo OblJI0 JI0KasaTb.

3ameuvanue 2. I'oBops o merone (C, 1), HE0OX0UMO OTMETUTL OJHY
dopmyny, Koropas B JanpHeiiliem yacto OyjeT ynorpeOyisaTbCs, a UMeHHO: ecly
S, — YacTHbIe CYMMBI, & 0, — Cpe/iHIe apupMeTHyecKue s psifa iy, T0

1 n
Sn—0n=m£0kuk. (6.1)
IeiicTBUTENBHO,
_ Sob...+Sa 1 =T _
Sn—o'n"sn"‘ on—l—l "‘n+1£0(8n_sk)"'
1 n 1 n
BES! ké'o(ukﬂ_l_'” + ) = n+1 ké'okuk.

§ 7. Meron Alensn

[lycre Y u, —- 4ucIoBO# psif u X jeiictBurensbHoe uncno, 0 < x < 1.
k=0

TCosopsit, 4to psig > u, cymmupyemcs memooom Abeas k qucay S (unn
k=0
KpaTKo: cymmupyercst A Kuueny S), ecmu 3 u, x* cxouures st 0 <(x <11
k=0

lim 5‘ u,xk =S8. (7.1)

x—1k=0
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Yenosue (7.1) mo>xHO Iepenucath B Apyroit Gopme. C 9TOR LEBIO 3aMETUM, UTO
s 0<C x << 1 umeem TOYK/IeCTBEHHO

N xk = (1—x) > S xk . .
kgoukx (1 x)kéoskx (7.2)

Heicrurensno, nycrb 0 < x < 1 u psan caea B (7.2) cxonurcsi. BosbMem TaKoe
ryuro x < r < 1. Torma, Tak Kak > u,r* cxouurcs, Halifercs takoe C, 4To
=

0
lur <<C  (k=0,1,...).
[Tosromy

|Saxn [<KCxt (14— oo o) <oy ¥

a 9TO Bblpa)keHUe CTPeMUTCsI K HYJIIO pu 11 — oo. Ho B cuity npeoOpasoBaHus
AbGens

n n—1 n
2 uxk =3 S, (¢ —xk)+ S, x" =(1—x) 3 S xk +8,x,
k=0 k=0 k=0

U TaK KaK S;x" — 0, 10 (7.2) roKa3aHo. JloKa3aTenbCTBO aHAJOTUYHO, eCJIU Npef-
NOJIOXKUTL CXOJMMOCTh Psijfia B npaBoit uactu (7.2).
[Tostomy ycnoBue (7.1) MOYKHO Taroke 3aNMCHIBATL B BUJE

lim (1—%) 3 S,x*=S§ (1.3)
x—1 k=0

U TOBODUTH, UTO PAJ CyMMHUpyeM K 4uciy S meromom Abeis, eciau BHIIOJI-
HeHo (7.3).

JLOKay<eM, 4T0 UMeeT MeCTo

Teopema ®PpobGenuyca. Ecw pao cymuupyem (C, 1) x uucay S,
Mo OH CymMMUupyem MemoOom Aleas K MOMYy dice Qucay.

JlefAcTBUTENIbHO, TaK KaK

(n+1o, =8 +S +... +8,

TO, IpUMeHsIsi TpeoOpasoBaHue Abenst K npaBoit yactu (7.2), HaX0nuM

8

|yt = (1 — xp é,‘o(k T 1) o, xk . (7.4)

k

Ho tak Kak st 0 < x << 1 umeem
R S I
a—xp = &, (k+ Dx

=0
nin

I=(1—x2 3 (k+ Dx*, (1.5)
k=
TO, YMHO)Kast 06e yactu (7.5) Ha S u BbruuTast u3 (7.4), HaX0 UM
S u —S=(1—xP 3 (k+ 1) (o, — S)x* =
k=0 k=0

=1 =0 3 )@~ )+ =P ¥+ DE— ). (16)
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Ecnu ¢ 3agaHo, T0 MO)HO BbIOpaTh N Tax, uto0bl
0441 — S <& mna k>N,

a TOrjia BTOpasi cymma B IpaBoil yacTu (7.6) MeHbILE &, UTO >Ke KacaeTcsi epBoi
CYMMBI, TO OHa CTPEMUTCS] K HyJI0, TAK KaK UKC/I0 UNeHOB B Hell (JUKCUPOBAHO.
Otcrona BuITeKaeT BoiloJjiHeHue (7.1) U Teopema JoKasaHa.

Uto0bl cpaBHUTHL MeTOJ, AGelisi ¢ paHee pacCMOTPEHHBIMU JIMHeHbIMU MeTO-
JaMU CYMMHPOBAHHSI, MOYXHO OblIO Obl BMECTO HelIPEPBIBHOIO NapameTpa r pac-
CMaTpUBaTh JIto0ble 110 CJ1eJOBATENIBHOCTH Ty, TA€ I, — 1 IIpU 11 — oo, OptHaKo Ootee
Lies1eco00pasHO pacCMOTPETh BMECTO MATPULL || @, || cOBOKYnHOCTE QyHKIMi ¢ (X),
rie k=0,1,2, ... 1 0<Cx < 1. Eciu Mbl DOJ0KUM

0@ = 3 a,(9) S,

npejiosiarasi, Yto psix B NpaBO# 4acTyl CXOJUTCs Npu X — 1, u eciu

limo(x) =S,

x—1

TO MOYKHO PACCMATPUBATh S KAK «CyMMY» psifia 21, ONpeJieNIsieMyIo TAKUM MeTo-
JIOM CYMMHPOBAHKS C HeTpepeIBHBIM apameTpom X — 1.

CoBepIlIEHHO TaK >Ke, KaK OblJa J0Ka3aHa PETYJSPHOCTb METOMOB, OIpe-
JessieM piX MaTpuliamu Terumnna, Mbl BUIUM, 4TO TAKOH MeTo Oy/eT perysipHbiM,
eCJli BbINOJIHEHbl YCIIOBHS:

1°. lim aq,(x) =0 (k=0,1,...).
x—1
2°. Eem A(X) = 3a,(), 0<x<1, 10 A (x)—>1 npu x—>1I.
0

3°. Ecnné‘olak(x){zf(x), o |f@|<C, 0<x<1,

rine C — MOCTOSHHOE.
B uactHOCTU MEmo0 Alean pecyAapeH, TaK KaK B 9TOM CJlyuae

a,(x) = x* — xt+1

¥ Cpasy BUIHO, YTO BCe TPY YCJI0BUs YI0BIeTBOpeHsl. Bosee Toro, meron AGesns
610He pe2yAsapet, TaK KaK, ecli S, — - oo, TO MOXKHO Jyisl 1106010 M HaiTu
raKoe k,, uro S, > M npu k > k,; Torna

©

© k,
(1—x) 2 Sxf=1—x) 2 Sx* +(1—x) Spxk >
k=0 k=0 +1

k=F,
Ko

>(1—x) Zoskx" 4+ M xlot1,
k=

Ecnu x — 1, To mepBoe ciaraemoe npaoit yactu ecth o (1), mocKkonbKy k, huxcu-
poBaHo, a Bropoe ctpemurcst K M, a notomy (1 — x) X' S,x* mo>xer ObITh ClesaHo
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0oJipLre J1000ro Hamepes 3aJaHHOTO YKCa, eClK X OCTATOYHO OIU3KC K 1, a 910
M 3HAumuT, 4To X U, CyMMHUpYyeTcsi A K -+ oo,

[pencraBiisieTcs1 04eHb IOJIE3HBIM Hapsily € METOAOM A paccMoTpeTb elle
OJIMH METOJl CYMMHUpOBAHHSI, TeCHO C HUM CBSI3aHHBI. VIMeHHO, BMecTO JeiicTBH-
TenbHBIX yucen X, 0 <C x < 1, crpemsmuxcst
K 1, Ml OyZem paccMaTpuBaTh KOMIIJIEKCHBIE
yucna. Mel Oyznem roeoputb, uro 2 — 1 no
HeKacameabHOMY K OKPYyHCcHOCMU nymu, eClu
TOYKa 2 TIpH CBOEM CTpeMJIeHHMHM K Touke M
(1.0) He BBLIXOAMT M3 HEKOTOPOro yrja Be-

JMYKHBL 20 (6 <g] ¢ BepluMHOit B M u Ouc-

CeKTpHCoii, coBnagatomeii ¢ Ox. M3 reomerpu-
yecKux coobpa)keHuit (cm. puc. 2) sICHO, UTO
9TO yCJIOBUE MOYKHO 3alucaTbh B BUjE

Puc. 2 [1—2| <C—|2]), (71.7)

rae C — HeKoTopoe HocTosiHHOe. JIeACTBUTENBLHO,

[1—2z|=¢, 1—|2|=1—r,
r2P=140>—2p cos a,
20cs a—@@=1—r2P=0—-r)(1+7),

1 1
I 5 S (1.8)

1—r 2cosa—9 0s 0 —o

Ipu 2 — 1 umeem p — 0, 3HaMeHaTeJIb B IPaBO#i YaCTu OrpaHMYeH CHHU3Y, & YHCIIU-
TeJIb He NPeBOCXOMHT 2, a 9T0 ¥ 3HaYHT, ‘"'OTSTT <cC.

Tenepn BBeJeM ONpeJeieHue.

OnpeneneHue. Pan 2 u, nassiBaercss cymmupyemim K S memooom A*
(MM KPaTKO CyMMHUPYeMbIM A* K S), ecyu

lim S‘ u, 2" =38,

z—~1 n=0
Korga z — 1 no nofomy HeKacaTedbHOMY NyTH (MHaue roBopsi, €cin 2z — 1, TO

11——2‘ <c,

Il

rje C TOCTOSIHHO).

SlcHo, uTo ecau psAm cymmupyem A*) TO OH cymmupyem A.

lloxa)KeM Tenephb, 4To Memod A* TatoKe peeyasaper. Uto0bl yOeIUTHCS B ITOM,
3aMeTUM, YTO KOTJa Mbl IIpHMeHsIeM MeTOJ CYMMHUPOBaHuUs, OTIUCaHHLIA B § 7, TO
(})yHKuuu GurypupyoILie B 3T0M MeTOJe, MOXKIIO CUNTaTb M (QYHKUMSIMU KOM-
IJIEKCHOTO ITepeMeHHOro. BmecTo x — 1 1o JeliCTBUTENIbHOM 0CH MOYKHO CUUTATh,
4ro X — 1 N0 HEKOTOPOMY MHOYKECTBY, JuIs Kotoporo touka (1,0) siBnsiercs npe-
NeJIbHOM. PerynsipHOCTb MeTOAa NPOJI0JDKAET COXPAHSATL CHITY, €CJIU B YCIOBUSAX
1°, 2° n 3° cuurath X — 1 10 ITOMY MHO)KGCTBy

B yacTHOCTH, NOJNIaras ak(x) = x¥ — x¥+1 BupuM, 4TO BCe YCJIOBYS peryJsip-

11 —x] < C, T.e. merof A* peryispex.

HOCTH BBIIIOJIHEHB!, €CIIH ﬁi



§8 YUCJIOBBIE HEPABEHCTBA

11I. HEPABEHCTBA J{JIs1 YHCEJI, PSITOB U MHTEIPAJIOB

§ 8. UncnoBbie HepaBeHCTBA

1. Jns mo6bix AByX umces a ¥ b u 1106010 p > 1 umeem

la+oblp<<27(lalP+[0[P).
JlelicTBUTENILHO, ecin

la] > 1],
TO
a4 b <2ld
"
la+bP<C2r|alp<(lalP+]b]P)-27.
Ecnu ixe
la|<]0,
TO
la+06]<<2]0]
"

la+bP<27|bP<2°(lal? +[b]P).

2. Ins no6bix AByX uyncen a u b u 0 < p < 1 umeem

lat+ofP<ClalP+|bJr.
ITono)Kum

HepaBeHCTBO Oy/eT ClIpaBe[JIBO, €CIM MBI IOKa)XKeM, UTo

(+dr<l+t mpn 0<p<l.

(8.1)

(8.2)

(8.3)

Ho HepaBencTso (8.3) cnpaBemnuBo motomy, uto Gynkuus (1 4+ )P — (1 4 tP)

obpartaercst B HyJb npu £ = O u yObiBaeT ¢ poc-
TOM #, 3HAYUT OHA BCIOJY HeEIOJIO)KUTEJILHA. 2

3. Ecan a u b — mo0Oble MOJIOXKUTENILHBIE, & 3

/

pugrakue,urop >1,¢>1mu

1 1
—p_ + T - l ’

TO S

ab <L+ 2 (84)
S,

! 4 r

IMonoxxum p =1+ o, a > 0, u nocTpoum

Puc. 3

rpadpuk QyHkuum y = x° (puc. 3). Tak Kak aTo .

dyHKUMS Bo3pacraiomas, To obpaTHas QyHKUuS X = y @
3HauHO. TaK Kak

a
p
S =a—=j < dx
1 » ox

b 1
b7 o
Sz=~q—=fy dy
0

onpejaeneHa OAHO-
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(noromy uro 1+ % =1+ 5 1 =7 il = ¢), TO HY)KHO€e HepaBeHCTBO BbITe-
KaeT U3 TOTO, UTO TIOIA b IPSIMOYTOJILHUKA €O CTOPOHAMHU @ U b He TIPeBOCXOJUT
cymMMBl miowanei S; 4+ S,.

B cnyuae b = @* 1 TOJILKO B 3TOM CJlyyae HepaBeHCTBO NIpeBpaaercst B pa-
BEHCTBO.

CoBepILeHHO TaK )Ke MOXKHO J[0KasaTh, YTO ecNu ¢ (1) HellpepblBHAa IIpU
u 0,9 (0) =0, ¢ (u) Bo3pacraer u ¢ (1) = oo, a y () — co — obpaTHast K Heil
¢$yHKuus, To, mojarasi

@(x)=;‘w<u)du, )= [ p)dv,
0

nmeem

ab<® (a) + ¥ (b) (8.5)

17151 I00BIX T0JI0YKUTENIbHBIX @ 1 b.
Taxue ¢yuxkuuun @ u ¥ uHOrjga HasblBalOT B3aUMHO nononnmenbubmm

(B npeapinyiem npumepe 6b10 @ (1) = u®, rne a =p—1,9 (v) = va) Hepagen-
cTBO (8.5) HaswBaercs1 HepaseHcmeom FOnea.
§ 9. Hepagencrso I'enbjepa

ITycts
fx)eLr [a,f], ¢(x)EL? [a,f],

rae

1 1
HOKH)KQM CIIPaBeNIMBOCTL HEPABEHCTBA
| ff (%) @ (x) dx | <( f If ()l dx)p (f o (x) | dx)q (9.2)

WIN KpPaTKO

IJ 16y e @ dx[ <[l 11 #ll 9.3)

(cM. 0603HaYeHMS JUIsST HOPM).
JedcTBUTENbHO, NTOJIarast At KpaTKOCTU

If(X)! _ e
AT T llells
umeeM B cuny (8.4)
@9 1=l eleab<Ill el (5 +-5) - ©.4)

Ho

LG IOT
Slp dx { gl dx

WHTerpupys 1o x, Haxoqum

] 8
fadx=1 u fordx=1



§9 HEPABEHCTBO T'EJIBJEPA

u B coennHeHuu ¢ (9.1) u (9.4) naer

{liee@1ax<Iflbloly,

a 310 u ecThb (9.3).
3ameuyanue 1. INonarasg p = ¢ = 2, noJiyyaeM u3BeCTHOE HEPAaBEHCTBO

ByHSKOBCKOT0

1 1
f1@e@axi<(firran? (firan? ©5)
WA

1T 1099 @dx|<IIlallels.

Ecmu {a,} u {b,} — ABe nocief0BaTeNLHOCTH YKCeN, IPUYEM PSIAbl
Jlal w o bl

CXOJSITCS, TO COBEPLIEHHO TaK)Ke MMeeM
1 1
la,nl<[3 1l |7 (S10,0 |7 ©6)
npu
1 1
>t =1
3ameuaHue 2. HepaBencrno (9.3) coxpaHsieT CHIy IpU p = 1 H g = oo,
€CJIM YCJIOBUTBCSI CUMTATh

ol = tim lel. @)

[Moka)keMm, 9TO Npefes B npaBoit yacru (9.7) cymecTByeT, ecin QYHKUMS CyIle-
CTBEHHO OIpaHMYEHa, U OH paBeH ee CYILECTBeHHO# BepxHeil rpanu. Ilpu srom
MOJ CYILEeCTBEHHO BepXHell IpaHbl0 MOHMMAaeTCs TaKoe 4MCiI0 M, UTo MOYTH
BCORy Ha (a, f) umeem

() <M ©.8)

u, ¢ npyro#f croponl, mia jwboro M’ < M Halifiercsi Takoe MHOXKecTBO E,
mE >0, rae (¢ (x)] > M'.
HelictButenbHo, ecau (9.8) BBHINONHEHO MOYTH BCIOAY, TO

L L
lolo={flp@lafi<mM@E-0)",
v NO3TOMY

lim [ <M.

C npyroii croponsl, ecnu M’ << M u |p(x)] > M’ na E, 10
1
l¢lly=M (mE)*,

a HOTOMy
‘}lm “‘P”q>M, ’
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a Tak Kak M’ moboe, jmb 661 M’ << M, 10
lim [lo{l,>M,
q—»oo

OTKYyJia U BbITEKaeT
M= lim [|¢fl,=|o]-.

(9.9)

Teneps MBI BUAMM, UTO ecld B — KJ1acc CylieCTBeHHO OrpaHUYeHHbIX QYHK-
uuit, To 11 f€ L u ¢ € B HepaBeHCcTBO (9.3) cnipaBeUIMBO, ecjid NOHUMATb MOJ
[lpll= cymecTBeHHYI0 BepXHIOW IpaHb IS @, ONpefensiemyro Gopmynoi (9.9).

V3 HepaBeHcTBa ["enibjiepa BoiBesieM O/IHO CIIeJCTBYE, BeCbMAa I10J1e3HOe B ajlb-

HelimeMm.

[Mycry g(f) orpannueHHass, NepuoAUYeCKasi C MepHOAOM 27, HeOTpHULATeNb-

Hasi 4 TaKast, 4To

{ewat=1.
Iycre f(x) € LP. Ecnn

o= 10gt -9,

TO

o (Ml <<IIF i, -

HelicTBUTENBHO, B CUJy HepaBeHCTBa I'enbaepa

lo@P<{ [ 1101g 9ty =
={ S1101g@—x)" {5t~} atp <

] 5 v
< SlH@Pg—x) dif fgt—x) dt}? =

= flropet—xa,
OTKy/a

j,.' @ dx\<_i{_lef(t)lpg(t—x)dt}dx

U, MeHss NOPSAIOK UHTErpupOBaHusd,
Sloepa<Jl1op{]et—nd}a.
B cuny nepuoguunoctu g(f) umeem us (9.10) u (9.12)
Jlo@lrac< [l

1
H, BO3BOJIsI B CTeﬂel-IbT, IoJIyurM UCKOMOE€ HEPaBEHCTBO.

9.10)

9.11)

(9.12)



§10 HEPABEHCTBO MMHKOBCKOI'O

§ 10. HepaBencrBo MHHKOBCKOTO

Iycts f(x) € LP[a, b] u p(X) € L?[a, b] ans p >> 1. [Toxa)kem, uTo TOrKa

(J116 + p@Pad? <(f11@P)” +(flr@ka?, (10.1)
T. €. o

17+ oll<<Ifll, + el - (10.2)

IMpe>xne Bcero 3ameTum, uro ecnu ¥F(x) € LP, to |P(x)|P~1 € [9. [eiictBu-
TeJILHO,

(P P17 =P x)[e-D50 = | P @) P
[TosTomy, mpumeHsisi HepaBeHCTBO enbiepa, monyuaem

[176) + P lr e <<
<@ +9@Pr1i@l + {116+ @I lp@ldx<
<116+ p1e-may? (fl0) pany? +
+ (g”blf(x) + @ (x) |11 dx)%( f lo (x) P dx)% =
(11690 P (110 Pa0” + (Lo P’ ]

1
b =
Ecnu paspenuts 06e yactu nonydennoro Hepaencrsa Ha (| f+ ¢ [Pdx)? ,
a

TO MOJYYUM
b 1- -‘1; b -;7 b 1
(glf+<p|”dx) <(aj|flv dx)® + (&y |p|Pdx)?,
U TaK Kak 1 ——% = %, TO 3T0 3aKAaHUMUBAET H0KA3aTEJhLCTBO.

1
CoBepLIEHHO TAKOKe MOXXHO JOKA3aTh, YTO NPK -+ —;— =1

né'llan+bn|p)%<(2]an|p%+[2[bn|p)—,l;. (10.3)

B nepaBencTBe MHUHKOBCKOTO ObUT OLIEHEH MHTerpaj OT CTelleHH CYMMbl ABYX
dynxuui, xorga sra crenenp p > 1. Ecnu p <1, To 3T0 HepaBeHCTBO TepsieT
cuny. Ho nmeer MeCTO0 HepaBeHCTBO

(1@ +r@ o< [If@Pac+ flo@la O<p<D. (104)

10 HeMeNIeHHO cieayeT u3 (8.2).
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CosepmeHHo AHAJIOTUYHO UMeeM s psiioB

é'll“n“nl”=’§1(|anl”+lbnl”) s 0<{p<1. (10.5)

§ 11. O- H 0-COOTHOLIEHHA JJSA PANOB H HHTETPalioB

[Tonp3ysICh NPUHATHLIM Tellepb B MaTeMaTUUYeCKOH Jiuteparype 0Go3HaUeHHEM,
Mbl OyJeM nucarhb

u, =0(vy),

ecam v, >0 (n=0,12 ...) u —"é:—» nmpe N —> oo,

u
Ecnu jxe —* orpaHuyeno, To Gyfem nucarnb
n
u,=0(v,) .

Eciu cymecTByIoT iBe MOJIOYKHUTeILHEE KOHCTaHTH A ¥ B, JUIs1 KOTOPBIX NIpU
JI0CTaTOYHO OOJILIIKMX N

A< r<B,
TO OyJeM IucaTb
Uy ~ Vy,
1, HaKOHeL,
u, ~ v,
Oyner 03HayaTb
Un

lim -+ =

n—-o

(B 9TOM cJlyyae NPUHSTO TOBOPHUTb, YTO U, M V, aCUMNTOTHYECKU PABHbI).
Hoxa)xem, uTo

b

1) B u,=0(v,) cregyer Zn'ouk=0( “'Ov,c) ,
k=

n n
2) u3 u, ~ v, crenyer X U~ 3 V.
k=0 k=0

k

TeicTBuTEILHO, LJIs1 Ciydast 1) 9TO BBITEKAeT U3 HepaBeHCTBA

k§0”n 2 |y

A
A
X

n n
R 2 Vi
k=0

a s cayvas 2) U3 HepaBeHCTBa

x
I
©

A ——<B.



§11 O- 11 o-COOTHOILIEHU A OJIA PAJOB 1 UHTEI'PAJIOB

Iuns cnyvas u, = o0(v,) u U, ~ v, aHaJIOrMYHbIe COOTHOLIEHUs1 B0oOOILe He

UMEKT MeCTa, OTHaKO

n n n
3) ecmt Y v, —> oo i u,=0(,), 10 Sdu=0|3vl;
k=0 k=0 k=0
n n n
4) eciit Y v, > U u,~v,, TO D u~ Y
k=0 k=0 k=0

Ins1 poKasatenbcTBa J), ecnu ¢ > 0 3aaaHo, Haitnem Takoe N, 4TO

|u,|<ev, amma n>N.

Hmeem
n N n n
2w << Zukl‘l‘ Zuk<|2ukl+82vkr
k=0 k=0 N+1 [ k=0 | N+1
0TKyJa
n i N
2 uy 2 uy
k=0 < k=0 .
n = n + :
Z Vi Z Vi
k=0 k=0

(11.1)

Ho 3namenarens B mpaBoif yactu (11.1) crpemutcsi B GeCKOHEUHOCTb MPH
n — oo, a YMCIIUTeNb IOCTOSTHEH, 3HAUYUT BCsI IPaBasi 4aCTb MOYKeT OBITh Clenana
MeHblle 2¢&, €CJIU N JOCTaTOUHO BEJIMKO, @ TaK KaK & MPOM3BOJILHO, TO JieBasi YaCTh

KaK yrogHo maJja, a 3T0 1 Hag0 ObLJI0 IOKa3aTh.

AHanoruyHo nokassiBaercsi 4). Hajno Tonbko Bbi6paTh N Tak, 4To0bl

=&, <<u, <A+ ¢&v, pman_>N

1 NPpUHATHL BO BHUMaHUE, YTO

N
2 Vi
k=0
—0 npu n-—co.
n
v
o X

OueBH/HO TarOKe, UyTO

5) ecmu v,>0, Zv,<+oo u u,=0(v,), TO psg X u, CXORUTCS U

3= o( 3 vk]
n+1 n+1

HeiictBurenpHo, npu M060M & > 0, ecu n JOCTAaTOYHO BENMKO, TO |u| <<

< &V, OTKyAQ

2> uy
n+1

<e(f§lv,‘).
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CoBepleHHO aHaJIOTMYHO BMECTO CpaBHEHHsI UJIeHOB ABYX IOCJIe0BaTeNb-
HOCTel MOXKHO CpaBHUBATb [Be QYHKUMHU f(X) U @ (X), U3 KOTOPBIX OJHA MOJI0MH-
TeJIbHa; Hanpumep, ¢ (x) > 0

Mbl Tvmem
[ =0@), ecmitI-o, (11.2)
f(x)=0(p(x)), ecmu % OTPaHMYeHo, (11.3)
1 ~ee), em A<I® B, (11.4)
e A u B N0J0)KUTeNbHB, U
f)~ep(x), ecm é—((% —1.

ITpu atom B cootHoweHusx (11.2), (11.3) u (11.4) mbt MO>KeM pacCMaTpUBaTh
KaK ciyyaif, KOTAa X — -4 oo (WM X — — oo0), TaK M CIyuai x — X, THe X,
KaKoe-T0 (UKCHPOBaHHOE.

VimMeeT MeCTO yTBep)KjieHUe, aHAJIOTUYHOE NPEeIbITyIMM, & UMEHHO:

JJemma 1. Ecuu

F (x) = j fodt, @) =jsv(t)dz,

mo us

fx)=0(@x) Ha a<x<(b
F(x)=0[®(x)] Ha a<lx<b.

e cTBUTENIBHO,

F@I=If10dl<m]e0d-M2E),

caedyem

rae M 10CTOSIHHOE.
Takoe ke yTBep ) eHue npu 3ameHe O Ha o BOOOLIE HEBEPHO, HO CTAHOBUTCS
cripaBeUIUBBIM, eciu P (X) — oo NpU X — b; TOUHee MMeET MeCTO Cliefyroliee

yTBeP)KJIeHHe.
Jlemma 2. Mycms ¢ (x) > 0, f (x) u ¢ (x) onpedesenst na a < x < b u cym-
Mmupyemst Ha a <_X <_b — ¢ npu 21060 & > 0. Toeoa, ecau

f(x)=o(p(x)) npu x—b

D(x)—>oco npu x-—>b,
mo
F(x)=o0[®(x)] npu x—b.

JHelicTBATENbHO, NYyCTh & > 0 3amaHo. MOXKHO HalTU TaKoe X, UTO

[ <ep(x) a5t a<xgx<b.
Torpa

| F@I< 1 Ola ] 1 O1a< [ 11O ldt+ o2 ),
OTKy/a ’ '

f!f(t)ldt
<=2 e +e.

| F (x)
D (x)




§14 IIEPEXO/ K IIPEZIEJIY I1OJ 3HAKOM MHTETPAJIA JIEBETA

Tak KaK @ (X) — oo IPU X — b, TO NepBOe Caraemoe NpaBoif YacTU CTaHeT
MeHbllIe & KaK TOJIbKO X CTaHeT AOCTaTOUHO O/IM3KUM K b, a MOTOMY TOrJa

|F(x)|<2eD(x)

¥ B CIJIy NPOM3BOJILHOCTH ¢ Hallla JleMMa J0Ka3aHa.
3amevuaHue. Pazgymeercsi, MO)XHO OblI0 Obl COBEPLIEHHO TAK)Ke YCTaHO-
BHTb CNIPaBeINBOCT YTBEPIKHEH!sI, eciu Obl f(x) = o(@(x)) mpu x — a.

IV. TEOPHSI MHO)KECTB U TEOPUSI ®YHKLMH

§ 12. 0 BepxHem mpefeie MOCHeJ0BATENLHOCTH MHO)KECTB

Jlemma. Ecau 0as nocredosamesvtocmu mHomcecms E,, timeem
@ _—
2,'1mE,,< + o, mo mlmE,=0.
n=

JelicTBUTENLHO,

lim E, = (E,+Es+ ... )(Ezs+ -..) ce . (En+...) ...
IMooromy
m lim E,= lim m(E,+ -..).
HO n—o
mE,+ ... )mE,+mE,;, + ...

1 Tak Kak X' m E, < + oo, TO IIpaBasi 4aCTb CTPEMHTCS K HYJIIO NIpU 11 — o K,
sHaumt, mlim E, = 0.

§ 13. Cxoaumoctb M0 Mepe

Iycrs {f,(x)} nOCIeN0OBaTeNbHOCTE GYHKIWMH, H3MEPUMBIX U KOHEYHBIX NIOYTH
Belofy Ha [a, b]. [lycrs f (x) TaxoKke u3mepuma u KOHeYHa NOYTH BCIOAy Ha [a, b].
Cnexys @. Puccy, TOBOPSIT, UTO 10c.1e006ameabHochs f,, (X) cXodumes no mepe
K f(x), ecau 045 mo6ozo o > 0 umeem
lim mE(|f —f.| >0)=0.
n— o
Jlefer moKasaJ, uTo eCid IOCIeJ0BaTeNbHOCTD f(X) CXoauTCs K f(X) nouru
BCIOAy Ha [, b], TO OHA CXOMTCS M 1O Mepe K (X). ITa Teopema HeoGpaTuma (CM.,
Hanpumep, Hartaucon™- 161, crp. 106—108).

§ 14. Iepexox K mpeaeny mojx 3HaKom uHTerpana JleGera

1. Teopema 1 (reopema Jle6Gera). Ecwuf(x), ..., }.(x), ...
ecHib Nocae006amensHOCTs USMePUMbIX (PYHKYUL, 02paHUYEHHbIX 8 COBOKYNHOCTIU
Ha mHoncecritee E, m. e.

|}, |<M na E (n=1,2,...),
u ecau
lim f,(x)=f(x) nownu 6écrdy na E,

n—»o

mo

lim gjn(x)dx= é:f(x)dx. (14.1)
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(Cm., Hanpumep, HaTancon™- 161, crp. 139 *).)
2. Teopema 2. To uce coomuowenue (14.1) cnpasedauso, ecau émecmo
O2panuyeHHocmu 8 cosoKynHocmu Pynxyut f,(x) npeonoaazaemes, unio

[fn(X)| <P (x) noumu ecwdy na E,

20e D (x) nosomcumessras u cymmupyemad na E gynryus.
(Cm., nanpumep, Haraucon!™- 101 ctp. 166*).)
3. Teopema 3 (teopema Party). Ecau nocredosamessrocme L3Me-

pumsix u reompuyamensrvtx Gyukyuil f, (x), fo (X), ..., f.(X), ... cxooumea x
gyurxyuu F (x) nournu éco0y Ha E, mo
gF(x) dx< sup { if,, (x) dx}. (14.2)

(Cm. HatancontM-16i_ crp. 155.)
Teopema 4. Ecau f, (%), fo(X), ..., fa(X), ... — nocaedosamesriocrms
HeompuyameAsHuIX PyHKyuil maxux, mo

<)< oo <[u ()< ..
fe) = lim f,(x),

mo
lim { f,(x)dx= { f(x)dx, (14.1)
E E

n—o

npuyem ecau f(x) Hecymmupyema na E, mo coomnowenue (14.1) coxparsem cuny

8 MOM CMbICAe, 4mo 00Q 4AeHQ PABEHCMBA CMAHOBAMIC PAGHbL + ©oo.
HeiictButensyo, ecnu f(X) cyMmupyema, TO 3TO YTBEPHKJeHHe MIHOBEHHO

BHITeKaeT u3 Teopembl 2. Ecnuixe f(X) He cymmupyema, To, nonaras (f)y == f(x)

npu f(x) < N u (f)y = N npu f(x) > N, Buum, ‘ITOé; (f)n dx — oo npu N — co.

Ecnu s kaxpoit f, onpemenutb ¢yHkumw (f,)v Tak e, Kak (fly mana f, To
v <N (n=1,2,...) u (f)n = (f)y Tpu 1 — oo, a NOTOMY 110 Teopeme 1

g(fn)Ndx “*ig(f)Ndx npy NH—>oo,

3naunt, | (f,)y dx MOXKeT ObITh CHeNaH KaK YrofiHO GONbIIMM MU JOCTATOUHO
E
Gonbiom N, a TOrAa M MOJABHO 910 BepHO Jns (f,(x) dx, OTKyxa u cienyer, uto
E

neBast yactb (14.1) paBHa + oo.
B kauecTBe ClIeICTBHSA 3TOH TeOpeMbI MOJIyyaeM

4. Teopema 5. Ecau u (x), uy(x), ..., u,(X)ecms nocaedosameasHocmo
HeompuyameabHolxX cymmupyemvix na E ¢ynxyuil u ecau
5 [ up()dx <+ oo, (14.3)
n=0 E

mo pad 3 u,(x) cxodumcs noumu 6cto0y Ha E K HeompuyameasHoti cyMmupyemol
dynryuir f (x).

*) Teopema TaMm JOKA3aHA B NPEATIONOKEHUHU, UTO fn (X) CXOOUTCA 1O Mepe K f(X), HO TaK
KaK BCSIKAsi MOCIEA0BATENbHOCTD, CXONSAIASICA MOYTH BCIOAY, CXORUTC S U 10 mepe (cM. § 13),
TO Haule yTBeP)KAEHHE M MOAABHO CIPABEAJIHBO.



§15 TOYKU JIEBETA

HeiicTBuTensHo, monarast S, (x) =k§) 1, (x), Buum, uro S; (%) < Sy (%) <<
<L <KS, (0) < ... Tonaras f (x) = '11im S, (x), rae f(x) xoHeuHa unu Gecko-
HeYyHa, MMeeM IO Teopeme 4
lim (S,(x)dx= [ f(x)dx.

E E

n—»o

Ho tak kak
n
lim | S,(x)dx= lim 3 { u,(x)dx<+ oo,
n—-o k=0 F

n-o E

TO OTCI0a cienyeT, 4To | f(x) dx << + oo, a TorAa f(x) cymmupyema.
E

§ 15. Touku JleGera

VCi0BUMCSI TOBOPUTh, UTO TOYKA X €CThb mouxa Jlebeea Ansi CymMMUPYeMOi

¢yHKuMY f(x), ecnu
1 x+h

fim =[O — () |dt=0. (15.1)

X

slcno, uto nro6as TouKa, rje f(X) HempephIBHa, ecTh TouKa Jlebera; e CTBUTENLHO,
ecnu € >0 mo0oe, a B TOUKe X pYHKIWMS f(X) HeIpepbIBHA, TO MOYKHO HaliTu TaKoe d,
uro |f(f) — f (x)| < e mna [k < 0, a Torma JUisi TeX )Ke 3HAYEHUH X

1 x+h

L0 - @lar<e,

x

OTKYZa U CJeflyeT Hy)KHOe yTBepiKJeHue.

OpHaKo y cyMmMUpyemMol GyHKUMM MOYKeT He ObITh HM OJHON TOYKHM Hempe-
pbiBHOCTH. TeM He MeHee CIpaBeJJiuBa Clefyomas

Teopema JleGera. Ecm f(x) cymmupyema na [a, b], mo noumu éce
mouku Imozo0 ompeska Agaamea modkamu Jlebeea 0aa f(x).

Uto06bl y6e/IUTHCST B 3TOM, PaCCMOTPMM CHayaJla JIl0oe YUCiIo 7 ¥ MyCcThb

F(u)=;’(|f<t>—r|dt.

Torpa anst noutu BeeX X € [a, b] umeem (1o Teopeme 0 NPOU3BOHOM OT Heonpe/e-
JieHHoro MHTerpana JleGera)

Fr)=|f(x)—rl,

. Fx+hH—F( . 1 *th _ A
}.‘33 7 —}ILYET)C [f(t)—rldt=|f(x)—r]. (15.2)

IlycTh r paumoHaNbHO U E, — MHO)KeCTBO TeX X 0TpesKa [a, b], Iie COOTHO-
wenne (15.2) Hapywaercsi; cnefoBartensHo, mE, = 0. Ilycte E = 2E,, rre 1,
npoGeraer BCce paluOHajbHble uncna; Torga mE = 0. JlokakeM, 4T0 BCsKas
TOYKa, He MpuHaAeamast K E, B KOTOpOil f(X) KOHeuHa, ecTb TouKa JleGera
st f(x).

JleiicTBUTEIIbHO, IYCTH X, TAKasi TOYKa U & > 0 3ajano. Mo)xHo HaiiTi TaKoe
palMoHalbHOe T, YTO

If (o) —rn| <e. (15.3)
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Torpa
1 %okh 1 Xoth Xoth
- xf If(t)—f(xo)ldt<*—xf [f(t) —rn|dt + ,S [rn —f(xo) | dE <<
<L P —raldt e, (15.4)

Xo

Ho TaK KaK x, € E, 10 X, € E,, u, 3HauuT,

tim "1 170 —ral =1 G0 = 7l

CJIe10BaTeibHO,
1 Xo+h l[
n ’.c;(.‘ If(i)—rnldt—|](x0)~r,,|!<s, (15.5)

ecnu |h| mocTaTouHo maino.
Coepunsia (15.3), (15.4) u (15 5), BUaMM, UTO

*XS 11O — ()| dt<3e

OTKYZa M CJIefyeT yTBep)KIeHHe TeOpeMbl.
CnencrBue. Tonarasi f = X 4 u uid f = X — U, Mbl BUJAM, UTO BO
BCsiKoM Touie Jlebera

tim 4§k — ()| du =0

h

Hictu)—f)|=o(h).

0
IMono)xkum

q)x(h)=3|j(x+2u)—}—f(x-—zu)——zf(x)ldu. (15.6)

‘Torna u3 Teopems! JleGera BHITEKaeT, yTo

D, (h) =o0(h) (15.7)
TIOUTH BCIOJY.
3ameuyaHnue. Ecnu x ectb Touka Jlebera, To B 9T0ii TOuKe f(X) eCTb Ipo-
¥3BOJHAsI CBOEr0 HeoIpe/lesIeHHOro MHTerpana.
HeiicTBuTeNBHO, eciu

F () =Co+ [ f()dt,

TO

x+h
F(x—l—hl)l—F(x) =_’11_ I 0,

a notomy st h + 0

CEES LG f(x)¥< 5 1) — ()| dt| =0(1) .

Oﬁpa’moe peaJIoOKeHHEe He UMeeT MecTa.




§17 JABE TEOPEMBI XEJIJIN

§ 16. Uurerpan Pumana—Crunrbeca
Myctb f(x) 1 g(x) onpeneneHs 1 KoHeuHsl Ha [a, b]. Pasnpobum oTpe3ok
[a, b} Ha yacTu TOUKaMu
Xo=0a <X <Xp<...<X,=b.

Iycrb & — mobast Touka Ha [X;, X;,]. CoctaBum cymmy
n—1
o= 3 1) [g () — ()] - (16.1)

Ecnu o cTpeMuTCsi K Ipefety Ipu max (X,+, — X;) —> O ¥ 9TOT Ipejien He 3aBu-
CHT HHU OT crocoba fpoliieHust 0Tpe3Ka, HU OT Bbi0OpA TOYeK &, TO STOT Mpenes
0H03HaUaeTCH

[109dg ()

M HasbiBaercst uHmeepasom Pumana—Cmuameseca oT f(X) mo g (x).
Jloka3bIBaeTcst, yTo
ecau f(x) Henpepolsra Ha [a, b], a g(x) umeem Ha Hem 02 paHUIYEHHOE U3MEHeHLe,
mo uHmezpan umeem cmbica (cm., Hanpumep, Harancon M- 161 ctp. 251). Ecau
f (x) Henpepoisra, a g (x) abcoaromiio HenpepbieHa Ha [a, b}, mo

[100dg =) [ 198 @ dx, (162)

20e uHmezpan cnpasa ecmy unmezpaa Jleeza.

(Cm., nanpumep, Harancon™-16) crp. 290.)

Himeer mecTo

Teopema. ITycms f,(X)(n=1, 2, ...)— nocaedosamebHocmy Henpepbis-
HbIX yrryull, cxedsuyasaca pasromepto Ha [a, b]. Toz20a

tim {1 dg = [1(2)de. (16.3)

HelicTBurensHo, 1UIst Aw0060r0 ¢ Hakaercst Takoe N, 4TO

[f(x)— () |<<e pma n>N n a<{x<bh.
Tosromy

1160 = ] dg < e var ¢ aam n>N,

U Teopema NOKa3dHa.

§ 17. ]iBe Teopembl XeiH

IMTepBasi Teopema Xenunu ITycms {f(X)} — nexomopoe cemeiicmeo
Pynrkyuil ¢ oeparudeHHbimM usmerenuem Ha [a, b]. Ecau camu smu @ynxyuu u ux
noAHblE U3MCHEHUA 02PAHUYEHbL 8 COBOKYNHOCMU Ha [a, b], m. e.

<M
u (a <'x < b)’
Vi< M

mo u3 cemeticmea {f (X)} MONCHO 6b10eLMb NOCACO0EAMEALHOCTIS f,, (X), CX00ALYyIOCA
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6 kancooli mouxe [a, b] k Hexomopoti Pynrkyuu ¢ (X), maxmuce umeroweli 02paHudeH-
Hoe u3menenue Ha [a, b].

(Cm. Harancon M- 161 crp. 242.)

Bropas Teopema Xennu. ITycms f(x) Henpepbisna Ha [a, b], a
nocaedogamensrocms g, (x) (n= 1,2, ...) cocmoum u3 GyHKyuLl ¢ 02paHudeHHbIM
usmerenuem Ha {a, b], npuuem

Va(g) <M < + oo

Ecau lim g, (x) = g (x), 20e g(x) xoneuna ectody Ha [a, b], mo
n-—o

tim {109dga () = [ 16 dg ). (17.1)
(Cm. Harancon M. 161 crp. 254.)

§ 18. Teopema PDyouHu

Ecau f(x, y) cymmupyema 6 npsuoyeomnuxe R [a < x <h, c< y<d]}, mo
0 noumu écex x € [a, b] Pynryua f (x, y) cymmupyema no y Ha [c, d] u 042 noumu
écex y gynkyusa f(x, y) cymmupyema no x Ha [a, b]; umeem mecmo gopmyaa

[fiendsay = fafienay=fafiene. sy

(Cm., Hanpumep, HaTancon M- 161 ctp. 379 u crp. 385.)

3ameTuMm, uTo 00a MOBTOPHBIX MHTErpasia, BXOASIIMX B IpaBylo yacth (18.1),
MOTYT CYLIeCTBOBATb U ObITh PaBHbI 0€3 TOT0, YTOObI CYIeCTBOBAJ ABONHOMN WHTer-
pan B seBoit yactu (18.1)(cm., Hanpumep, Hatancon M- 161 crp. 385), HO BO3MO-
KEeH U coyyail, Korja Ka)X((hi u3 3TUX UHTErpaJIoB CYLeCTBYET, HO OHU HepaBHHI,
T. €. IlepeMeHa IMOPsIIKA HMHTErpUpOBaHHUs He3akoHHa (cm. Hatancou(M- 161
crp. 386.)

OmHako st QYHKUMHA, COXPaHSIOIMUX 3HAK, ITOT Cilydail HeBO3MOXKEH, a
MMEeHHO

Ecauf(x,y) >0u f(x,y) usmepuma Ha R, mo KoHeuHocmb 00H020 U3 N0GMOP-
HbIX UHMeE2panos 6/e4em cymmupyemocms f(x, y) Ha R, mem camvim KoHedrocme
6MoOpo20 noemoprozo unmezpaia u pagercmso (18.1).

(Cm. HataHcon M- 161 ctp, 387.)

OTMeTHM OJIMH M3 Ba)KHBIX YaCTHBIX ClydaeB Teopembl PyOuHu.

Ecau E — naockoe mrioxmcecmeo mepbt HyAb, MO NOYMIL 6Ce €20 CeYeHUA Npsi-
MBIMU, NAPAANCABHBIMU OCAM KOOPOUHAM, ABASFOMC AUHELTHBIMU MHOMCECIIEaMU
MEpbl HYJb.

(Cm. Harancou M- 161 ctp. 371.)

V. ®YHKINOHAJIBHBIA AHANNA3

§ 19. JIuneiinbie ¢pyHKuuonans B C

[Mycrb Besikoit yHkuuu f € Cla, b] npuBeeH0 B COOTBETCTBHE HEKOTOpOe
4uCN0, KoTopoe Mbl 0003Hauum U (f), U U3BECTHO, YTO

D U(f, + ) = U(f) + U(f),
2) CyuleCTByeT TaKast KoHCTaHTa M, 4To

TUDI<M|fllc ta.1- (19.1)

Torgaa rosopsit, uto U(f) ectb aunetinstii gynxyuonan B Cla, b].
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Umeet mecto
Teopema Pucca. Beaxuid aunetinoi gynxyuonan 6 Cla, b] umeem suo

Um=fﬂmw, (19.2)

20e g(f) — Hexomopasa PyHKYUSA ¢ 02paHUYEHHbIM U3MeHeHUeM Ha [a, b].

(Cm., Hanpumep, HaraHcon M- 161" ctp. 258.)

Hopwmoii auneiinozo Pyrkytionasa Ha3biBaeTCsi HaMMeHblee 3HaueHne M, ans
KoToporo HepaBeHcTBO (19.1) cripaBenuBo.

OrmeTuM 3/ieCh TpeJUI0XKeHHe, KOTOPLIM HaM B JaJIbHEHILeM NPUAETCS 10JIb-

30BaThCH.
Ecau U(f) umeem 6ud (19.2), mo

swme=y¥=ﬂg (19.3)

Hflle1

(unaue roBopsi, ecnu QyHxuuonHan umeer Bug (19.2), To ero HopMa ecth V35g).
(Cm., Hanpumep, JloctepHux u CoGosep M- 121 crp. 167.)

§ 20. Jiuneiinbie pyHxuuonansl B L?(p > 1)

Myecrs f(x) € LP[a, b], p > 1. Ecin Kaxpo# Takoll QyHKUMK NGCTaBUTH B
coorBetTcTBue ynucno U(f), yaoBieTBOpsiioLiee YCIOBUSIM:

DUGR+RD=U()+U(,

2) cyuiecTByeT Takoe M, 4ro
UMl ; (20.1)
LP [q,b}

10 U(f) Ha3bBaercs aunetinbim Pynkyuonasom B LP [a, b].

Hopaoli ¢ynkyuonaia Ha3wiBaeTCsi HamMmeHbluee M, ansi Kotoporo (20.1)
CHpaBejINBO.

Himeer mecTo

Teopema. Ecau q onpedensemcs u3 paseHcmea

1 1
=1
p + q !
mo ecaxuii aunelinsiil Pynkyuonan 6 LP [a, b] umeem 6uo

U= {10, (202)

20e g(x) € L[a, b].
(Cm., nanpumep, JlocrepHuk u Co6ozes M- 121 ctp. 170.)
JTa TeopemMa HaM He NMOHAN00MTCs, HO HAaM HeOOXOMUMO JI0Ka3aTh, UTO

sup |[UPDI=]lgll (20.3)

Hfllp<1 L90a, )"

ecnu U(f) onpeneneno ¢popmymnoii (20.2).
10 nocinenHee 06CTOATENLCTBO OKA3HIBALTCsS 0YeHb NpOCTO. Bo-nepBhix, B
cuny HepaseHcTBa I'enbjepa umeem

UDI<IHle gl <lgl, o, (20.4)
ecan |[flf , < 1.
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Tenepn JI0KaXKeM, UTO CYHIECTBYeT Takas f, Ansi KOTOPOi ||f| , o= L ¥
HepaBeHcTBO (20.4) mpeBpauiaeTcst B paBeHCTBO.
JlecTBUTENbHO, OJ0XKUM
[g (x)]a—1sign g (x)
:f(x) = g 19 1 g .
gl L1

Tak kak p (g — 1) = ¢, T oTCI0A CPa3y HAXCUM

”( )ip |g(x)|¢1

glie
a TI0TOMY, MHTEerpupys no [a, b], cpasy nosyuyaem

fir@pac=1,

T. €.
17l =1
Temnepnb 3amMeTHM, UTO
fl g7 dx
U ={108@c= o = flar a7 = el
(froe

U Teopema JI0Ka3aHa.

§ 21. CxogumocTb MO HOopme B mpocTpaHcTBax L»

Hanomuum psin cBoicTB QyHKuui, npuHajyexxamux LP [a, b] npn p > 1.
1) Aaa mozo umebbl nocaedosamensrocms @Pynxyuil f, (x) € LP [a, b] cxo0u-
Aacs k gynkyuu f(x) € LP[a, b] no Hopme, m. e.

1 o=l s = O

Heo6Xx00uMo 1 docmamouHo, 4mobsl 045 a106020 € > 0 Hautoce maxoe N, 4mo
n—fmllys oy <<& 048 n>>N, m > N. (21.1)

2) H3 ecaroii nocaedosamensrocmu f, (x), cxooaweiics no Hopme LP Kk f(x),
MONCHO 6b10€AUMb N00N0CA008AMEALHOCITTb, CX00AWYICA K [ (X) noumu 6ctody.

3) Myems p > 1. Ecau g (x) € LY, eoe% + =1, mous ||f,— fll,, >0
caedyem

tim 1, ) dx = | [0 e ax

JloxasaTesbCTBa BCeX 3TUX NMPEJI0)KeH!H MO)KHO HaliTH, Hanpumep, B KHUTe
HaraHcona M- 161 ry. VII, § 2 u § 6.

Knace q)yHKuvm { f(x)}, npuHauIexamux LP, o6pasyer 6cto0y niomHoe mMHo-
ucecmeo B LP, p > 1, ecnu 1ist moGoro € > 0 u ay1s1 7110601 @ € LP MOYKHO HaiiTi
TaKyo QyHKumo f, uto ||f — |, <e.

Joka3niBaeTcsi, yTo:

1) Kaacc écex usmepumblx oepanuteHHLIX PyHKYUIL,

2) Kaacc écex HenpepulgHLIX PyHKYUL,
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3) Kaacc 6écex MHO2041€HO6,

4) kaacc eécex cmynenuamolx @ynxyuil 6crody naomet 6 LP.

Ecnu peub uger o kinacce LP [a, b], To aHanoruyHo Hamo ¥ GyHKUMH @ pac-
cMaTpuBaTh JUlIb Ha [a, b].

JlokasaTenbCTBO CM., Hampumep, HataucoH [m- 161, ctp. 188 u 218.

To, 4TO KJIACC TPUTOHOMETPUYECKHX TTOJIMHOMOB BCIOY IUIOTeH B LP[—m, m],
Oyner nokasaHo B § 28 ruassl I.

V1. TEOPUSI NPUBJIMKEHUA ®YHKUUNA TPUTrOHOMETPUUYECKUMHU
MOJINHOMAMH

§ 22. DnemeHTapHbIE CBOWCTBA TPUTOHOMETPHYECKUX MOJHHOMOB

T puzoHomempuueckuM nOAUHOMOM Ha3bIBAaeTCsl BbIpa)kKeHUe BUIA
n
T (x) = ap + > @, cos kx + B sin kx,
k=1

NpUYEM, €CIH | a,] + | B, = 0, TO UKCII0 N Ha3IBAETCS NOPAOKOM NOAUHOMA.

HanoMHuM CJie/(yIomue mpocTbie CBOHCTBA TPUI OHOMETPUYECKUX MOJIUHOMOB.

1. [pousBeneHue ABYX TPUIOHOMETPUYECKUX NOJMHOMOB €CTh TPUIOHOMET-
puyeckuii nosuHom (cm. Harancon M- 181, crp. 32), a ciieoparensHo [T(x)] ectb
TaK)Ke TPUrOHOMETPUYECKUIl MOJIMHOM IPU JII000M LEnoM K.

2. TpUroHOMETPMYECKHH MOJMHOM IOpPsiiKa N He MOXXET MMeTb Goiee 2n
JeiicTBUTENLHBIX KOpHeit Ha [0, 2), eciu Ja)ke Ka)K/pii U3 HUX CYUTATh CTOJIbKO
pas, CKOJIbKO €[MHUIL B ero KpaTHocTH (cm. Harancon M- 181, ctp. 85).

Teopema Beliepwmrpacca. Ecau f(x) HenpepsigHa Ha éceil Gecko-
Heanoil ocu u f(x + 2m) = f(x) npu aw0bom X, mo 041 06020 ¢ > 0 Hatidemes
maxoii mpuzoHomempudeckuii noaurom T(x), umo

) —Tx)[<e, —oo<<xJ+oo.
Jra Teopema OyneT Hamu JoKasaHa B § 27 rnaBel 1. 3/1ecb MHI yIIOMUHAEM ee
HOTOMY, UTO 0e3 Hee HeJb3sl 0KasbiBaTh JlaJibHellue TeopeMbl.

§ 23. HepaBencrBo bepHuuTeiiHa

Jlnst TpUroHOMETpUYECKUX TIOJIMHOMOB CIpaBelJiuBa Clefyromas riy6oxast
reopema, npuHamiexamas C. H. Bepuurreitny [1:

Teopema Bepumreiina. Ecw T,(x) — mpuzonomempudeckuil
NOAUHOM NOPAOKA He 6billue N U

T, |<M  Ha [0<<x<27],
[T,()|<<nM na [0<x<2q].

mo

CyIecTByeT 0YeHb MHOTO Pa3/IMYHBIX JI0KA3aTeIbCTB 3TO| TeopeMbl. Ml mpu-
BejeM 31echb JokasaTenncTBo C. B. CreuxuHa [1], KoTOpOoe Ham Ka)KeTcsi OYeHb
npocTHIM. VIMeHHO, CHaYasa yCTaHABIMBAETCSl CHPaBe/IABOCTD JIEMMBI.

JJemma. Ecau max|T,(x)| =M u T,(x0) =M, mo

b3 7T
T,(Xo+t)>M cos nt 041 —-—E—<t<—n— .

[Tos10>xuM
Y, (t) = T, (xo +t) — Mcos nt
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¥ 0Ny CTHM, YTO JieMMa HeBepHa. Torna HalfeTcss Takoe f), — % Ll << % , UTO
Yn (t) <O. (23.1)

IMpeamnonoxum, yro 0< t) << —;—t— (B cnyyae, eciu Obl — -Z— <t <0, paccyxze-
HHS Hajo Obu1o Obl poBOAMTD He 1A [0, 2x], a aa [—2x, O], B ocTanbHOM Bee
COXpaHUIoCh Obl).

Tak Kak v, (f) ecTb TPUrOHOMETPHYECKUH MOJIMHOM NOPSIAKA He BhIILE 1,
TO OH JI0JDKeH uMeTb Ha [0, 2x) He Gosiee 2n KopHeit [MK ObITh TOXK/IECTBEHHO paB-
HbIM HYJIIO, YTO MpoTUBOpeuHT (23.1)].
Me)xay TeM Mbl IOKa)KeM, YTO OH MMeeT He MeHee 2n + 1 kopHeii. [leiicTBu-
TeJIbHO, MBI UMeeM Juist J60ro k
kr kn
Yn ('—) =T, (xo+T) —(—1)FM,

n

aTak Kak |[T,(x)|<<M, 10 9, (ﬁnf) umeeT 3HaK (—I1)¥+ ! unu = 0. B vacr-
HOCTH, ¥, (%) >>0, amnoToMy Ha OTpesKe [to , _:_] dyHKUUSA , (f) AMeeT KOPeHE.
1
Kpome TOro, Ha KaXKA0M U3 OTPe3KOB [%— , QH’T)ZZ—] , k=1,2,...,2n-2),
nexxamux Ha (0, 2), 0Ha TaKKe OJYKHA MMeTh M0 KOPHIO, pa3 y Hee B KOHLAX
OTpe3Ka pasHble 3HaKu (UM OHa obpaiaercs B Hynb) *). UTtax, y v, (f) Mbl 06Ha-
py>xunu He meHee 2n — 1 xopHe#t. Ho, kpome TOro, oHa umeeT ABOHHON KOpeHB
npu t = 0, ubo

Y, (0)=T,(x) —M=0
n U3
v () = Th(xo + 1) + nMsinnt

v, (0)=0,

TaK KaK X, — ToYKa Makcumyma mis T, (x,).

HWrak, TpUroHOMeTpHYeCKuii OJMHOM v, (f) MeeT 211 4 1 KOpeHb, ¥ MBI y)Ke
BHJIeJIY, YTO 3TO NPUBOJAMT K NIPOTHBOpeurto. JleMma noxasaHa.

[Tepeiinem K 10Ka3aTeNbCTBY TeOPEMBI.

IMycrs | T, (x)| << M. O6o3naynm max | T, (x)| = p. IlycTh X, — TaKas
TOUKa, Ie

crenyer

Tp(x) =4

(ecnu —Tp(Xg) = p, TO JOCTATOYHO BeCTH paccyxjeHust uist —7T (x)). Torna mo
npeabiylLeid Jemme

T (%o +t) >pcosnt, ——:—<t<~:—,
OTKyZa
;._n 2n
f T','(x°+t)dt=T"(x°+’2nT) "'Tn(xo——zf,;—)>ﬂ f cosntdt—_—Z—%—,
- e

*) 3ameTum, UTO eCii @p (f) UMEET OAKUH KOPEHE HA IBYX COCEAHUX OTPE3KaX, TO ITOT KO-
peHb KpaTHBIA.
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Urak,
T

- n Jt
1“<§7[Tn(x0+"2—n)——7‘n(x0_7ﬁ')]'
Ho|T,(x)|<M, otkyna u<nM, 1. e. |T,(x)|<nM, a ato u TpeboBa-

JI0Cb JI0Ka3aTh.
3ameuaHue. HepaBeHcrso BepHiuTeliHa He Mo)KeT ObITh YCHJIEHO, TaK
Kak, nosarasi
T,(x) M=cosnx,

Mbl BUJUM, YTO

max |T,(x)|=M, a max |T,(x)|=nM.

§ 24. TpuroHoMeTpHYECKMi MOJMHOM HAWJIYYLIEro MPHOIH)KEHHS

[Tycts f(x) — HempepbiBHasi GyHKUUS c¢ nepuopom 2z. OGosHauum vepes
T, (x) m060¥ TPUrOHOMETPUYECKUH TTOJMHOM nopsijKa He Beime 7. ITycTsb

A(T,) = max [f(x) — T, (x)|. (24.1)

PaccmoTpuM HIOKHIOW I'paHb 3HaueHuit A (T ), korpa T, mpoberaeT COBOKYIHOCTD
BCeX TPUI'OHOMETPUYECKUX MOJMHOMOB T, (x). O60o3Hauum

E,(f) = inf A(T) (24.2)

1 Ha30BeM 9Ty BeJIMUMHY HQuAydwum npubauncerties f (X) TPUTOHOMETPUYECKIMU
TIOJINHOMaMU TOPSIiKa He Bbille 71.

Teopema Bopens. Jaamoboii Henpepbisroti nepuodudeckoti GyHkyuu
¢ nepuodom 2x u 048 406020 n cyujecmeyem Mpu0HOMEMPUYecKUll NnoAUHOM
nopsaoxa He viuie n, 041 KOMopo20

max |f(x) — T, (x)| = E.(f) (24.3)

0L xK2x

(m. e. HUNCHAS 2panuya 00CMu2aemcs).
Taxoii MOJIMHOM Ha3bIBaeTCS NOAUHOMOM HAUAYHLIE20 NPUOAUNCEHUA.
Jl0Ka3aTeNCTBO TeOpeMbl MOXXHO HaiiTh, Hampumep, B KHure HataH-
coHa M- 150 crp. 94.
Jlerxo moxaselBaeTcsi, UTO

E,>E,>...>E >... (24.4)
Kpome Toro, u3 Teopemsl Beitepwrpacca (cm. § 22) cpasy cienyer
lim E,=0.
Ecny MBI I0J10)KUM e
1 0603HaUMM AP(T) =11 () = Ta 7 2. (24.)
E®P (f) = inf A®)(T,), (24.6)

rje CHOBa HIDKHsISA IpaHp OepeTcsi Mo BCeM TPUTOHOMETPUYECKUM IOJIMHOMAaM
nopsifxa He Boie 11, T0 E P (f) Ha3biBaeTcst Hauaywwuum npubausncervenm f(x) 6
npocmparcmee LP.
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Mol Oynem B manpHefinem [JIsi IPOUSBOJIBHOTO p > 1 MOJIB30BaThCA JIMIIb
9TUM OIIpefieJieHHeM, HO He CYIIeCTBOBaHUEM MOJIMHOMA, Juist KoToporo A° (T,) =
= EP (f). B ciyyae p = 2 TaKoe CyiecTBOBaHHe JOKa3bIBAETCs OUeHb JIETKO; C
9TUM Mbl TO3HaKoMuMcst B § 13 rnaBw 1. "

HawoHeLll, 3aMeTUM, 4TO Lienecoo0pasHoO paccMaTpUBaTh ¥ HaMJyydllve MpHU-
onmxeHust He Ha [0, 2z ], a Ha kakom-1H60 oTpeske [a, b] C [0, 2x]. B aTom cnyuae

E,(f,ab)=inf max |f@x)—T.(9] (24.7)

n A XX

W aHaJIOTHYHO OIIpefeNIsieTcst
EP (f,a,b) = i;}f 1 () — T () ||LP ta,01 - (24.8)

§ 25. Moayiab HeNmpepbIBHOCTH, MOAYJb FJAaAKOCTH, HHTErPAJILHBIH MOAYIb
HemnpepbIBHOCTH

Monpynb HenpepbiBHOCTH. IlycTo (yHKUus f(X) ompemesieHa Ha OTpe3Ke
[a, b]. TTyctb 6 > O nroboe. PaccmoTpum fist M0OBIX ABYX TOYEK X; U X, OTPe3Ka
[a, b], muwb 6Bl [X; — X,| < 6, pasHOCTh |f (X)) — f(X,)|, ¥ MyCTh

x; € [a, b]

®(8,a,b,f) = sup_|[f(x)—](x)] (25.1)

EREAN xs € [a, b]

Ecnu B X0/ie pacCy>)X/ieHHii peub UzieT Bce BpeMsi 00 OHOM M TOM XKe 0Tpe3Ke,
TO MUIIYT KPaTKO @ (0, f). ITO uMCcI0 Ha3bIBAKT MO0y/em HenpepbiHocmu f(X)
Ha [a, b].

Ecnu He Hanaratp Ha f (X) HUKaKUX OrpaHUYeHUH, TO @ (d) MOXKET 0Ka3aThCs
n OecxoHeuHbiM. Ho ecnu f(x) HenpepoiBHA Ha [a, b], To o4eBUAHO, 4TO @ (9, f)
KOHEeYHO IIpU JII000M 0 U

lomé w(@6,f)=0. (25.2)
OyeBUHO U3 ONIpeeNIeHUs], YTO
@ (6, f+fD<<w (6 fr) + (5 fa), (25.3)

ecu QYHKLUUM PacCMaTPUBAKOTCA Ha OJHOM U TOM )Ke OTpe3Ke.

OTmeTuM Psii IOYTH OYEBUHBIX CBOMCTB MOAYJIsSl Hellpep bIBHOCTH (JIs1 KpaT-
KOCTH 3HaK f OIyCKaeTcsl U MHUILeM NPOCTo w (4)):

1) w () MOHOTOHHO BO3pacraer,

2) ecnu n uenoe, TO

w((nd)y< nw(d), (25.4)
a ecnu A moboe MOJIOKUTENILHOE, TO
w A< (A+1w(d), (25.5)
3) ecnu f(x) € Lip a (cm. O603Hayenus), To
o (8) = 0 (8%) (25.6)

1 Hao6opoT.

(Cm. Harancon M- 181 crp. 107—109.)

Ecau f (x) onpepiesieHa Ha HeKOTOpOM OTpe3Ke [a, f], comepxamem [a, b], To
MO)KHO ONpefesIuTh MOAYJIb HelpephIBHOCTU U TaK

w (d,a, b"f)=o<sﬂl|)<a”(x+h)—f(x)l xe[a,b] (25.7)
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npu ycaoBuu OpaTh 6 < min [@ — a, f — b], T. e. Tak uToObl TOUKA X -+ h Npu
X € [a, b] He BbIXOAMTIA U3 OTpe3Ka [a, #]. BuacTHOCTH, eciu f(x) nepuofuyecKast
C IIEPUOJIOM 27 1 ONpeJiesIeHa Ha OTPe3Ke JUIMHBI 27z, TO Mbl OyJieM NucaThb KPaTKo
o (6, f), moHMMas1 MOJ ITUM

@@, = s |fG+m) =@, (25.8)

e X yKe joboe.

Moaynb raaakocTd. Eciin BMecTo mepBoi pasHoctu f(x + h) — f(x) pac-
CMaTpuBaTb BTOPYI0 CHMMMETPMYECKYIO DPasHOCTb, T.e.f(x + h) + f(x — h) —
— 2f(x), To mony4aem aHaJIOTMYHO ONpeJesleHue MOAYJIS I'JIaJKOCTH

wa(8,1) = sup [1Cc+h)+[(c—h) —2/()]. (25.9)

SIcHO, UTO M 3[eCh MMEIOT MeCTO CBOWCTBA:
1) w,(6) MOHOTOHHO He yObIBaeT,
2) mis m060ro NOJI0YKUTEIBHOI0 A

wg (28) < (A + 1) wy (). (25.10)
TMoJ1e3HO OTMETHTD, UTO €CIIU /15l HEKOTOPGH MOHOTOHHO BospacTalouiei g (x)

J0Ka3aHO COOTHOLIeHHE
1 1
o (G 1) =0fe(7), noee,
TO CIpaBeJIURO U
@ (8, f) =0[g (V)] npu 6—0.
JlelicTBUTENLHO, €CaM O 3a/laHO, TO ONpefiesisieM 1 TaK, YTOObI

1 1
< _
n+1 o< n°

IOI‘I[a

0@ N<o (5 f)<o (g, ) <20 (s, 1)<Ce(57) <Ce@),

rae C MOCTOSIHHO, a 9T0 M Haflo OblJI0 I0Ka3aTh.

AHanoruyHoe yTBep)KJieHUe CIPaBeUINBO JIJISI MOLYJISI [JIaIKOCTH.

O cBA3M MeXXy MONyJieM HeNpephIBHOCTY (QYHKIMKM U ee HAWIYULIUM NIpHU-
OJMYKeHHeM TPUTOHOMETPUYECKUMH TIOJIMHOMaMu cM. JloGaBeHus, § 7.

UHTerpaibHblii MOAYIb HenpepbiBHOCTH. Ecnu f (X) € L[a, B u [a, b} nexur
BHYTPH [a, 8], TO unmezpassHoim mo0yaem Henpepoisnocmu f(x) Ha [a, b] npuHSTO
Ha3blBaTb BbIPa)KeHUe

o® (3,a,b,f)= sup | |f G-+ h)—f(x)]dx,

N

IJle CHOBa O B3STO TaKuM, uto Juist X € [a, b]m 0 < |h| < d umeem x + h € [a, B].
Jas1 mepuonyeckoi QyHKIMM ¢ nepuogom 2x Oyem nucaTb KpaTKo

o® @)= sup [ [+ —f()]dx (25.11)

0SIRISS Zn

(3:ech & MOXKeT yoKe ObITb JIIOGLIM NOJIOYKUTENILHBIM).
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JJ1s1 MHTErpanbHOr0 MOAYJIS HEeNpepbIBHOCTU CIPABEINBA
Teopema JleGera. [aa woboii f(x) € L{—m, n] umeem

lim w® (3, f) = 0.
00
I.[OCTaTO‘IHO JOKa3aThb TeOpeMy JJIs1 HEOTpULATEJIbHbIX (byHKquﬁ, TaK KaK
Ka)-KIl;y}O CyMMUDPYEMYIO MO>KHO IIPEACTaBATh KaK PasHOCTb HeOTpI/ILtaTEJIbeIX

cymmupyembix. [anee, mis mo6oro & >> 0 MOXHO MoA00paTh OTpaHMYeHHYIO
OyHKUMIO @ (X), U151 KOTOPOit

Sli®—e@ldr<e.
[ToaTomy
Jle+n—j@la< [ px+h—eE[dx+2e  (25.12)

M OCTaeTCsl JOKasaTh Hallle YTBEep)KIeHUe JUlsi OTPaHNUYeHHOH ¢ (X).
Nyctb | (X)] <M. B cuny C-cBo#CTBa MOYKHO HaiATH HETIPePBIBHYIO v (X),COB-

nafamnulyo ¢ ¢ (x) Ha coBepIleHHOM MHOXKecTBe P C [——x, ], mP > 2n— 2. 1\%1 .

MoxHo BbIOpaTh 9 (x) TaK, UTo0bl y (—) = vy () ¥ 4T0OH |y (x)| < M Ha [—-x, =].
3arem ee Hano NPOJOIDKUTDL MEPUOANYECKH C NIEPUOAOM 27. FICHO, UTO

Sloc+n—p@ < {1 +1—p@Idx+2 [ 00— p(x) | dx <

<_S:Iw(x+h)—w(x)idx+4s. (25.13)
Haxoner, umeem
S Ive+n—pldc<o v 2a

st 0 < |h| < 6, oTkyna B cuiy (25.12) u (25.13)

SlfG+n—f@ldx<6e+27006,y) mpn O<[h]|<o. (25.14)
B cuity Toro, uto é NpoM3BOJILHO, a  (X) HelpepbIBHa, T. €. @ (8, v) — 0 mpu 6 — 0,
mbl BiuM u3 (25.11) u (25.14), uto
o®@,f)—-0 npu 60,
a 9T0 ¥ Hajo OBUIO JOKA3aTh.

3ameuanmne. Insa janpHeiimero 6yner HeobXoauma TaKas
Teopema. Ecau f(x) umeem ozpanudennoe usmereriue Ha [0, 2z], mo

w® (5,f) =0 (9). (25.15)

JeiicTBuTenbHO, padnarast f(x)Ha pa3HOCTb IBYX MOHOTOHHBIX f(x) = f, (x) —
— f5(x) u sameuas, 4To

o® (8, f) K P (8, f) + @@ (8, fo),
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Mbl BUJIMM, YTO JOCTATOYHO YCTAHOBUTD CNIPABEUIMBOCTb COOTHOLIEHNS (25.15) ans
HeyObiBatoeit f(x). Ho ecnu tak, To anst h > 0 dyuxuums f(x + h)— f(x) neorpn-
vaTenbHa Ha [0, 2r — h). TToaTomy

Flreen—1@la="T"Fe+n—fealde+ T 176+ D= lax<
<aMht | 1+ —f(] dr,
rne M — BepxHss rpaHsp f(x); ganee,

27

e+ —1@las=T 1@ a="T 1= T jar— f1ar

Kaykplif U3 ABYX NOCIEIHUX MHTErpajoB 10 MOAYJIO He MpeBocxomuT Mh.
CleioBaTeNbHO,

?nlf(x+h)—f(x)|dx<4Mh

WO @, )< sup 4M|h|=4M3=00).



