JTABA 1

OCHOBHBIE INOHATHUA U TEOPEMbI TEOPUH
TPUT'OHOMETPUYECKUX PsI1I0OB

§ 1. IloHsiTHE O TPHIOHOMETPHYECKOM DPsAE; CONPAIKEHHBIE PAMBI

Tpuzoromempuueckum ps0oM Ha3bIBAKOT BbIpa)kKeHUe BUJA

%l—l-élancosnx—l—bnsinnx, (L.D)

rae a,, b, — nocrosinubie uucna (n =0, 1, 2, ...), Hocsawue HasBaHue Kofepu-
Yuenmos psoa *).

Ecny Takoit psii CXOUTCS JUIS BCX X HA — oo < X < + oo, TO OH u300pa-
yKaeT QyHKUMIO, uMeloilyio nepuof 2z. [Tosromy, xenast u300pasuTh QYHKUMIO
TPUTOHOMETPUYECKHUM PSIIOM, pacCMaTpUBalOT JIM00 MepuoauyecKue QYyHKUMM €
nepuoom 2z, ubo 0epyT PyHKUMIO, 3a/IaHHYI0 Ha OTpe3Ke JJIMHBI 27, a Jajiblle
rﬁlponomcalo'r ee TepUOLUYECcKH, T. e. TpebywT, utolbl f (X -+ 27) = f(x) npu Jio-

oM X.

TpuroHomMeTpuuecKue psiibl UPAKT BHIIAIOIYIOCS POJIb HE TOJIbKO B CaMoi
MaTeMaTHKe, HO ¥ B MHOTOUYKCIIEHHBIX ee NIPUII0)KeHusIX. Ho nmpex/ie uem roBoputh
00 9TOM, OTMETHM Cpa3y >Ke CBSI3b ME)KAY TPUTOHOMETPUUECKHMHU M CTeIeHHbIMH
psgamu. Ecnm mbl pacecmoTpum psift

®

e, (1.2)

n=0

. a N
rhe ¢, = a, —ib,, (= -~ 1 NOJIO)KUM 2 = re™*, To psan (1.1) ecTb He UTO HHOE,
n n m “0 2 ’

KaK JielicTBUTeNIbHas 4acThb psifia (1.2) Ha eMHUYHOM OKPYIKHOCTH; YNCTO MHUMAST
yacTb pana (1.2) npu z = e* ecTb psn

Z—bncosnx-l-ansinnx, (1.3)

n=1

KOTOP blit 00BIYHO HAa3BIBAKOT PA0OM, CONPANCeHHbIM ¢ padom (1.1)
Ecnu npeanonarate 4ucna ¢, orpaHuveHHeiMu, To psj (1.2) usobparkaer
aHaJMUTUYeCKyI0 QYHKLMIO BHYTPM €IMHMYHOrO Kpyra, T.e. Mpu 2z = re’, Tne

a N
*) Iouemy CBOGOAHBII WIEH IMHUILIETCS B BUJE —é"- , CTaHer SICHO B JanpHeiiwem (cm. § 4).



§2 KOMIIJIEKCHAYA ®OPMA TPUTOHOMETPUYECKOTIO PAIA

0<{r <110 x<2x; noaromy ee JelicTBUTEIbHAS M MHUMAsT 4acTH
=% S a,, C0s nx -+ b, sin nx) rn
u(r, X) D) + ngl( n n )

v(r, x) =j (— b, cosnx + a,sinnx) r"

n=1

SIBJISIIOTCS] CONPSYKEHHBIMU TapMOHUYECKUMHU (QYHKUUMSIMHU; OTCIOfA ¥ MPOU3OLLIO0
Ha3BaHUe «CONpsHKEeHHbIe PSIAbL. VI3yueHne OBeJieHNs] CONPSKEHHbIX PSIIOB eCThb
He 4TO MHOe, KaK UCCIIefloBaHKe TI0BEe/IeHHsT CONPSYKeHHBbIX IapMOHNYECKUX QYHK-
UM Ha OKpY)KHOCTH [2| = 1.

§ 2. KomnuekcHasi (opMa TPUrOHOMETPUYECKOr0 psfa

Yacro GbiBaer Gosiee yRoOHO NMPUAATH TPUIOHOMETPUUECKOMY DSIAY

% 4 él a, cos nx + b, sin nx (2.1)

uHyto Gopmy. VimeHHo, 3ameyasi, 4T0 U3 M3BECTHOTO TOXKJAeCTBa Jityepa

eix = cosx 4 isinx

crenyer eix 1. g—ix ix ix
e— . eix — ¢g—
; SN X = —

2 ’ 20 ’

COS X =

MbI MOXKeM 3anucaThb psif (2.1) B Buje

< inx —inx . —inx — p+inx
G 4 g, dte + ib, ¢ etinx
2 n=1 2 2

OTKyJa, noJyiarasi

a an — ib . an - ib
L e cﬂ:_'%_ﬁ, 2.2)
BUAUM, uTO psf (2.1) npuHEMaeT BUL
nN=+®
> cpenx. (2.3)
N=-—o

IT0 TaK HasblBaeMasi KOMNJCKCHAL opma mpu20HOMempudeckozo paod.
YactHaa cymma pspa (2.1), T.e.

S, (x) = % + > aycoskx 4 by sinkx,
k=1
NpUHUMAET Telepb BUJ,
k=+n
Su®) = 3 g, @4)

k=—n

T. €. CXOMMMOCTb psifia (2.3) Halo NMOHMMATh KaK CTpeMJIeHHe K MpeJeny CyMM
Buja (2.4).

B HexoTOpBIX 3ajlayaX NPUXOAUTCST MMeTb JeJI0 C TPUTOHOMETPUYECKUMHU
psinamu Buja (2.3), Ko3hduLeHTaMi KOTOPBIX SIBJISTIOTCST JIIOOble KOMILJIEKCHbIE
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uncia. Ecnu oxe npeanonarath, 4To B psife (2.1) uucna a, u b, Bce felicTBUTENb-
Hble, TO, KaK TOKasbiBaeT Gpopmyna (2.2), uucna ¢, uc—, OYAYT CONpPsSIKEHHBIMU
KOMIUIEKCHBIMH YHCJIaMH, T. €. C—, = ¢, (3HaK a Bcerja 6yaer 0603HauaTh 4YuCIIO,
COTIPSIYKeHHOE C ).

§ 3. KpaTKue HCTOPHYECKHE CBENEHHA

3afava 0 BO3MOYKHOCTH U300pasuThb QYHKLMIO TPUTOHOMETPUYECKHIM PSIIOM,
N0-BUAMMOMY, BIepBble Obijla TMocTaBjleHa Jiinepom B 1753 r. B CBsi3u ¢ NOSIBMB-
weiics B 310 BpeMs paboroit Hauumna Bepuymnu «O komne0iomuxcst CTpyHax».

Ecnu cTpyHYy, 3aKpeIUIeHHYI0 B IBYX KOHUAX, BHIBECTU M3 COCTOSIHMSI PaBHO-
BeCHsl U, He JaBas eif HUKaKo# HauyajJpHOI CKOPOCTH, NIpeJOCTaBUTh el CBOOOIHO
KojebaTbCsi, TO, KaK yTBep)K/Jaa BepHyJuly, 10JI0>KeHre CTPYHBl B MOMEHT Bpe-
MeHHU ¢ ompefesisieTcst GopmMyJIoi

y=2> apsinp%cospkt,
p=1
rae | — JuiMHa CTPYHBI U Kk — HEKOTOPf k03QGULMeHT, 3aBUCSILMHA OT ILIOT-
HOCTH ¥ HaTSHXKEHUs CTPYHbI. UTO )Ke Kacaercs: KOSPOUIMEHTOB ap, TO 9TO NPOU3-
BOJIbHbIE IOCTOSTHH BIE, M MX MOYKHO NOJI0GpaTh TaK, UTO6B! Y0BJIETBOPUTH HAaya lb-
HBIM YCJIOBUSIM, T. €. Tpe0OBaHUSIM, YTOOb B HayaJIbHbIA MOMEHT CTPYHa 3aHUMaJ1a
HEKOTOpOe 3a/laHHOe TI0JI0)KEHMe.

Jiinep sameTu, YTO 3TO yTBep K JleHue BepHYIJUIM MPUBOAUT K NapajoKcalib-
HbIM — 110 MHEHHMIO0 MATEMaTHKOB ero BpeMeHH — pe3yJsibraTaM. JleACTBUTeNbHO,
eciu y = f(X) ecTb HauaJbHOE M0JI0YKEHKE CTPYH bl, TO, TI0J1arast ¢ = 0, Mbl IOJIXKHbI
N0JIYYHTh

f(X)=§ apSinp%’
p=1

T. €. «(IIPOU3BOJIbHASH GYHKLMS f(X) MOYKET ObITb pasjlio)KeHa B P/ 110 CHHYCaM.
Onnaxo Jiinep 1 ero COBpeMeHHMKH JIeJIMIM KPKBbie Ha JiBa Kjacca: Te, KOTOpbie
OHM Ha3bIBAJIM «HENPEPBIBHLIMIY, M IPYTHe — «reoMeTpuueckuer. Kpusylo — B
OTJIMYKME OT NPHUHATON Tenepb TEPMUHOJIOIMM — HaA3bIBAJIM HENpPepLiBHOM, eciu
Y 1 X OblIM CBSISaHBI HEKOTOPO# (OpMyIIoit; HanpoTUB, reOMETPUYECKOH KpUBOK
Ha3bIBaJIM JII00YI0 KPUBYI0, KOTOPYIO MOXXHO NMPOU3BOJILHO HAUEPTHUTh «OT PYKMY.
ITpy 5TOM BCeM KasasloCh 0UEBUIHBIM, UTO €CJIM KpuBasi 3afiaHa GopMyJIoH, To OHa,
Oynyun OmpejiesieHa Ha HEKOTOPOM MaJleHbKOM MHTepBaJle, aBTOMATHYECKH OTpe-
JeJieHa U BCIOAY fanblle *). [ToaToMy 0HM He COMHEBAJIUCDh, YTO BTOpast KaTeropusi
KPUBBIX IIMpeE NMEPBOM, TaK KaK, HalpuMep, JIOMaHYIO JIMHUIO OHU He MOIJIM CUH-
TaTb «HENpPEepBLIBHOM», a JIMIIb COCTaBJIEHHOW M3 KYCKOB HeNpPephIBHBIX JIMHMM.

Ecnu 6b1 «ipou3BoJIbHYI0» QYHKIMIO MOYKHO ObLIO pa3yoyKUThb B Psifl CUHYCOB,
T. €. IPEACTaBUTh GOPMYJIOH — 3TO 3HAUMIO Obl, YTO BCSIKAsSl «[EOMETPUYECKAs
KpHBasi eCTh «Henpep biBHAsl» KPKBasi, YTO Ka3aJloCh COBEpILIEHHO HENpaBaonoo0-
HbIM. B yactHoCTH, [lanambep 3ameTn, uto HanboJjiee eCTeCTBEHHbIH Cr10co0 BbiBe-
CTY CTPYHY U3 COCTOSIHUSI PABHOBECHSI, STO — B3STh €€ 32 0JHY U3 ee TOUEK 1 NOTs-
HyTb BBepX, 0ylarojapst 4emMy OHa 3aiiMeT IOJIO)KeHHe, M300pa)kKeHHOe ABYMS
npsimbiMK, 00pasyomumn Mexay coboit yron. amambep cumran, uTo KpuBas
TAKOT0 pojia He MOXKeT ObITb CYMMOi psiia U3 CHMHYCOB **).

*) 310 CBOMCTBO NpUCYLIE AHATUTHYECKUM (QYHKLUHUSIM,

**) Ilo moBoAy criopa Mexxay ditnepom u JanamGepom 0 TOM, YTO HAJ0 HA3bIBATH (IIPOU3-
BOJIbHOH (PyHKILMeii», BOSHUKILIETO B CBSI3M C pelieHreM Npo6ieMbl 0 KoseGiomeiicss CTpyHe,
CM. 4pe3BbIYAHO MHTepecHylo craTbio «DyHknus» H. H. Jlysuna [4] (oHa momxHa TaroKe Io0si-
ButbCs1 B Tome III CoOpanusi coumnenuit H. H. Jlysuna).



84 ®OPMVYJIbI ®YPBE

Bompoc 0 ToM, Kakue e QYHKUMI MOTYT ObITh M300parkeHbl TPUrOHOMETPH =
YECKUMHU PsIIaMM, SHAUMTEJIbHO T03)Ke Obl1 CHOBA NocTaBiieH B pabotax Pypbe.
B cBs13u ¢ u3yueHueM npo6iem TeronpoBoAHOCTH MY IPULITIOCH IOCTAaBHUTD Tepes
coboit cienyrolmyio 3aauy: NyCcTh 3ajlana QyHKLMs

—1 Ha —7w<x<O0,

f(x)=
1 Ha 0<x<m.

Tpebyercst IpeAcTaBUThL €€ B BUJE
> o sinnx. 3.1)
n=1

dypbe yKasas GopMyIibl, IpU NOMOIIM KOTOPHIX HaJ0 ONpeleNuTh a, TaK, 4To0bi
psn (3.1) mor umeTs f(X) cBoell cymmoii. VIMeHHo, 3T0 psif BUAa
4 [sinx sin 3 x sin(2n+1)x
7[~1——l——-§——+...—!———2n—+—1—+...].

dypbe He 0Ka3all, 4To Psi 00513aH CXOUThCS K GyHKLMH f (X), oAHaKo GoJiee
TNO3JHMMM M3bICKAHUSIMK STOT BONPOC OBUI pellieH B II0JIOYKHUTEJIbHOM CMBICTIE.
Bo BcsikoM ci1ydae BayKHO, uTo Pypbe BlepBbie PELLII BONPOC, KaK Hajo Ompefe-
JUTb KO3(OULMEHTH TPUTOHOMETPUUECKOTO Psifid, AJIst TOro YToOB OH MOT MMETb
cymMo#i 3alaHHy10 QyHKUMI0. COBEPLIEHHO APYroi Bonpoc — Oy/eT iu AeiicTBU-
TeJIbHO TaKO! psiJi CXOAUTLCSI U MMEThb 3Ty QYHKLMIO CBOEH CyMMOI.

§ 4. Popmynsi Pypbe

Jonycrum, yro GyHKUMSA f(X) He TOJBKO SIBJSIETCS] CYMMO# TpPUIOHOMETpH-
9ecKOro psijia, HO 9TOT PSIl CXOAUTCS PaBHOMEPHO Ha —m < X < 7r; TOI/Ia Ompe-
AeJIUTb €ro Ko3QQUUUEHTE OUeHb JIerKo. It 3TOro ClleyeT TOJNILKO, YMHOYKUB
paBeHCTBO

f(x)=%+2ancosnx+bnsinnx
n=1

Ha C0S kX miu Ha sin kx, NpOMHTErpupoBaTh ero B Npejenax oT —m A0 - (YTO
3aKOHHO) U 3aMeTHUTh, UTO

T

[ cosmxcosnxdx =0, msn,
—n

T

{ sinmxsinnxdx =0, m+n,
—n

n 4.1)
{cosmxsinnxdx =0, m+#num=n,
—n

T T

§ cos?mxdx = | sin®mxdx=m.

iy iy

B pesysbraTe nonyvaem *)

a,= %:i f(x)cosnxdx; b,= %:i f(x) sin nx dx . 4.2)

[

*) CBOGOAHEIA WieH psifa Hafo GbUIO MUCATH B BHJE 5

n=0.

, 4T00BI @y T0JTy4YanoCh U3 ap Npu
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dopmyns (4.2) HasbiBaKWTCS Popmysamu Pypee *), uucna a, u b, — koaphu-
uueHTamu Pypbe, HaKOHel, Psfl, KO3(QQUUUEHTH KOTOPOro ONpeJeNsiioTes M0
¢dopmynam Pypee, oTnpasisisch 0T QyHKUMY f(X), HOCUT HasBaHue paoa Pypoe
s Gynxumn f(x). Mol Oyaem ero o6o3Hauath o (f).

§ 5. KomnuexkcHaa gopma psina dyphbe
Ecnu psipi, nso06pakaromuii f(X), 3ajaH B KOMIIJIEKCHOH (opme (cM. § 2) **),
T. €. eCJIM Mbl TIIpeJrioiaraeM, 4To

n=+w

f)= 3 cpetmr, (5.1)

n=—ow

TO KO3Q(ULMEHTH! ¢, OTpefessoTess GopMyIamMu
— 1 ¢ —int — .
€ = —j"nf(t)e dt (n=0,+1,...), (5.2)

KOTOpPbIe MOXCHO NOJIYYUTb JIU0O OTIPABJSASICh OT PaBeHCTB (2.2) M MOACTaBJsAS
3HaueHus a, u b, us popmyn Pypbe, 1u60 aHATIOTUYHO TOMY, KAK BBIBOJAMINCD
camu popmynel Pypbe. MiMeHHo, mpeanonarasi, uro

k=to
f)= 3 e, (5.3)

k=—o

r/ie CXO[UMOCTb paBHOMEpHAsi, yMHO)Kasi 06e uactu paBeHctBa (5.3) Ha e~ ™~
U MHTErpupysi MOWIEHHO, HAXOAUM

[ re-imax ="3"¢, | elw-mxax.

Ho T
f pitk—rdx y — 0, ecmm k=n, (5.4)
Zn 2x, eciu k=n,

OTKy/a

f f()e-imcdx =2mec,,

YTO U J0Ka3blBaeT CnpaBefauBoCTb Gopmynl (5.2).
Yucna ¢, HaspiBAIOT KOMNAeKCHOIMU Kodfuyuenmamu DPypee @dynryuu f(x).

§ 6. Ipodaembl Teopun psinoB dypoe; psansl Pypbe—JIledera

B §§ 4 1 5 MbI peLINIIN TOJIBKO BONPOC, KaK JOJDKHbI ObITh OTIpe/esIeHbl K0ag-
(ULKEHTb] TPUTOHOMETPUYECKOT0 PSI/A, €CIIM Mbl 3HAEM, UTO OH CXOAMTCSI PaBHO-
MepHO K HeK0TOpo# QpyHKLmH f (x). OKa3asioch, YTO B TAKOM CJIyYae ITOT PSi/L UMeeT
Kos(duuumenTrl, ompefenasieMeie mo Gopmynam dyppe, T.e. SBISAETCS PSAOM
dypbe oT f(X).

*) CoGCTBEHHO T'OBOPSL, 9TH (HopMyJIbl GbUIM M3BECTHHI eme Jitiepy, HO Pypbe Cran uMu
MOJB30BATLCA CHCTEMATMYECKH, IO3TOMY II0 TPAjulMM MX HASHBAKT (opmynamu Pypbe u
cooTBeTcTBYIOIMI psAx — pagom dypoe.

**) [Ipn cchUuIKax Ha naparpad mim gopmysty U3 TOH >Ke IJ1aBbl HOMEP TIJIABHI He YKa-
3bIBAETCS.



§7 PA3JIO>KEHUE ®YHKIIUI C IEPUOJOM 21

OpHako 1Js1 TOro, yro0bl GYHKLKS MOTJa 6BITh CyMMON paBHOMEPHO CXOJs-
erocsi psiia M3 Hempep bIBHBIX QYHKLMMA, He00X0A1MO, uToOb OHa Obljla Hempe-
pBIBHOIA. [ToaTOMy MOIJI0 0Bl TOKA3aThHCS, UTO HKeJlast n300pasuTb QYHKUHMIO PSIIOM
dypbe, Mbl BHIHY)KAEHB! OTPaHUUUTBLCS TeM CJydaeM, KOrJla OHa HenpepbiBHA.
MB!I YBUAIMM, YTO Ha caMOM JieJie Teopusi psifioB Pypbe 0XBaTeIBaeT ropasyuo Gosee
mpokuit Kiace pyHkuuit. Ho npejxkye Bcero ycjaoBuUMCst TOYHee, UYTO Hal0 NMOHM-
MaTb NOoJ psiaom Pypee.

B ¢popmynax ®Pypbe QUrypupyior uHTerpassl. Mol 3HaeM, 9To IIOHATHE UHTer-
paya, HayuHasi oT Koy, pasBUBajoCh U B CBSI3M C 3TMM CTaHOBMWJICSI BCe LLMpE
KJIacC MHTerpupyembX QYHKUMA. B 9TOM KHMIe MOJ KJaCCOM «MHTErpUpyeMbIX
GyHkumit» Mbl Bcerja OyleM NoHuUMaTh (QYHKLMM, MHTerpupyemsie mo Jlebery.
Takue QyHKLMY, KaK M3BECTHO, HOCSIT Ha3BaHKME CYMMMPYEMbIX; COCTaBJIEHHbIE
IJIsT HUX psifibl HasbiBaloT psiilamu Pyppe—Jlebera. st KpaTKOCTU Mbl BCe e
OyZeM IPOCTO TOBOPUTH «Psifibl Pypber, HO UMETb B BUAY, YTO paccMaTpUBaeMble
(YHKLMK BCerja CyMMHUPYEMbI.

Iycrp f(x) cymmupyema Ha [—m, ]. Torfa [uist Hee BCerfia MOYKHO OIIpefie-
auth no popmynam Pypbe yucna a,, b, u cocTaBuThb psifl, KOTOPLIA MbI Oyem
Ha3bBaTb PsioM Pypbe M5t 3TOH QYHKLMKM U NUCATH

f(x),v% +§,‘ a, cos nx -+ b, sin nx (6.1)
=1
17807 i
_aq S ;
o(f) = 70 + ’gl a, cos nx -+ b, sin nx. (6.2)

3HaK ~ yKasblBaeT Ha TO, YTO Mbl IIOCTPOMJIM STOT PSJL YUCTO HOPMAJIbHBIM
00pa3oM, OTIIpaBSIsICh OT f (X) U N0Ab3Ysich Gopmynamu Pypbe, HO MbI HUYET0 He
3HaeM 0 CXOAMMOCTH 3TOro psifia. BosHuKaeT Liesblil psii mpobiieM: JOJDKeH JH
psin Pypbe cxoauThCs (Ha BCeM OTpe3Ke [—wm, 7] WK B 3aJJaHHOH TOUKe, WM Ha
HEKOTOPOM MHO)KECTBE) U eCJIM J1a, TO CXOAUTCS JM OH K QyHKIMY f (X) uiu Het?
B KaKuXx ciydasx cXoAuMoCThb Oy/ieT a0COJII0THOM, KOr/ia 0Ha Oy/ieT paBHOMEPHOH?
UTO MOYKHO CKasaTb 0 pacxojsiuuxcs psjgax dypbe (JAKOT 11 OHM BO3MOYXKHOCTD
BCE )K€ KaK-TO CYAUTh 0 QYHKUUM?). ITUM ¥ MHOTMM APYyruM npobiemam u 6yayT
NOCBSALIEHB! CJIeJYIOIIMe [JIaBbl KHUTH.

Crnenyer eme OTMETUTb, YTO OBbIBAalOT CHAyYad, KOTa TPUIOHOMETPUYECKHUI
psi 3aJlaH CBOMMH KO3((uLeHTaMy, HO Mbl He 3HaeM, SIBJISIETCS JIM OH DPSIIOM
Pypbe 0T HEKOTOPOH PYHKUMY, UM HeT. ITO — OJHA U3 OUeHb UHTEpeCHBIX, HO
TPYAHBIX Npo06JIeM TeOPUU TPUTOHOMETPUYECKUX PSI/IOB.

§ 7. Pa3no)xkeHue B TpUroHomeTpuuecKuil psja ¢yHkumii ¢ mepuogom 21

Jlo cux mop Mbl paccMaTpUBaJIM pasjlo)KeHHe B TPUTOHOMETPUYECKHU psift
GyHxumii ¢ nepuogoM 2r. Ecnu GpyHrums f (x) umeer nepuof 21, rae [ — HeKOTOpoOE
JeiiCTBUTEIbLHOE YKCIIO, TO, IPOU3BOAST 3aMeHy NepeMeHHOro,

MBI TIOJIyUMM (QYHKLHIO
o =1(%)

KOTOpasi Oy/eT y)Ke UMeTh Nepuoj 2.
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Ecnu mbl Halifiem ee psig Pypbe

qn(t)w—azi’——l—Zancosnt—l—b,,sinnt,

rzie

tn=— [9WOcosntdt; b= [p@)sinntat,

TO, BO3BpaIlasCb CHOBA K IIEPEMEHHOMY X, II0JIyYUM

n

an=-717 ff (%) cos nt dt = —;-ff(x)cosnlixdx,n=0, L ...,
—n -1

) (7.1)
bn=% ff (—%) sin nt dt = IL f f()sinnT-xdx,n=12,...,
~n 2
a noromy QyHKuMHU f(X) OyneT oTBeyaTh psif
f(x)N-‘;i-l-é;a,,cosn—;Lx—l—bnsinn—;’—x, (7.2)

rje uucna a, u b, onpepenens ¢opmynamu (7.1).

Bce, uTo OyzeT roBopuThCst B JajJbHeReM 0 CXOAMMOCTH OOBbIYHEIX TPUIOHO-
MeTPUYEeCKUX PSJ0B, BIIOJIHE IIPUMEHNMO U K psiiam Buja (7.2).

HakoHnen paccmoTpum ciyyait, Korfa GyHKuus f(X) He mepuopnyeckasi. Eciu
OHa OmpejesieHa Ha HEKOTOpoM OTpeske [a, b], rie —n << a < b < = (puc. 4),

g
0

&' -’ .\\ s ,f ~ ‘\
ﬂ/ \\H@( ?/‘Zy "/ \“

-7 a 0 b w
Puc. 4

8y

¥ CyMMHUpYyeMa Ha HeM, TO MO)XHO pasjO)KHUTb €e B TPUTOHOMETPUYECKUH psi
TaK: NOCTPOUTh GYHKUMIO ¢ (X), coBNajanmy ¢ f(x)Ha [a, b] u onpeeneHHy0
Ha (—m, a) u (b, 7) KaK yrofHo, JuibL 06l 0Ha Obla cymmupyema. [Tosnarast 3arem
@ (X + 27) = @(X), Mbl pas3naraem ¢ (x) B psit Pypbe. HonycTum, 4To STOT pSift
OyZieT CXOAUTLCS K @ (X) B HEKOTOPO# TOUKe X, @ < X <  b; 3HAUUT CyMMa ero B
aroit Touke Oyaer paBHa f(x). SicHo, uTo, mpojoiyKast f(x) pasHeIMHU crocobamu
3a npefies! (@, b), Mbl OyaeM mosy4yaTh pasHbole GYHKIMHU @ (x). OfHaKO BrOCIel-
crBuy (cM. § 33) Oyzer foKasaHo, uTo psiibl Pypbe OT BeeX ITUX GYyHKIWH OyayT
BecTHu cebst 0JIMHAKOBO, T. €. €CJIM XOTb OJMH U3 HUX CXOAUTCA K f(X) B paccmaTpu-
BaeMOii TOUKe, TO U BCe OCTaJIbHbIe TaKIKe.
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§ 8. Panpl dyphe NIA YETHBIX W HeYETHBIX QYHKUMiA

Ecau f(x) uetHas, T.e. f(—x) = f(x), a g(x) — HeueTHas|, T.e. g (—x) =
= — g(x), To f(x) g(x), 04eBUIHO, HeUeTHast; HANPOTHB, ecau f(X) U g(x) obe
yeTHuIe UM 00e HeueTHsle, TO f (x) g (X) — veTHasi.

JTO IpOCTOE 3aMeyaHue MO3BOJISIET Cpasy 3aKIIOUYUTh, UTO Y BCAKOH 4eTHOM
¢ynxuuu psg Pypbe COAEPIKUT OJHUA KOCUHYCHI, & Y HEUeTHOH — OJHM CHHYCHI.
JeiictBuTenbHO, st 110001 HeueTHOR QyHKLUM @ (X) u Ayis a06oro a >0 umeem

jatr(X)dX=0,

a MOTOMY JJIs1 UeTHBIX f (X) UMeeM

by =~ [f@sinnxdx=0  (=1,2,3,...),

-7

a Juls HevyeTHBIX [ (X) umeeM
an=-};j f()cosnxdx=0, (n=0,1,...).
Kpome Toro, ans no6oil yeTHo# ¢ (X) u 1us nwboro a > 0 umeem
a a
[ p(x)dx=2 [ o()dx.
—_a o
[Toaromy oxoHYaTenbHO: ecnu f(X) yeTHasi, TO

c =% S a, cos nx
(.f) 2 ,12=; n b
rjue

an=~i—f f(x)cosnxdx,
0

ecu f(x) HeyeTHast, TO

a(f):ébnsinnx,

n=1
rae

b, = %j]‘(x) sin nx dx.
0

§ 9. Pan dypne mo opTroroHalbLHON cHcTeMe

Korga Mel craBuiu nepef co0off 3ajauy, Kak ONpelesuTb Ko3QpuuueHTsl
TPUTOHOMETPUYECKOTO psifia MJIsi TOTO, UYTOOBl OH MOT CXOAUTBLCS K 3aJaHHOHR
GyHukuuu f (x), MBI pacCMaTpUBaly JULIb YaCTHBIA Ciyvail ropasgo GoJiee oOwiei
npoOsemsl. UroOsl chopMynupoBaTh, B UYeM OHA 3aKJIIOYAETCsl, BBEJEM MOHATUE
OPTOTOHAJILHOU CHCTEMBL.
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Hexoropast cucrema ¢yHKUME @, (x) € L2(a, b) (n = 1,2, ...) HasbIBaeTCst
0pMmo20HALHOL HA OTpe3Ke [a, b], ecin

b
[ @m () @n(x)dx =0 m=£nm=12...;n=1,2,.

b (9.1)
{p2(x)dx+0 n=12...

Coornoluenust (4.1) CyTb He UTO HHOe, KaK 0Ka3aTeJbCTBO OPTOTOHaIbHOCTH
TPUTOHOMETPUYECKOH CHUCTeMBI

I,cosx, sinx, ..., cosnx, sinnx, ...

Ha oTpeske [—m, m].
OproroHajbHast CHUCTeMa Ha3bIBACTCS HOPMUPOBAHHOL, eCH

Sb%%(x)dx: 1 (n=12...).

[MpumepoM HOPMUPOBAHHON OPTOrOHAJBHOM CHCTEMBI MOMKET CIIY)KHUTb
cucmema Pademaxepa (Rademacher (1)), koTopasi cTpourcsi Tak: orpe3ok [0,1]
JeNUTCsT Ha 2" paBHBIX OTPe3KOB M (QyHKUUSA r, (X) Mojaraercst paBHOH —+ 1
Ha TepBOM, TPETbeM, ..., (2" — 1)-M uHTepBase, U paBHOK —1 Ha BTOpOM,
YeTBEPTOM, ..., 2"-M HHTepBaje (T. €. OHA IONEPEMEHHO IpPUHUMAeT 3Haye-
Hust 4 1 1 —1), a B KOHI|aX MHTepBajOB €e CYMTAIOT paBHOH Hymo. M Tak 1is
BCeX 3HaueHul n (n = 1,2, ...). OproroHanabHOCTb MOJYYEHHOH CHCTe-
mbl {r,(x)} Ha orpeske [0,1] cneayer us Toro, uTo ecau m < n (Myctb m < n),
TO QYHKLUS ry, (X) Ha Ka)KIOM UHTepBajle MOCTOSTHCTBA Iy, (X) IPUHUMAET CTOJBLKO
)Ke pa3 3HaueHue -1, CKOJIbKO U —1 W JJIMHBI MHTEepBaJiOB, Ha KOTOPHIX OHA
NIOCTOSIHHA, BCE paBHbl MexAy coOoif. Takum oOpasom Mbl yOexXpaemcsi, 4To

jlrm(x) r,(x)dx =20 (m=£n).

Tak kak mpu nro0om n umeemrZ (x) = 1 BCIOLy, KpoMe KOHEYHOI'0 YHCiIa
TOYEK, TO cucTema {r,(x)} HopMHpOBaHa.

B nanpHeiinieM Npu U3ydeHUH CBOMCTB TPUTOHOMETPUUYECKUX PSJOB CUCTEMA
Papemaxepa oKa)keTcsi 0ueHb M0JIE3HOH *).

TpuronomerpuyecKkast CUCTeMa He SIBJISIETCS] HOPMUPOBaHHOM, HO CTAHOBUTCST

" 1
HOPMUPOBaHHOHU, €CJIN NEPBYIO (byHKuI/IlO YMHO)XUTHb HA 7,=—, a BC€ OCTaJjIbHbIE Ha

1 Vé_n
V_}?’ T. €. CUCTeEMaA
1 Cos X sin x Cos nx sin nx
V2’ Ya ' Ya ' Ym  Ym

y>Ke sIBJISIETCS] HOPMUPOBAaHHOR OPTOTOHAJNbHON CHCTEMOM.

Me1 He Oyem paccMaTpUBaTh BOIPOCA O TOM, TOUeMY UMEHHO IpeJCTaBIIsIeTC s
Ype3BLIYAiHO UHTEPECHBIM M Ba)KHBIM U3YYeHHE OPTOTOHAJIBHBIX CHUCTEM. ITOMY
BONPOCY MOCBSIIIEHb! ClelualbHble KHUTU. 31eCh )Ke Mbl XOTUM JIMIIb YKa3aTb,

*) O3HAKOMHUTBHCS TMIOAPOGHO CO CBOWCTBAMH CHCTeMBI Pajemaxepa uMTaTelb MOYKET IO
kuure Kaumaka w Ilreiinraysa [M. 7],
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YTO LieJIblf pSIl TEOpEM U3 TEOPUU TPUTOHOMETPUUECKUX PSIA0B MOXKET ObITb MOJIy-
YyeH BeCbMa IPOCTO, UCXOMAS U3 ropa3fio Oojiee 00IIMX pe3ysbTaToB, KacCalouuxcst
TaK Ha3bIBaeMbIX OPTOIOHAJBHBIX PSAMOB.

Psan Bupa

é%%m, (9.2)

Tie ¢, — TOCTOosiHHBIe Koa(pduuumenTrl, a {g, (X)} — 3ajgaHHasi OPTOTOHAJbHASI
cucreMa QYHKLMH, Ha3pIBAETCA PAOOM NO 0pmoO20HAALHOL cucmeme {@, (X)} Uy,
KOpOUYe, 0pImMo20HAAbHOIM PSOOM.

[Togo6HO ToMy, KaK MBI CIpaliuBany cebst, KaK HaiTH KoapOULUEHTH TpU-
TOHOMETPUYECKOT0 psifia, €CJIM Mbl 3HaeM, YTO OH CXOMUTCS K HEKOTOpO# (QyHK-
oy f(x), MOXXHO NMOCTaBUTb BONPOC O TOM, KaKOBbl KO3(Q(ULIUEHTE! C,,, €CIIU MBI
3HaeM, 4TO

F6) = trgn(®). 9.3)

n=1

HonycTum CHOBa, YTO DSl paBHOMEepHO CXOoAuTcs. Byjem npeanojaraTb
cucremy {g, (x)} opToroHanbHo#i ¥ HOPMHpOBaHHOH Ha (a, b). Torga, yMHO)KHUB
o0e vactu paseHcTBa (9.3) Ha @, (X) M HHTerpUpys B Ilpefenax OT a 1o b,
Haiizem*)

[ 1@ onar=c, [ m@ax=c,,

¢, = ff(x)%(x)dx (m=12...). (9.4)

a

Itu GopMyBl TAKOKE Ha3blBAKT (fopmyaamu Dypoe, U eCIU Ui HEKOTOPOH
¢yHKUMK f (X) To Gopmyrnam (9.4) HalifieHsl yuCaa ¢, ¥ U3 HUX 00pasoBaH psf
(9.2), To ero HasbIBalOT psI0oM Dypee om Pynxyu f(X) no opmo20HaALHOU cucme-
se {p, ().

31ech, KaK 4 JIs1 CIy4ast TPUTOHOMETPHYECKON CUCTEMBI, TUII0Te3a paBHOMEp-
HOU CXOAUMOCTH psifia Oblia KpaliHe OrpaHUYUTENIbHOR. MBI MOXKeM paccmarpu-
BaTb psa Pypbe mas1 QyHKUMH f(X) MPU €IMHCTBEHHOM IPEIIOJI0MKEHUH, UTO
uHTerpasl (9.4) UMEIOT CMBICH, U NUCATb TOTAA

F)~ 3 capn(x).

n=1

Tak >Ke KaK U B TeOpPUN TPUTOHOMETPUUECKUX PSINOB, BOSHUKAET BOIPOC 0
CX0UMOCTH psifa Pypbe U 0 TOM, B KaKO# Mepe OH XapaKTepusyeT GQyHKIHUIO f (X).

[Tpe>Ke BCero siCHO, YTO AJIst TOT0, 4To0bl psil Pypbe MOT B KaKoi Obl TO HU
ObLJI0 Mepe ONpeessaTh CBOMCTBa (yHKLUMY, HE0OX0AMMO, UTOOB Y ABYX pasHLIX
dyHKLU He MOTJIO OBITh OJMHAKOBBIX psiioB Pypbe. st BBIACHEHHST BOIPOCA,
KOTZla 3T0 UMeeT MeCTO, HaM He00XOJAUMO USYYHTb IOHATHE O IOJHOTE OPTOro-
HaJibHO# cucTeMbl. ITOT Bompoc OyaeT pacemarpuBarhest B § 10. 31ech ke Mbl
XOTHM ellle YKasaTh, YTO HaJ0 NOHUMATh I10]] OPTOTOHAJIBHOM CHCTEMOI B Clyuae,
Korjpa GYHKUUU @, (X) SBJISIOTCS KOMIUIEKCHBIMU.

*) 3necb QYHKUMH @ (X) M f (X) IPEAHONATaIOTCS TAKUMH, YTO MHTerpanbl (9.4) umeloT
CMBICIT.
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Ecnn QyHKUMN @, (X) SBASIOTCS KOMILJIEKCHHIMU QYHKLUSMA JeHCTBUTENb
HOTO TIepPeMEHHOT0 X, TO UX Ha3bIBAIOT 0pPIMO20HAbHLIMU, KOT A

S%M%MM=OW#M (9.5)

afblzpn(x)lzdquo, (n=12,...). (9.6)
Cucrema HOpMuposaHa, ecnu
SMMWW=1 (n=1,2,...).
B cnyyae xomiuekcHbIX QYHKUMRA Gopmyssl Pypbe NPUHAMAIOT BUJ

6= (1P dx ©.7)

JUIsT HODMUPOBAHHOHR CHCTeMBl U

{107 dx

C,=

{17, 0x

IJ1sT HEHOPMUPOBAaHHOH CHCTEeMBI.
Ba)kHeR 1M IPUMEPOM OPTOrOHAJIbHOM CHCTeMbI U3 KOMILJIEKCHBIX QYHKLUi
siByisieTcst cuctema {e™} (n =0, 41, 42, ...); oHa OpTOroHanpHa Ha JIOOOM

1
oTpe3Ke HauHbl 27 (cM. § 5). Ecnm BBeCTH MHO)KMTeﬂb*V‘ﬁ‘, T. €. PacCMOTPETb
CHCTEMY

{Vzl—nei""? (n=0,41,...),

TO OHa OyJeT ¥ HOPMUPOBaHHOI.

§ 10. ITonHOTa OPTOrOHANBLHOH CHCTEMBI

BBenem cienyoliee BayKHOe ONpeJeseHne *).

OnpeneneHnue. Cucrema QyHKUMH {@, (X)}, OMpeIeIeHHbIX HA HEKOTO-
poMm oTpeske [a, b], Ha3sIBaeTcst MOJHOM B LP [a, b] (p > 1) (unu B Cla, b]), eciun
He CYILIeCTBYyeT HU omHoi ¢yHKuuu f(x) € LP [a, b] (unu f (x) € C[a, b]), KoTopas
OpTOTOHAJIbHA KO BCeM (YHKLUSIM 3TOM cucTeMbl 6e3 Toro, uTobul f(x) = 0 mouru
BCIoy Ha [a, b] (mnst cnyvast mpoctpancrtBa C — Beroay Ha [a, b]).

MHaue roBOpsi, AJIsT IIOJHON CHCTeMbl U3 PaBEHCTB

b

[ 1)@, (x)dx=0 (n=12...) (10.1)
uus f(x) € LP[a,b] momkuo ciexoBaThf(x) = 0 mourn Beoopy Ha [a, b] (ist
npocrpaHcTBa C aHAJOTMYHO, HO Y)Ke CJI0BA «IIOYTH BCIOAY» Hal0 3aMeHWTb Ha
«BCIOZLY»).

*) OTHOCHTENILHO BCEX YHOTPeOJIsieMbIX 3/(eCh 0603HaueHnit cM. «O6o3Hadenusm (CTp. 15).
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Jlist Toro uToOel MHTerpassl, Bxoasmue B (10.1), umenu cmbica pst n06oi
f(x) € L[a, b], Heo0OX0AUMO U JOCTaTOUHO, UTOO:! BCe @, (X) OblIM OrpaHUYeHbl HA
[a, b]; ecnu f(x)€LP|a,b], To HEOOXOAUMO U TOCTATOYHO, UTOOH! @, (X) € Li[a, b]

(n=12...), rne% -+ —ql~ =1 (cm.§9 Beomnoro matepuana u § 3 Jlo0a-

BleHUl), HakoHel, mist f(x) € C oT ¢yHkuuit ¢, (x) TpebyeTrcst OmHa JHULIb
CYyMMHUPYEMOCTb.
[ToHsTHE MOJHOTH BBOAUTCS 0€3 NPEe0I0)KeHUsT OPTOrOHAIBLHOCTH CUCTEMBI
{®,(x)}, HO MBI OyJeM HHTepeCOBATLCS TeM CJyyaeM, KOTrjJa OHa OPTOroHajbHa.
Ecnu QyHKuum @, (X) KOMIIEKCHBIE, TO OTIPE/IesIeHUe COXPaHsIeT CUIlY, TOJIBKO
BmecTo paseHcTB (10.1) cinenyer mucaThb

{107.ar=0 @=12..).

Ecnu nee ¢pyuxuun f(x) € LP [a, b] u g(x) € LP[a, b] OTIMYHB HA MHO)KeCTBe
Mepbl 0oJiblile HYJIsI, TO OHK He MOTYT MMeTh OfMHAKOBbIX ps110B Pypbe M0 MoJ-
HOW B L? [a, b] cucteme ¢pyukumit {p, (x)} (mpu p > 1). HeicTBUTENLHO, eCu Obl
3TO MMeJIO MeCTO, TO PaSHOCTB ¥ (X) = [ (x) — g(x) Obna Ont pyHKUMEH, IpUHaLIe-
»aeil K LP[a, b] u opToronansHoit Ko BCeM {p,(x)}, mpuuem ycnosue y(x) =0
TIOYTH BCIOZY Ha [a, b] He BoITOJIHEHO, a 3TO IPOTUBOPEUUT ONpeeseH IO TIOJHOTE
CUCTEMBI.

§ 11, IonHoTa TPHrOHOMETPHUECKON CHCTEMbI B NMPOCTpPAHCTBe L

Mel 0Ka)<eMm, YTO TPUTOHOMETpPUYECKAsi CuCTeMa IIOJHAa B NPOCTPaHCTBE
L(—m, @), T. e. y0emqumcesi, UTO ABe CyMMHUpyeMbie QYHKLUM UMEIOT OXMHAKOBbIE
TPUTOHOMETpUYECKHe psifisl Pypbe TOJNBKO B TOM Ciydyae, KOTJa OHM COBNAfaloT
NOYTH BCIOAY Ha (—m, 7).

JLjis1 5TOr0 Mbl IpeBaPUTEIbHO JOKa)KeM, UTO, eCJIM Y)Ke U3BeCTHa MOJIHOTa
TPUTOHOMETPHUYECKOH cucTemMe! B C, TO OTCI0OJ]a MTHOBEHHO I10JIy4aeTcst U ee MoJ-
HoTa B L.

B camom pmene, ponyctum, uto f(x) € L u

{ f(x)cosnxdx=0 (n=0,1,...),

(11.1)
[ f(x)sinnxdx=0 n=12...).

Torpa, o0osHavuast gepes a, u b, KoadduuuenTs: Pypbe OT f(x), UMeeM
a,=0 (n=0,1,...),
b,=0 n=12...).

Paccmorpum dyuxuuro

F(x)= j’ f(t)dt

Ha

— X<
F (x +2nm) = F (x).
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SlcHo, uro F(n) = @ ay = 0 u F(—n) = 0, cnenoBaTenbHo, F (X) HempepbBHA He
TOJILKO Ha [—, 7], HO U Ha Bcell psiMoit — oo < X <~ + oo. Ee koadduimentst
dypbe A, U B, HaXO0[JuUM, UHTeIPUPYS IO YaCTsIM, HMEHHO

A, =’717J F (x) cos nxdx = ——71; J'f(x)sinnxdx=0.

(8 cuny (11.1)) u aHanoOrM4HoO
B, =L JnF(x)sinnx dr =L ff(x)cosnxdx———O(n= ,2,...).
44 nr ’

Taxum 06pasom, y F (x) Bce koappuuuenTsl Pypne, Kpome Ay, T0DKHB! ObITh
Ao
paBHbl HyJ0. Pa3 F (x) HellpeprIBHa, TO, Mosarast @ (x) = F (x) — -, Mbl BUJUM,

uyTo @ (X) HempepblBHA ¥ ¥MeeT Bce K0adduLueHTs! Pypbe paBHBIMHU HYJIIO, T. €.
OHa OpTOTOHaJbHa KO BceM (YHKLUSIM TPUTOHOMETPUYECKOH cucrembl. Ho mbl
NpPeIIOJIOKUIN Y)Ke U3BeCTHBIM, UTO TPUIOHOMeTpHUYeCKast cucrema monHa B C.

3Hauurt, @ (x)=0, a notomy F (x) = —Aél = const. Ho Tak Kak F’(x) = f(x) nouru

BCIOZY, TO f(x) = O moutu BCIOAY, a 3TO ¥ TPeOOBAIOCH T0KA3aTh.

JI0Ka)KeM Tellepb MOJHOTY TPUIOHOMETPUUECKOH cucTembl B C.

Mer yenoBunuch (BBoaHbI MaTepuad, § 22) HasbiBaTh TPUTOHOMETPUUECKUM
TI0JINHOMOM BCSIKO€ BhIpa)KkeHue BUJa

n
T,(x) =0y + 3 a,coskx -+ B, sinkx. (11.2)
k=1
$lcHo, uro ecam f(x) OPTOrOHajJbHAa KO BCeM (YHKLHUAM TPUTOHOMETPUYECKOH
CHUCTeMbl, TO OHAa OPTOTrOHajbHA U K JIIOOOMY TPUTOHOMETPUYECKOMY IIOJIMHOMY,
T. e. s moboro T, (x)

S”f(X)Tn(x)dx=0- (11.3)

Me! oKajxkeM, yTo ecyu f(X) HelpephlBHA, HO He €CThb TOXKAECTBEHHBIN HYJIb,
TO TPUrOHOMETpHUUeCKHi nonuHom T, (X) MOYKHO 10J00paTh TaK, 4To0bl MHTErpa
B JieBolt yacTu paBeHcTBa (11.3) Obl1 MOJIOXKUTENEH; TOTJA SICHO, U4TO u3le)KaTb
NPOTUBOPEYUsT MOYKHO, TOJIbKO cuutas f(x) = 0.

Urak, nycts f (x) %= 0; Torma Haiijercst Takast Touka &, e f(&) =c -+ 0.
He napyuass 0o0IIHOCTH, MOXXHO NpeamnosnaraTb ¢ > 0 (Tak KaK B NPOTUBHOM
ciyyae J0CTaTOUHO Obl10 Obl JOKa3aTh, 4T0 — f (X) = 0). MOXXHO TaKyKe NPeANoo-
JKUTB, uT0 & = 0, TaK KaK eCJIM Mbl yMeeM JUlsi QYHKLHHU @ (X), y KoTopoit ¢ (0) >0,
HaiTu nonunoMm T} (X), AT KOTOPOro

So@Tamax>o0,
To monarasg ¢ (x) =f(& + x)u T,(x) = Ty (x — &), BuAUM, UTO
F1OT@dt= [ 1E+0)TaE+0dt= (@) TE(x)dx>0.

Hrak, ocraercst moKasaTh, uTo eciau f(0) = ¢ >> 0, T0O MOXKHO HAWTH ITOJTMHOM
T, (x), st KOTOPOTO

§ 1) Ta(x)dx>0. (11.4)
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Ho ecinut f (0) = ¢ >0, To Haiifercs, B CHIy Helpep BIBHOCTH f (X), TaKOM} nHTepBan
(=96, +9), rne f(X)>~g—- . Hmeem

J10T.@ar= {10 T.@a+ Ti0T.@as+ [ 10T.@ex.

Tak Kak f (x) HempepsiBHA, TO OHa OrpaHUYEHa, T. €.

T@WI<M —a<<x<=, (11.5)
rae M IOCTOSIHHOE.
ITycts A > 0 sajano. Jlonyctum, 4yro yaanoch nonobpare T, (x) Tax, 4To0nl
YIOBJIETBOPUIHUCH YCJIOBUS

T,(x)>1 mHa (—96,0), (11.6)
{ T () dx> A (1.7
-6
u
| T,(x)|<1 w®a (—=,0) u (d,n). (11.8)
Bospmem A > -2 4M“ , TRe M B3siro us yciosus (11.5). Torxa
jf(x)r @dx> 2 —M-2a2>0

u, 3HauuT, (11.4) umeer MecTo, a TOrja A0KasaTelbCTBO OyfeT 3aKOHYEHO.

Hrak, ocTanoch, mogo0paTh TPUTrOHOMeTpUYeCKui nonuHom T, (X) TaKoi, 9o
yroBierBopeHsl yciaosust (11.6), (11.7) u (11.8).

Yto0bl HAUTH TaKOH MOJIMHOM, 3aMETHM, YTO €CJIU

T(x)=1-+cosx —cosd,
To T(x)>1 Ha (—6,8) u |T(x)|<1 BHe (—0,0), a crano ObiTh, M IS

Tn(x)= [T ()]

nMeeM
|T, (x)] <1 BHE (—9, 8) u T, (x) >1 Ha (—8, 0).
Kpome Toro, Ha (— —g—, %—) HMeeM
TXx)>1+ cos-g——-cosa=q>l,
a moToMy

é

2
jaT,,(x)dx j T,(X)dx>qné— oo
-0

2
NpU 71 —> oo W, 3HAYMT, Npu jwbom A, BeOUpass n g0CTaToYHO GOJBLIUM, Mbi
MOYKeM J00UTBLCST BINOJIHeHUs HepaBeHcTBa (11.7).

Ocranoch g0KasaThb, uTo T, (X) TpUroHOMETPpHUECKHH MoguHoM. Ho Tak Kak
T (x) = cos x + ¢, Tae ¢ — nocTosiHuoe, To [T (x)]* eCTh TPUTOHOMETPUUECKHUHR
nonuHoM npu jobom n (cm. § 22 BBoaHoro marepuana).
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Wrak, Hala Teopema MOJHOCTBIO J0KasaHa. VI3 camoro ompejeseHdss moj-
HOTHI CHCTEMBl B MPOCTpaHCTBe LP ciepyerT, uTo ecau p’ > p, TO MOJNHOTa B LP
BJIEYET MOJHOTY B LP’. B uacTHOCTH, TPUTOHOMETPHUUYECKasl CUCTeMa, Oy ayuu 1o
Hoii B L (§ 11), 6yzer nonHa u B LP npu jo0om p > 1.

§ 12. PaBHOMEpHO cxojsiuMecss psAabl Dypbe

V3 NOJIHOTHl TPUTOHOMETPUUECKOH cucTeMbl B C BHITEKAeT CiiefymoLiee Ipo-
CTOE, HO Ba)KHOE CJIEJCTBHE :

Teopema. Ecau pao @ypee Henpepvisroii Pynrxyuu f(X) pasHomepHo cxo-
oumcs, mo cymma 3mozo paoa cognaoaem c f (x).

HeicTBUTENIBHO, NYCTD

f(x)~—~ 2 a,cos nx + b, sin nx,

n=1

npuvem f(X) HeOopepsiBHA, a PAN B NpPaBOi YaCTH CXOAUTCS PaBHOMEPHO Ha
[, 7]. O6o3Hauum uepes S (x) ero cymmy. SIcHo, uro S (x) HenmpepbiBHAa. HO Mbt
BUfenHu (cM. § 4), uto ecnu S (X) eCTh CyMMa PaBHOMEPHO CXOJISILIEr0Csi TPUTOHO-
MeTPHUECKOr0 psifia, TO ero KOI(QuLEHTS! @, U b, monyyatorest u3 S (X) Mpu mo-
mouu popmyn Pypne. C Apyroil CTOPOHLI, 110 YCJIOBUIO, @, U b, IONYYaIOTCS U3
f(x)mo dopmynam Pypee. Orcropa cnexyer, uro S (x) u f(x) UMEIOT OJXHAKOBbIE
rkoodduumentsr dypoe. CienoBaTeNbHO, B CUIY IOJHOTH TPUTOHOMETPHUYECKOM
cuctembl B C OHU JIOJDKHbI COBNAaTh TOMAECTBEHHO.

BnocnegcrBun (cMm. § 48) mbl yOeaumces1, 4To B 9T0il Teopeme TpeOoBaHUE paB-
HOMEPHO# CXOAMMOCTH MOYKHO OTOPOCUTH M yTBEepP)KHATb, UTO eciu f(X) Hempe-
pHIBHA, TO BO BCSIKOI TOUKe, rje ee psii Pypbe CXOQUTCS, OH CXOMUTCST UMEHHO
K f(x).

B naHHbI MOMEHT, MOCKOJIbKY MBI Y)Ke FOBOPUM O paBHOMEPHO CXOJSAMIUXCS
psimax, uenaecoo0pasHo Cpa3y >kKe J0Kas3aTb OJHY JieMMy, KoTopasi OymeT 4acro
OPHUMEHSTLCS BIIOCJIEACTBUY.

Jlemma. Ilycms mpuzonomempudeckuii pso

a - . “
7" + 3 a,cos nx + b, sin nx
n=1
UMeenm noON0cAe006armeAbHOCITG YACTIHBIX CYMM, CX00AYYIOC PABHOMEPHO K HEKO=
mopoii gynxyuu f(x). To20a amom pad ecmo ee psd Pypse (B YaCTHOCTH, 3TO TeM
0oJiee BEpHO, KOTla CaM Psil PaBHOMEPHO CXOMUTCS K f (X)).

JleicTBUTeNnbHO, NYCTh Sy, (X) (K = 1,2, ...) CXOMUTCA paBHOMEPHO K f (X).
Torpa u nogaBHo

1) — S, (¥)|dx—0 1pn k- oo.
Orcriopa aast moboro m umeem

jn [f (x) — Sn, (x)] cos mxdx — O npu k— o,

fn [f (x) — Sn, (x)] sin mxdx—0 npu k— oo,

lim j Sn, (x) cos mx dx = j f (x) cos mx dx

k> 7



§13 MMHUMAJIBHOE CBOVMICTBO YACTHBIX CYMM PsIIA ®YPBE

¥ aHaysormuuo Juisi sin mx. Ho B cuiy OpTOrOHajbHOCTH TPUTOHOMETPHUECKOM
CUCTEMBI, €CIIU 1, > M, TO UMeeM

k1 k1
{ Snp(x)cosmxdx =a,, | cos?mxdx =na,,
-1 —7

a NoToMy

3
lim { Sp, (x)cos mxdx =wa,
k-

-7

Y, 3HAYUT,

= —;—f f (x) cos mx dx

U aHAJIOTUYHO 1A b,,. Jlemma JqokasaHa.

§ 13. MuHMManLHOE CBOMCTBO YaCTHBIX CyMM psia ®ypoe;
HepaBeHCTBO bBeccelnst

Bepuemcst Tenephb K o6uweMy ciyyaio, T. e. K paccMoTpeHmo psia Pypbe 1o
no6oit opToroHanpHo# cucreme. Mol 3aiimemcst OPTOrOHAJIbHLIMU CUCTEMaMH 1101~
HbIMH B L2, TaK KaK OHM 00J1a/IaloT PsiIOM Ba)KHBIX CBOWCTB, K M3YUEHUIO KOTOP bIX
Mbl IIepeXO0uM.

ITyctb {@, (x)} monHa B L2 [q, b], opToroHanbHa U HOPMUPOBaHa Ha 9TOM
orpeske. ITocraBuM Nepel coGoii crenylomyo 3afauy: faHa GyHkums f(x) € L?;
Oepem nn QyHKUMI CHCTeMBI {@, (X)} ¥ PacCMaTpUBaeM BCEBOSMOYKHbBIE BLIPAXKEHHUST

n

BAa > @, @, (X), KOTOpbIE YCIOBMMCST Ha3LBATh IOTUHOMAMH 11-I'0 TIOPSIZIKA OTHO-
k=1

CUTEJIbHO CHCTeMHI {@,(X)}. Mbl XOTMM 3HaTh, KaK Haj0 BbIOpaTb KOHCTaHTHI
n

ay, dg, ..., @, JUISI TOTO, UTOO6 IONTHHOM 3" 0, @, (X) aBaj Haunyuuiee npubnu-
k=1
yKeHue 17151 f(x) B MeTpure L2 T.e. yro0pt HOpMa Pa3HOCTU

I (x) — 2 a1 (4)]| L2

Oblla MUHEMaJIbHOR. Mbl TOKa)KeM TeopeMmy.

Teopema. Cpedu 6cex noauHOMO8 N-20 NOPAOKA N0 HOPMUPOSAHHOL 0pmo-
20HaHOL cucmeme {g, (X)} Hautywuee npubaucenue 6 mempuie L? onsf(x)€ L
Oaemes n-1i 4acmHoil cymmoil ee psaoa Pypve no IMoil cucmene.

UTo06bl yOemuThCST B CIIPAaBeIUBOCTHU STO! TEOPEMBbI, KOTOPYIO Mbl JUIst 001IHO-
cru Oyzem JOKa3bBaTh, npe;monaraﬂ ®n (X) KOMIUIEKCHBIMH, Mbl HallMilieM, Tpu-
MeHsIS TOXKJeCTBO |AZ= A . A:

17 ——g"lakqokoo lis= [ 11— 3 o (o) s =

b

— (- akwkm} [7(x) — §‘l @, (9)] dx =

a

— lf(x)lzdx—z o | 1@ — Se 5 () 7 () dx +

k=1 a

+2 Za,‘ j 5 @ (X) @; (x) dx;

k=1 j=1



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

1 TaK KakK »
[ o®)p;(x)dx=0 mna  k=+j,

b
[ e pdx=1 s k=1,2,...,

TO
[110— Sap@pa = [ f@kar— Sae— Sao+ Slak,

rre ¢, — Koappuumentsr ®ypbe GyHKUMH f (X).
n
Wnaue rosopst (no0aBnsist u Bhuutas >' | ¢, [?),
k=1

116~ 2@l =112+ Flec—al — Slak. 03

$lcHo, uro npaBast 4actp (13.1) OymeT MUHMMaJbHOH B TOM M TOJBKO TOM
cnydyae, KOrua
A = C (k=1:2’°°'7n)1

4 TeopeMa J0Ka3aHa.
[Moacrasnss B (13.1) BMecTo @ yucna ¢, Mbl KaK CJIeJICTBUe N0JTyYaeM

n

) — gck¢k<x>||z»= 12— 3]l (132)

Tax Kak neBast yacTb paBeHcTBa (13.2) HeoTpHLaTeNbHa, TO U NIpaBasi TOXKE,
a noTomMy
n

>lealP<IF 2 -

=1

9T0 HepaBeHCTBO CIpaBe/UINBO Ipy JIIOOOM 11, a IOTOMY psmj | ¢, |2 exomuTes n
k=1
21 Lee PN 2 (13.3)
=

Hepageucrso (13.3) nocur HasBaHue Hepagercmea Becceas. OHO CipaBejiuBO
MisA 1000 HOPMUPOBAHHOM OpPTOroHajbHOM cHCTEMbl M s JH0Goi f(x) € L2.

§ 14. Cxogumocts psiga dypbe B MeTpuxe L2

Kak ciencTsue us HepaBeHCTBa Beccesis 1erko MoyyvaeTcst BayKHasi Teopema.

Teopema. [Jan ecaxoid (Pynkyuu ¢ unmezpupyembim KeaOpamom psio
Pypoe no 10001 HOP MU POBAHHOL 0PIMO0HANLHOL cUCmeMe CXOOUMCs 6 Memplike L2,

UroGul  y0emuThCsi B CNPaBEUIMBOCTUA 3TOTO TNPEJIOXKEHHsT, HallOMHUM
(cm. § 21 BBogHoro marepuana), YTo Jjsi CXOAMMOCTH I10CJIEL0BATeNIbHOCTH
fn(X) B MeTpure L? He0GXOMUMO ¥ ROCTATOUHO, YTOOBI MPH JIOOOM & MOYKHO Obl-
710 Haiitu Takoe N, 4ro

lfn() —fm @) lle<<e mms n>Nu m>N.

[MoxajxeMm, 4To ITOT KpUTEpHil BbINOJIHEH, eCIM POJIb GYHKIMIA f, (x) urpator
YaCTHHE CyMMH S, (X) psina Pypwe misa f(x) € L2.



§15 IIOHATHUE O BAMKHYTOCTHU CUCTEMBbI

Vmeem juist mmoGoro mesoro nu p > 1

n&”m—&m%=M§ﬁ%m%=

k=n+
b | n+p 2 n+p
=f D ()| dx= > [¢il?,
a k=n+1 k=n+1

TaK KaK cucrema {¢, (X)} oproroHansha u HopmupoBana. Ho B cuny HepaBeHcTBa
Beccenss mbl 3HaeMm, uto ecau f(x)€L2, To 3 [¢ |2 <+oo, a MOTOMY IS
k=1

n+p
moGoro & > 0 Mo)KHO Haittu Takoe N, uro >'|¢,|* < empu n > N, a Torxa
n+l1

” Sn+p (x) —S, (x) “L2 <,

YTO ¥ 3aKaHYMBaeT NOKa3aTeNbCTBO CXOmMMOCTH psaga Pypbe mns f(x) € L2

OpHako ciegyerT 00paTuTb BHUMaHHe, yTo Obula JOKas3aHa TOJBKO CXOMM-
mocTh psifa Pypre B MeTpuke L2. HUOTKyHa He BUJHO, YTO CYyMMa B CMBICIIE MeT-
puKu L23TOro psijia KOJKHA 6GuiTh paBHA GYHKLMH f(X). DTO U JeHCTBUTENLHO He
BCerja umeer mecto. Bompoc o Tom, Korpa psf Pypre B MeTpuKe L2 CXORUTCS
UMEeHHO K 3aflaHHO#! (YHKLMM, CBSI3aH C BOIPOCOM O TaK Ha3biBAeMOW 3aMKHY-
TOCTU OPTOI'OHAJILHON cHuCTeMbl B IpocTpaHcTBe L2, K M3yueHMIO 3TOr0 BOmpoca
MBI ceffuac U Iepexojum.

§ 15. TloHATHE 0 3aMKHYTOCTH CHCTEMbI.
CBsi3p Me)KAy 3aMKHYTOCTBIO H NOJHOTOMH

YcnoBumest TOBOPUTb, 4TO cucTema QyHKuuit {@,(x)} samxnyma ¢ npo-
cmpancmee C Ha [a, b]unu B LP (p > 1) Ha [a, b], ecnu mobyto ¢pynkumio f(x) € C
(unmm f(x) € LP) MO)KHO B 9TOM HNPOCTPAHCTBe C Hallepel 3afaHHOM CTeleHBIo
TOYHOCTH IIPEACTaBUTh B BUJE IOJMHOMA IO cucTeme {g, (X)}.

ToBops TouHee, cuctema {g, (x)} samxuyTa B C (unu B LF), ecnu s 1060
fxX)eC (unu f(x) € LP) u mns moboro ¢ >0 MOKHO Tak mopobpaTb uucia
ay, Gy, ..., G, YTOOLI

|f(x)—2"1ak<pk(x)|<a mpr a<x<b
k=
UiIn

wm—éﬁmmw<a

Mur 3nech He Gynem [OKaswiBaTb, a TOJILKO CHOPMYNHPYeM JBe TEOPeMBbI,
yKa3blBalole Ha CBsi3b MEXXLY 3aMKHYTOCTbIO M NOJHOTOM, a WMEHHO: ecsu

1 1
> + — = 1, To Ka)Kas cucTema, 3aMmKHyTas B LP (p > 1) (unu BC), ABnsiercs

nosHoit B L7 (umu B L). O6paTHO, Ka)KpEast cucrema, nojHasa B LP (p > 1), sBns-
eTcs 3aMKHYTOM B L7 ¥).

Mol paccmoTpum mojpo06HO NUIIL TOT Hauboyiee Ba)KHBIA ciyuall, Korpa
p = 2. B arom cnyuae ¢ = 2 u chopmyIupOBaHHAsI HAMU TeOpeMa NPUBOJUT K
BBIBOZY

*) ToxasaTesIbCTBO 3TUX TEOPeM MOYKHO Haitw, Hanpumep, B kuure Kaumarxa u IlTeiin-
raysa [M. 7],



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

Teopema. B npocmpancmee L? noanoma 1 3aMKHYMOCMb CUCTIEMbL IKEU-
6ANEHMHbL, M. €. Kauc0as NOAHAS CUCTEMA 3aMKHYMa, u Hao6opom.

IT0 MpeIOYKEeHNE MOYXKET ObITh FOKa3aHO JUIsl IPOU3BOJILHBIX CHCTEM, COCTOSI-
WHX U3 QYHKUMH, BXogAmux B L2 HO Mul OrpaHMuYUMCsl pacCMOTpPEHHEM TOT0O
cydasi, Korjia sailaHHasi CUCTeMa OPTOroHasbHa. Kpome TOro, TaK KaK U 3aMKHY-
TOCTb CHCTEMBI U €€ IIOJIHOTA He MOTYT HU UCUe3HYTh, HU MOSIBUTHLCS, €CIIM Ml BCE
(QYHKLUMU CHCTEMbl YMHO)KMM Ha Ji00Obie KOHCTAHTHI, TO MO)KHO INpeJoJaraThb
CHCTeMy HOPMHUPOBaHHOM.

Wraxk, nyctb {@, (x)} — HOpMUPOBAHHAs OPTOrOHAJIbHAS CHCTEMA Ha OTpe3Ke
[a, b]. Mbl Bupenu B § 14, uto mis moboi f (x) € L2 [a, b] ee psig Pypbe o cucTeme
{p,(X)} cxomurcs B meTpure L2 O0o3Haumm uepes F (X) ero cymmy, Torpa

Fm=§%mm, (15.1)

rje 3HaK paBeHCTBA NOHUMAETCS B CMBbIC/IE CXOMMMOCTH B MeTpuKe L2,
JloKas<em, UTo uucna c, ABNsATCA Kosdduuuentamu Pypoe GyHKiuu F (X).

B camom mene, ymHosKas 00e yactu paBeHcTBa (15.1) Ha p,(X) u uHTErpUpPYys (2 9TO

3aKOHHO B cuy TeopeMbl Pucca, cm. § 21 BeogHoro marepuana), umeem

b © b
JF@p()dx= ¢, [ 9:()P,(x)dx. (15.2)
a k=1 a
YYuTBIBASI OPTOTOHAJILHOCTL U HOPMUPOBAHHOCTL {@, (X)}, BHIBOJUM OTCIOAQ, UTO
b
¢, = [ F(x)@,(x)dx.

OTtcrofia Mbl 3aKI0UaeM, uto GyHKuK f(x) 1 F (X) umeroT Bce KOIQ(ULUEHTDI
®ypbe 01MHAKOBbIMH. ECIK IIPeoNnouTs, uto cuctema {¢, (x)} noaHas, To 9T0
BO3MOJYKHO TOJIbKO B TOM Cjydae, KOrja f (X) = F (x) IOYTH BCIOLY, a IOTOMY MBI
noJyyaem

F@ = ¢, 0 (x)-

k=1

3pech 3HAK paBeHCTBA CHOBA NOHUMAeTCsl B CMbICIe cxogumocTu B L2, Ciepoa-
TeJLHO,

n
I (x) — > @i (x) [|L2—>0
k=1
IpU 1 — oo, T. €. AN aboro ¢ > 0 MO>KHO HalTh Takoe N, UTO
n
() — 3 o)l <e.
k=1

Ho f(x) Obuia nobas pyHkuus u3 L2, CilefoBaTesbHO, COIJIACHO OIpEfeNeHHI0
3aMKHYTOCTH, Mbl BUAUM, 4TO {@,(X)} 3amKHyTa B L2.

WTaK, Mbl JOKasayy, YTo MOJHOTA CHUCTEMBI B L2 BIIeUeT ee 3aMKHYTOCTb B L2,
OOpaTHOe mpeIo)KeHre JOKa3bIBaeTCsl COBCEM IIPOCTO.

Iycre {@,(x)} — 3amkHyTas B L2 cucrema u f(x) — mobas yHkuus us L2,
Torpma pnsa mo6oro & >0 MOXKHO TaK MOKO6OpaTh UuCIa a4, Ay, . .., O, UTO

17 () — é a @ ()] < e



§16 TEOPEMA ®UIIIEPA-PUCCA

Ho 6b110 fokasaHo (cM. § 13), uTo cpeau Bcex MOJIMHOMOB NMOPSIAKA 11 IO CHCTeMe

n
{®n (x)} Hannyuiee mpubmmKeHue K f(x) B meTpure L? paer nonuHom ' ¢, ¢, (x),
k=1
K03 QuLMeHTH KOTOPOro siBislTcst Koadduuuentamu dypoe ot f(x). [Tosromy

17 () — éck%(X)lKllf(x)— ké;akqok(x) I<e.
Ho Tak Kak mbl 3Haem (cM. (13.2)), uro

) -—écm(X)ll2=Ilfllz—élckl"',

TO
n

O<IfIP— e <e?,
k=1
OTKYZA CIEeRYeT, UTo

kzjllck|2=ufuz- (15.3)

Mu1 Bupenu panbue (§ 13), uto mis1 10601 HOPMUPOBAHHON OPTOrOHANBLHOM
CHCTeMbl CIpaBeIuBO HepaBeHCTBO beccenst (13.3)

e <lIf I

k=1

Tenepb Mbl BUAUM, UTO B CIyyae 3aMKHYTOM CHCTeMbl 3TO HEPABEHCTBO Ipe-
Bpaiaercss B paBeHCTBO (15.3); ero 00nIuHO HaswiBalOT pasercmeom Ilapcesans.

Wrax, ecau cucmema 3amxryma, mo 044 mo6oii f (x) € L2 umeem mecmo paget-
cmeo Ilapcesans.

Ho oTcropa MrHOBeHHO CliefyeT U IIOJHOTa CUCTeMbl {@,(x)} B L?, TaK Kak
ecnu pyHKums f(x) € L2 oproroHanbHa KO BCeM (QYHKUMSM CHUCTeMbl {@,(x)}, TO

= [ 1®F.08=0 (a=12,...),

T. €. Bce ee Koa(duuumentsl Pypbe paBHBl HYNIO; HO Torja u ||f|[2 =0 B cuny
(15.3), T.e.

b

{1trdx=0,

a
a 9T0 BO3MOYKHO TOJIBKO, ecnu f(x) = O IMoUTu BCIOAY.

WTaK, 3aMKHYTOCTh CUCTEMBI B L2 ByleueT ee MOJHOTY B L2, M Jj0Kas3aTellb-
CTBO TIOJIHOCTBIO 3aKOHYEHO.

§ 16. Teopema dumepa—Pucca

Met Bupenn B § 13, uro puis Besikot GyHkuuu f (x) € L2 pan >’ | ¢, |%, cocraBies-
n=1

HbIfl M3 KBapaToB MOAyJel ee KoadduLueHToB Pypre, Npu 11000 0PTOrOHAb-
HOJ HOPMUPOBaHHOM cucTeme cxoaurcsi. Kpome Toro, B ciayvae, KOTAa paccmMarpy-
BaeMasi cucTeMa nojuHa, To (cm. 15.3)

11E= 3 |cap-

Na=]



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

Ho umeer mecto ciepyomas ropasgo bosnee riy6okasi Teopema:
Teopema dumepa—Pucca. INyims ¢, (n= 1,2, ...) — mobaa

©
nocse006amesHocmy duced, 041 Komopbix >'[¢, |2 <+ oo u {p,(x)} — aobas
n=1
HOpMUposaHHas opmozoHasbHas cucmema. Toeoa cywecmeyem maxas f(x) € L2,
045 komopoii uucaa c, aéaawmesa ee xoapduyuenmamu Pypove no smoil cucmeme;
ecau cucmema noaxas, mo maxas f(x) mossko o0Ha.

Jns1 [oKasaTenbCTBa 3aMeTUM, YTO €CJIU COCTaBUTh PAA > €, @, (X), TO OH
n=1

HOJDKEH CXOJUTBLCS B METpUKe L2; NeHCTBUTENbHO, pas > | €, |2 <<+ oo, TO HNS

n=1
mo6oro & > 0 MO)KHO BLIGpaTh CTOJIL Gonbiioe N, uro é‘ |c,|? < e. Ho Torpa
N+1
n+p
[1Smtp () =S () IP= 3 |e,fP<e  (r=N,p>0)

n+1

(aHanoruyHoe pacCy’)kJeHue Mbl y)Ke IPOBOAUIM B § 14); cre0BaTesNbHO, Hoce-
JOBaTeNbHOCTD S, (X) cxoauTcsi B MeTpuKe [2. Mrtak, Haiijerca Takas f (x), mus
KOTOpOH# ||f(x) — S, (X)||z2 =0 npn n — oo. IoBTOPAST paccypenus § 15, Mbl

BUJKM, UTO PSIK ' €, @, (x) ecTb psifi Pypwe s f (x), mpudem, el CUcTema mnos-
n=1
Hasl, TO Takas f(X) TOJbKO OJHA.

§ 17. Teopema dumepa—Pucca u paBenctso IlapceBais
ISl TPHI'OHOMETPHYECKOH CHCTEMBI

Kax teopema dumepa—Pucca, Tak u paBeHcTBO IlapceBans 6buid Hamu
JOKa3aHbl JUIsi HOPMUPOBAHHBIX cucTeM (yHKumit. [109TOMYy OHU CHIpaBeLJIUBbI
IJIST CUCTEMBbI

1 cos X sin x cos nx_ sin nx
m; V—ﬂ—, V‘y;‘:"" V-ﬂ:— ’ V? )yt

C.TIelIOBaTeJILHO, €CIN 4y, a,, bn — T0CJIEZ0BATEIILHOCTDL YHCel, UIs1 KOTOPLIX

a3 < 2 o
T+,‘.§1an+bn<+ ) (17.1)

TO MOXKHO HaiiTu Takyio F (x), mist KoTopoit

cos nx sin nx

T 1 . 7 r
12_ =_f,, mF(x)dx; an:_LF(x) Vo dx; bn=_LF(x) Vo dx.

Orcrofa, nonaras f (x) = |z F (x), Bumum, uto

T

ao=%ff(x)dx; a,=_1 Jf(x)cosnxdx; bn=_:TJf(x)sinnxdx.

Wrak, ecnu pan (17.1) cxopurest, To cyiectByer f(x) € L2, A1s1 KOTOpO# psift
C Ko3puLKMenTamu a,, b, siBusercs psiioM dypoe.



§18 PABEHCTBO INAPCEBAJIS OJid IIPOU3BEJEHUS ABYX ®YHKIIUN

Pagencreo IlapceBansi Asi TPUTOHOMETPUYECKON CHUCTEMBbl NPHHUMAeT BHJ

k3
_l_jfz(x)dxz_“%_—[—Z‘a,%—]—b?,. (17.2)
7 2 Py
—7

OTmeTHM elle, YTO B CUJy MUHMMAJIbHOIO CBOMCTBA YaCTHBIX CYMM psija
®dypre (cMm. § 13) MBI, B YaCTHOCTH AJIS CIIyYast TPUTOHOMETPUUECKOTO Psifia, MOYKeM
YTBEp)KAATh, YTO CPeIM BCeX TPUTOHOMETPHUYECKUX MOJIMHOMOB HOPSIAKA He BbilIe
n Haujydilee NpubnmiKeHne B meTpuke L2 1uia moboii f(x) € L? naercsa n-i vacr-
Hoit cymmoHt pspa o (f).

B § 24 BozxHoro matepuana Mol 0603Haunny uyepes EP (f) Hamnyduiee npu-
Ommwkenue f(x) € LP B MeTpuKe LP TPUTOHOMETPUYECKUMH NOJIMHOMAMU HOPsIAKA
He BbILIE 17; 3HAYMT,

EQ(N={ {1} —sa()Pdx}. (17.3)

Jra Qpopmyna OyzeT B AajbHeineMm Ioje3Ha.

§ 18. PaBenctBo ITapceBans mis mpou3BeleHHsl ABYX (yHKumii

B atom naparpade mo1 6yaem paccmaTpuBaTh QYHKUUH, TP MTHUMAKIIKE JIMIIb
neficTBUTeNIbHBIE 3HAUeHUS.

Mbl XOTHM OTMETUTH elle OJHO IO0JIe3HOe PABEHCTBO, JIEIKO BHLIBOAUMOE K3
pasencrBa ITapcesans.

Ecau f(x) € L>u g (x) € L2, cucmema {p, (X)} 0pmo20HaabHAS, HOPMUDOBAHHAA
u noanas Ha (a, b), npudem c, — xoapguyuenmst Pypoe 042 f(x), a d, — Koap-
Puyuenmot Pypove 041 g (X), mo umeem mecmo popmyaa

{10 g()dx = S cod, . (18.1)

n=1

HelictBurennho, ecnu f € L2 1 ¢ € L2 TO 3T0 >Ke BEPHO AJIST BX CYMMBI H,
npumeHsist paBeHcTBo ITapceBans K f(x), g(X) u f(x) + g(x), umeem

[roa=Xa, [ewoa=3a, (182)
a n=1 a

n=1

fb [f() +g@]dx = 2; (¢n + dn)*. (18.3)
PackpriBast ckoOku B neBoit yactu (18.3), monyuaem
[0 +e@ld= { pod+2 { [@e@ar+ | ¢ di=

= Sa+23cd,+ S d.

n=1 n=1 n=1

Briuntas pasedcra (18.2) u3 (18.3) u jenss Ha 2, moJyuyuMm HYKHY© ¢op-
myay (18.1).



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

Jl1s cnyvasi TpUroHOMeTpHYecKoi cucrembl popmyna (18.1) npumer Bugn
1 _ :
] 1We@dr= o 4 S aua,+ 0,6,

rie a,, b, — xoappuuuents s f(x), a a,, 8, — Ko3pPULUEHTH LIsT g (X).
§ 19. Crpemienne K Hymo kodgouuuentoB dypbe

Mui Bupeny, uto ecnu f (X) € L2, 10 >' | ¢, |2 < + oo 1 OTCI0AA Cpasy CIlefyerT,
n=1

uTO |C,| — O mpu n — co. ITO CNpaBeUIUBO AJis1 I000H OPTOrOHANBHON CHCTEMBI.
Mano rtoro, Teopema Puiiepa—Pucca MoKasniBaer, UTo eCiM Ui KAKUX-TO C,
umeeM ' cZ < -+ oo, TO 9THU ¢,, — 00s3aTeabHO KOapPuLmeHTs! Pypbe 0T HEKOTO-
poit pynkumu f(x) € L2

3HauuTeaBHO CI0XKHee 00cTouT Aeno, ecau f(x) € L, HO f2(x) Hecymmupyema.
Torma mbl MOYKeM O4YeHb MaJjlo CKa3aTh 0 Kod(duuuentax Pypee ot f (x). Touno
TaK )Ke, eCJIM laHa I0CJIeJ0BATe/IbHOCTh UUCel ¢, ISl KOTOpoit X' ¢2 = + oo,
TO Mbl layKe He 3HaeM, CYIUeCTBYeT JIM (YHKUMS, MMeIOIAsl 9TU 4YUCia CBOUMH
Ko3pduumenTramu Pypbe.

YKa)KkeM 3ech HMpoCToie (aKThi, O3BOJIAIOME BCe )K€ XOTb B HEKOTOPOH
Mepe cyauTh 0 Koa(duuuentax Pypne.

Teopema Mepcepa. Eciau y 0pmo2oHAIbHOU HOPMUPOSAHHOU cu-
cmembt *) {@, (X)} PyHryuu oeparnudersl 6 ce0eli CO60KYNHOCMU, M. e.

9. <M  a<x<b (1=1,2...),

mo koapuyuerimor Oypve 000U cyMmupyemoli @GyHkyuu no Imoi cucmeme
CIPEMAMCA K HY0.
[Mycrs f(x) cymmupyema u ¢ > O Hamepej 3aJaHo; Halilem CHayaja TakKylo
b

Qynkuuo F (X), ansa kotopoii | |f (x)— F (X)| dx<e, npudem F (X) OrpaHuyeHa.

70 BCerja BO3MO)KHO B CHJIy caMOr0 onpejeieHusi uHrTerpaia JleGera.

Tak Kak BcsiKasi OrpaHnyeHHast QYHKIMS 3aBeJJOMO IPUHAMIKUT L% TO ee
Koo puLmeHT sl Pypbe CTpeMsITCS K HYJII0, 3HAYUT, AJIs1 A0CTaTOYHO Goybioro N
Oynem uMeTb

(P, @dx|<e mpu  n>N.
Kpome Toro, ’ ,
IJ[f(x)—F(x)]9’n(x)dxl<M6-
a Toraa
|aff(x)¢n(x)dx]<6(l+M) s n>N,

a CJIef0BaTeJIbHO,

ff(x)tpn(x)dx——>0 npu n—»oo,

U TeOpema J0Ka3aHa.

*) 3neck GyaeT MATH peub 0 GyHKIMAX, IPUHUMAIOMMX JIMIIb el CTBUTE/IbHbIE 3HAYEHHS.



§ 20 JIEMMA ®EUNEPA

Tak KaK TpUroHOMETpHUYECKasl cucTema COCTOUT U3 QyHKUMIMA, KOTOphIe oTpa-
HUYEHbl B CBOEH COBOKYNHOCTH, TO OTCIOJA, B YaCTHOCTH, BhITEKaeT

Teopema. Haa moboti cymmupyemot pynxyuu ee xodppuyuenmor Oypoe
10 MpuU20HOMEMPUUECKOL CUCMEME CMPEMAMCA K HYAH.

70T (haKT UMeeT 0YeHb 00JIbLIOE 3HAUeHHe, TAK KaK B AajbHellem (cM. § 62)
MbI VBUJMM, YTO T€ TPUTOHOMETPHUYECKHUE PsIb!, KO3(QPHULMEHTH KOTOPLIX He CTpe-
MSATCS K HYJIIO, MOT'YT CXOJMTLCA TOJIbKO Ha MHOXKeCTBE Mepwl Hylb. OJHAKO
O/THOTO TOJILKO CTPEMJIEHUs] K HYJII0 KO3(QQULIEHTOB TPUTOHOMETPHYECKOT0 psijia
BCe JKe HeJ0CTaTOUHO JJist TOro, yroOel OH cxomuics (cM. § 63); Majo TOro, Mbl
yBuauM ganbuie (raasa V, § 20), uto u psiaet Pypbe MOTYT PACXOAUTLCS B KAXKA0U
Toyxe. Takum 00pa3om, pobiieMa CXOAUMOCTH TPUTOHOMETPUUECKUX PSIIOB MO~
JISKUT CePLE3HOMY HCCIIe[JOBaHHUIO.

§ 20. Jlemma deiiepa

Teopema § 19 0 cTpemsieHus K HyJII0 K03(uiueHToB Pyphe sSIBISIETCST YacT-
HbIM c[nyqaeM cnenyromero o0mero pesynbraTta, npuHapiexaiero Peitepy
(FéjérIil),

JJemma Peiepa*). Ecau f(x) € L umeem nepuod 2z, a g(x) umeem
nepuoo 2w u 02paHudeHa, mo

lim ff(x)g(nx)dx = ff(x)dx- f g (x)dx . (20.1)

3pech 11 — co, MpUHUMas No0ble, a He TOJBLKO LieJble 3HauYeHUs (ToJarasi
g(X) = cos x unn g (x)=sin x, Ml Cpa3y BUAUM, UTO YTBEPI)KJEHHUE, Kacalomeecs
Koadpuuuenros Pypne, crpaBeiiuBo).

s pokasarenbcTsa Jemmbl Peliepa 3ameTuM CHavasa, yTo eciiu Jjist JII060ro
& > 0 MOYKHO HalfTu TaKywo @ (X), yTo

F110) —p@lax<e (20.2)

—7

u ecnu anst ¢ (X) paBeHcTBo (20.1) yrKe I0KA3aHO, TO OHO BEpHO U A f (X).
B camom pene, umeem st nmo6oro n

| [1@emar— ] p@emmdx|<Me, (203)

rne M — BepXHss rpaHp ¢ (X) Ha [—x, w]. danee, pa3 (20.1) cnpaBeaauBo Ajsi
@ (x), To Haitnercst Takoe N, 4To

\ f <p(x)g(nx)dx———21ﬂ~ f(p(x)dx jg(x)dx <emma n>N. (20.4)
Haxounen, u3 (20.2) 3akiouaem

)Z%I:rmdx_f:g(x)dx ——;;_fq»(x)dx [ geax|<

—T

<] fg(x) dx| <sM. (20.5)

XI’;)I)BTy JIEMMY MO>XHO B II€PBOM YTEHMM MNpomyCTutb. OHA NMOHAZOOMUTCA JMUIL B TIJjia-
Be .



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

CrepoBatensHo, u3 (20.3), (20.4) u (20.5)
| jf(x)g(nx)dx——jf(x) dxjg(x)dx|<(2M+1)s (20.6)

npu mobom n > N. A Tak KaK & KaK yrojaHo maiuo, To u3 (20.6) cienyer (20.1).

Tak Kak Kiacc cTymeHYaTolX QYHKUMH BCIOQy IUIOTEH B Kiacce QyHKUui
f € L (cm. BBopHbiii maTepual, § 21), To Mbl BUAMM, HA OCHOBAHUY TOJILKO UTO
JAOKa3aHHOIO, uyTO paBeHCTBO (20.1) MOCTATOYHO [0Kas3aTh AJISI CTYNeHYaThIX
¢yHKuui. Ho Ui HUX ero A0KasaTb y>Ke JIErKo, TaK KaK 0Tpe30K [—n, 7] pa3bu-
BaeTCsl Ha KOHEYHOE UMCIIO OTPEe3KOB, Ha Ka)KIOM U3 KOTOPHIX f(X) NOCTOSIHHA,
a TOTja, eciiu 0; TaKO# 0TPe3OK, f(X) = ¢; Ha HeM, U k — UHCIIO OTPE3KOB Jj, TO
paBeHCTBO (20. 1) npnﬂnmae'r BUJ

lim 2 ¢; J g (nx)dx = Zc] ,___ g (x) dx (20.7)

n—>o j=] Jj=1

1 OHO OyJIeT 10Ka3aHO, ecnu Mbl YOeaumest, 4To JUis J1I060ro MHTepBana o

n—-o

lim f g (nx)dx = —én— J’f g(x)dx . (20.8)

Iycrs 6 = (a, b). Umeem —x < a<< b < =n. Hapo nokasaTh, uto

. 1
lim = J g (x)dx, (20.9)

IpuHUMasi BO BHUMaHue, uto |g (x)] << M u g (X) nepuofuyecKas ¢ nepuofom 2.
C 3Toit Lienpl0 3aMeTUM CHayala, 4YTo

f g(nx)dx = 0 f gt . (20.10)

IMycrs m, u m, Takue Liensle uncna (KaXkaoe u3 HUX MO)KeT ObITh MOJIOMKH-
TeJIbHO, OTPULATENBHO UM PABHO HYJIO), YTO

my- 27 < na < (my + 1) 27, )

(20.11)
Mmy- 27 <_nb < (my+ 1) 2. }

Tak Kak

nb my - 2n nb na
fgWat= | gwydt+ | gwyat— | gt (20.12)
na my - 2n my« 27 my - 27

U JUIMHA WHTEPBAJIOB MHTErPUPOBAHUsI B JBYX NOCIEJHUX MHTerpanax GopMyJbl
(20.12) He mpeBOCXORUT 27, TO

l} g(f)df—zT'g(t)dtl<4Mu, (20.13)
Hanee e 2
z?mg ) dt = (my — my) j g dt (20.14)



§21 OLIEHKA KOY®PUIIMEHTOB ®YPbLE

B cuwiy nepuopuuHoctu g(f). 3Hauwr, us (20.13) u (20.14)

l }bg(f) dt — (my — my) jﬂg(t) dt| < AMm. (20.15)
Ho ms (20.11) -

(my—m—D2a<<nd—a)<(mg—m-+1)2mx,
a NOTOMY
nb—a)=(my—m-+6)2x, rae |[6]<<1.

WHaye rosops,
nb—a 0

2n ’

a NoToMy U3 (20 15) u (20.16)

4AMm
!n(b a) f gtydt— 2,, Jg(t)dt—l— a) fg(t)dt|<n(b -

OTcrofa cneayer, 4To

1 k4
lim f gdt=—— [ gyat
¥, NpuHumast Bo BHumMaHue (20.10), Buaum, uro (20.9) noxasaHo u TakuM 006pasom
[OKa3aTeJLCTBO JIeMMbl 3aKOHYEHO.

§ 21. Ouenka Ko(pduuHenToB Pypbe uepe3 HHTEr PATbHbIA
MOJYyJIb HenpepbIBHOCTH (HYHKUMH

Mbt Bugenu B § 19, uro muis nro6oii cymmupyemoit yHruun f (X) KoadpduumeHTsl
Dypoe ay, b, CTPEMSITCS] K HYJII0 IPU 11 — oo. OFHAKO HHOT A 3HAHMS1 OJTHOI'0 3TOT0
(paKra HeZOCTATOUHO ¥ IPUXOAUTCS OLEHUBATH CKOPOCTD, C KOTOPO# OHU CTpEMSAT-
Csl K HYJIO.

Hanomuum, uto B § 25 BBOJHOI0 MaTepuana Mbl ONpeLesIniy NOHATHE UHTEr-
paJIbHOI'O MOJRYJIST HeNpepblBHOCTH @, (9, f) ana f (x) u AoKasanu, uro ps a06oi
f € L umeem o, (4, f) - 0 npu 6 — 0.

[TycTs ¢, — KOMIUIeKCHbIe Ko3hduLmenTsl Pypbe GyHruun f(X), T. €.

2n

=g | f@e™dy (n=0,+1,42,...). (21.1)
B

7
3ameHsa x yepes X + —EMO)KCM Hamnucatb

2n

t= — j f(x +-n”-] e—inx dx. (21.2)

0

CruappiBas (21.1) u (21.2) u pens Ha ;iBa, noyyyaem

o =%J (160 — f (x + )| e,
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0TKyJa
27
1
el < [ |1 (x+ ) 1@ | dx< g7 o0 (5 1) -
0
Wrak, n1st KoMIUIeKCHbIX KoadduuueHToB Pypbe GyHKUMH f(X) uMeeM

el <gzoi(ff) @=x1x2..) (21.3)

B ciyvae neiictButenbH X K03 uuuenToB Pypne umeem, paccyKrast coep-
ILIEHHO aHaJIOTMYHO,

1
|an|<*2‘;w1(%,f),

| ba| <5 s (2, )

@opmynst (21.4) paroT HOBOE J0Ka3aTeJbCTBO TOr0, YTO KO3()OULUEHTHI
@ypre ot n1060it f(X) € L cTpeMATCs K HYJIIO, HO OHU, KPOMe TOr0, MO3BOJISIOT
CYMUTh O CKOPOCTH 3TOT0 CTPeMJIeHHs B 3aBHCHMOCTH OT CBOMCTB ()YHKUHUH, TAK
Kak, rpy6o roBopsi, yem QyHKIHMS «Iydlle», TeM ObicTpee CTPEMUTCS] K HYJIIO ee
MHTerpajipHbIi MOAYJIb HENpepbIBHOCTH.

Ecnu f (x) mepuopnyeckasi u HelpepblBHA Ha [—, ], TO U3 OMpeeseHUst
MOJyJIs1 HenpepbIBHOCTH (cM. § 25 BBoaHOro maTepuana) cpasy 3akiroyaem

wl(é,f)<w(6,f)2n,

a TOTOMY JUIsl HelpepolBHOH f(x) umeem

EAECIESN)]
[ba| << o (1)

§ 22. Koapduuuentol dypoe A GyHKumii ¢ OrpaHHYEHHBIM H3MEHEHHEM

(n=12...). (21.4)

(n=12...). (21.5)

’

[Mycry f(X) — dyHKUMA ¢ orpaHuMueHHBIM u3MeHeHueMm Ha [0, 2z]. Eciu
V — ee nosHoe u3meHeHue Ha [0, 2z], TO MBI UMeeM

2nf( +hZ) —f(x+E—DI) <V (22.1)

Ho paccy)xnasi, kak B § 21, mbl umeeM

k=1

|an|<2—‘,,~fw(x+—:—) — ()] dx,

|6a 1< .[ 1 {x+ %) —F ()] dx,
a TaK Kak B Cuiy mepuofudHocTu f(x) umeem s jmoboro k

Flrferem) =t e 5 ae= [ |1t 2) —re]es
0 0



§23 POPMAJIBHBIE OIIEPAIIVNM HAQ PAOJAMU ®YPBE

TO MO)XHO TakK)Ke HallucaTb

2n
|0, <e | ‘f(x+k%] —f(x+ @~ 1)%)‘@.
0

CruafipiBast BCe TaKue HepaBeHCTBA Ijst k= 1,2, ..., 2n u JeNs 3aTem Ha
2n, HalifeMm, IpUHUMasl BO BHUMaHue (22.1),
27
|0, < g+ | V= (22.2)
NS 4qp 2n :
0
U aHaJOTUYHO
|4
|bn|<—~2n . (22.3)

Otcrona BLIBOTUM: 042 /0001 PYHKYUL ¢ 02pAHUYCHHbIM U3MEHEHUEM
1 1
6, =0(), b=0() (22.4)
(o6osnauenue O (—:l—) cm. B § 11 BBogHoro marepuaina).

Eciu motpe6oBath OT f(x), yro0bl, KpOMe OrpaHMYeHHOCTH U3MEHEHHUs], OHa
OLia ele HempepblBHA, TO BOSHUKART BONPOC, HENIb3s1 JIM YJIYYILUTh 9Ty OLIeHKY?
OKasblBaeTcs 3T0 He TaK, B ueM Mbl yOequmes B § 2 rnaswl 11.

§ 23. ®opmainbHbie omepauud Hajx psgamu Pypbe

Mui Bugenu (cm. § 11), 4T0 TpUroHOMETpUYECKasi CUCTeMa NOJHA B L, T. e.
e CyMMUpYyeMble YHKLHUI MOTYT UMETH OJIUHAKOBLIE PSIfil PYpbe, TOJNBKO eCin
OHHM paBHbI NOUTH Belofy. Takum o6pasom psag Pyphbe, 1a)ke eciid OH He SIBJISAETCS
CXOJSIUMCSI, BCE JKe TeCHO CBSA3aH TOJBKO C OJHON gyHKUMell. Mbl ceituac y0e-
quMesi, uto ¢ psitamu Pypbe, X0Ta Obl U PACXOAALMMUCS, BO MHOTHX CJIydYasix
MO)KHO COBepIUaTh TaKue JKe Omepalyd, KaK eciiy Obl OHM CXOMMJIMCh K TeM
(YHKIUSIM, OT KOTOPHIX OHHU SIBJISIIOTCS psiiamu Dypre.

1) Cnoxenue u BoHuyuTaHune psagpos Pyppe. Ecmm Ham
HY)KHO COCTaBUTb psifi Pypbe OT CyMMbl UM PA3HOCTH ABYX (QYHKIMHM, TO 10CTa-
TOYHO CJIO)KUTDb (MJIM BBIUECTb) Psibl Pypbe OT 3TUX QYHKUMIA. JleHcTBUTENBHO,

eciun
n=+ow

f(xX)~ 3 cpeinx

n=—ow

n=+ o

g(x)N 2 Vneinx’

nN=—o

TO
n=+ o
[ £g()~ > (6 £y e,

N=—ow

TdK KdK

o [ 1) £ g (] eimedx =

= 717-1— j f(x)e-inxdx 4 ?1; f g(x)ye~imcdx=c, + 7,

—7
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Tak Ke, ecnu Obl psig Pypbe ObUT 3anucaH B AedCTBUTENLHONH (OpMe, MBI
y6equnuce Obl, 4T ecnu a, u b, — Koapduuuents Pypoe 1us f(x), a ¢, u d, —
KoapouuuenTsl Pypre Ay g (X), T0 a1 f(X) + g (X) Ko3QPUIMEeHTs UMEIOT BUJ
a,+c,ub,+d,

2) YMHO) eHHe Ha NOCTOsIHHYW0. Cpady BUIHO, YTO €CIIH

n=-+ o

fE~ = e,

TO
n=+ow

kf(x)~ 2 kcpetnx,

n=—o

rae k — mo0oe NOCTOsIHHOe Yuciio. JJoKa3aTelbCTBO NPOBOAUTCS, KaK B Tpefpl-
AyLleM ciyyae.
3) Pag ®ypbe nasa f(x+ a).Ecin a — moboe MOCTOSIHHOE, TO U3

fO)~ 2 e

f(x _I_ a) ~ Z (cn elna) einx ~ Z cn ein(X'l‘a) .
JlelicTBUTENBHO,

cienyer

1 4 1 ¢ . 1 4 .
o [t @yeimax = 5 [ femint-ogt = eime L [ f(t)eineat .

—n

CrnenoBarenbHo, psn Pypbe A5 f (X + @) BHIIISAUT TaK, KaK ey Obl Mbl IPOCTO
B psiie Pypbe 11 f(X) NOACTABUIM BMECTO X BeJMYUHY X + a.

Unrartenp nerko y0eauTcs, 4To TaKOU YKe pPe3yJIbTaT UMeeT MeCTo, eCli s
®dypbe 3aaH B HefCTBUTENBLHOU QopMme.

4) Pan ®ypoe gusa f(x)e™, rne m — nemnoe. Vmeem

. n=+ .
f(x) eimx ~_ 2 Cpepm €1%

n=—o

TaK KaK
414 T
1 i i 1 Citne
o ff(x)e""xe mdx = J f(x) e—itn—mxdx
—r -7
Orcioma cHOBa cieyet, 4To Ko3dduuuenTsl Pypbe ONpefessioTcs TaK, KaK

ecny Obl Mbl MMEJIM NIPaBO ONEpPUPOBAThb C PSOM, KaK CO CXOAALIUMCS: B 9TOM
ciaydae umenu Obl

n=+o . . n=+o X k=+o .,
f (x) elmx — 2‘ c, einx pimx — Z Cn eitn+mx — 2 Chmm ezkx-
N=—o n=—ow k=—o

5) Pagn ®ypbe ans f(x). Ecm
fO) ~ 2 cne™,

F@) =X ce™,
4TO MpOBepsieTCsl HemoCpefCcTBeHHo nmo dopmynam Pypbe.

6) Pag ®ypbe nusa «pepTkm. Jonycrum, uro f(x)u g (x) — ase
nepuojuyecKue QyHKUMHY,

f)eL[—m n] u g(x)€L[— =, a].

TO



§23 POPMAJIBHBIE OIIEPAIIVNM HAQ PAOJAMU ®YPBE

Paccmorpum npoussenienue f (x--f) g (f). Eciu He Hanarats Ha f(x) 1 g (X) HuKaKux
HOTIOJIHATENIbH bIX OTPAHUYEHHUI, TO 0HO MO)KeT 0Ka3aThbCsl HeCYMMUPYeMOoi GyHK-
uueii mepemennoro {. Ho mul noxaxkem, cienys Oury (Young 3!), yto aTo npousse-
JleHue UIsT TOYTH BCeX X eCTh Cymmupyemast QyHKUus oT f Ha [—am, ] 1, mojaras

QW =55 [ 1e+Dg@ar, (23.1)

umeem Q (x) € L [0, 2x]. Ita pyHKuus Q (x) HasbBaeTcs ceepmioii jnst f(x) u g (x).
JloCTaTouHO, pasyMeeTcsi, paccMOTpeTs ciayyait f(x) >0 u g(x) > 0.
[Mono>xum

F)= | f(tt.
Torna ¢yHKuMs o

SIPe+—Fe—mlg0a= {at] §[¢+ung®d]

CYHeCTBYeT U KOHEYHa JUisl BCSIKOTO X. [Tonaraem

fE+u)g®), ecm ft+u)gt)<<M,

f(t,u,M)"—-{
M, eco f(t+u)gt)y > M.

HNmeem
fat f1e+we®du= § dt lim (Ft,u, Mydu =

= lim { at fxf(t,u,M)du=A14im (au (fit,u,Myat =
=_§n du 13152 juf(t, u, M)dt. (23.2)

[Mpepen lim j f (¢, u, M) dt moXKeT OKasaTbCsl paBHbLIM - oo, HO B CHJIy paBeH-
Moo —n

crBa (23.2) 3T0 MOXKeT UMeTb MeCTO JIMILb JJIsI TOYEK HEKOTOPOT0 MHO)KECTBA Meph
k4
HyJb. B Tex )Ke TOUKax, Iie OH KOHeYeH, OH paBeH j f@+u)g)dt.

-~
Hrak, Ml y0enuen, YTo CBEpPTKa Q (X) NOYTH BCIOAY ONpeJesieHa U CyMMu~
pyema. Tenepn Boipasum koadduuuentsl ee psima Pyppe uyepes KOIQOULUEHTH!
pspoB i f(x) u g (x).
Ecan

f(x) ~ 2 e,
g~ 2 d e,
To KoapduuuenTl Pypbe p, AT Q (X) UMEIOT BUA
o= Cad_y . (23.3)
JelcTBUTENBHO,

{z_l,{j;f(x-l-t)g(_t)dt} e-inxdx .

!_ﬁ:

1 [ 1
ﬂn”—:j‘n—f Qx)e i dx = 5

Q



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

MeHsIst NOPSIOK MHTErPUPOBAHMSI, TOJIyYaeM
k4

= | £ {—},;ff(x+t>e—f"xcbc}dt=

10 1 ¢ . RPN
=51 20 {2_n J @ e—m(z-‘)dz}dt =5 j gyerte, dt=c,d_, .

(Mepemena Nopsiika MHTErPUPOBAHMSA 3/1eCh 3aKOHHA, TaK KaK IO Teopeme
®ybunu (cm. § 18 Beoanoro matepuana) TaKyo nepemeHy BCerja MOXKHO NpOu3-
BOJUTH HaJl HEOTPHLATEILHBIMI CYMMUPYeMbIMH QYHKLUUSIME, HO e~* = cos nx —
— i sin nx, a COs NX ¥ Sin NX MEHSIIOT 3HAK JIMLIb KOHEYHOe YKCIO0 pas Ha [—w, 7],
I03TOMY pacCMaTpuBaeMbie MHTErpajisi pacHajalTcsl Ha TaKue, JUIsi KOTOPBIX
flepecTaHOBKa MOPsIAKA 3aKOHHA.)

Urak,
Q(x) ~ 3 c,d_, e . (23.4)

[ToniesHo OTMETUTD 81€CH HKe, UTo ecln f(x) € L2u g (x) € L2, 70 3 |¢,|? < + oo
u 3 |d,2< + oo, a notomy u Y |c,d-,| << + co. Temnepnb NMOKa)keM, UTo B Cfe-
JIaHHBIX [IPE/NOJI0MKeHusX Q (X) HenpepbiBHa. s aToro cHavana pasoldbem g (f)
Ha JBa cnaraemelX, g(f) = g, (f) + g, (t), TaK, urolut g, (f) ObUIa OrpaHuueHa, a

_fn g (Hdt < e, rme e > 0, 3amano. Vimeem
Q(x-l-h)—Q(x):-gl; f [fx+t+h—fx+t]g@®d+

+-z“l;?f [fx+t+m)—fx+D]e®d=5L+1,.

Ecm g, () |<<M 0<t<2m), To0
Il <55 [ FG&+t+n—[¢+1)d=

—JT

I

S+ = p@1dt< w0,

st 0 < | h| <C 6, tre o, (8, f) — uHTerpanbHbiil MOXYNb HempepsBHOCTH (QYHK-
gan f(x) u, 3HaUuT, [, MOXKET ObITh CleNal KaK yrOAHO MalniM, ecn & JI0CTa-
TOUHO MaJio.

s [, Haxogum

1< | F e een —poropa | feoa< | T poa.

Wrak, |Q (x + h) —Q (x)| MOXKeT 64Tk CETAN0 KaK YIOIHO MalbiM, ecu i ocTa-
TOYHO MaJio.

Teneps samernm, uro pas Q(x) HenpepuiBHa U psj (23.4) CXOAUTCS a0COTOTHO
1 paBHOMEpHO, TO 3TOT Psiji, B Cuily TeopeMsi § 12, cxoautest K Q (X) B KKl
TOUKe. B wactHocTy, oTciofa nosyuaem, nonarast x = 0,

QO =, [ igoa="> cd,. (23.5)

nN=—m



§23 POPMAJIBHBIE OIIEPAIIVNM HAQ PAOJAMU ®YPBE

7 Psap &ypbe nnst npoussenenus. Ilycrs

n=+ow i Nn=+o .
f(x) ~ 2 Cn e, g (x) ~ 2 d,em .
Honycrum, uro f(x) € L2 u g(x) € L2. Torma f(x) g(x) € L.

IMonaras

n=+ow .
fg) ~ > yner,

N=—c

NOKa>KeM, 4TO
k=+o

yn = 2 Ck dl‘l"k . (23.5’)

k==

Uro0bl y0eauTsCsi B 9TOM, 3aMeTUM, UTO

Vo= | 10)g(x)emdx,

a MoTOMy, ToJaras .
h(x)=g(x) e, (23.6)
umeeM

n=§;jﬂnmww.

Ecnu 0603Haunth uepe3 u, KoappuuueHnts: Pypne o1 h(X), To no Hhopmy-
ne (23.4)

k=+

Yn= 2 Crl—y- (23.7)

k=—o

Ho Tak Kak Ha ocHOBaHuM NYHKTa 4) storo naparpada us (23.6) cnenyer

M= dk+n )
TO
k=+

Yn= 2 ckdn—]u

k=—o

a 310 U ecTb opmyna (23.5"), KOTOPYIO Mb! XOTeNHM A0Ka3aTh.

3ameduaHue. HanoMHuM, UTO JUIsI YUCJIOBLIX PSJIOB IOKa3HWBAETCs CIIpa-
Be[UIMBOCTb CIIeNYIOLIell TeOpeMbl: eClu Uy + Uy -+ ... + U, 4 ... abcomoTHO
CXOMUTCSA, U CyMMa ero pasBHa U, a Vo+ V; + ... + v, + ... abCoJ0THO CXO0-
JAWUTCSI, U CYMMa ero paBHa V, TO PAX

UgVo+ (Vs + Vo) + oo + WUoVn+ Uy Vpy + - .. F U, V) + - ..

a0COJIIOTHO CXOAUTCS M CyMMa ero ecTp uv.

HeTtpynHo npoBeputsb, YTo eciu Obl Mbl' COCTABWIM PsSI [UIst TPOU3BENEHUSE
f (X) g (x), nonb3ysAChLITOM HOPMYII0it YMHOIKEHUS PSJOB, TO KO3 (ULUEHT bl STOT0
psifia KaK pas u BbipaXkanuchb Obl popmyoit (23.7), T. e. Mbl BUUM, UTO C PAJAMU
®ypbe 37eCh MOXKHO 00pamaThesl TaK, KaK eciau 0bl OHU a0COJIOTHO CXOAMIIMCh.

CnemcrBue. Ecnu Mol umeeM 3 |¢,| < + oo u Y |d,| < 4+ oo, TO ¥
2 | ¥nl < + oo, TaK KaK U3BECTHO, YTO NPOM3BeeHME ABYX a0OCOJIOTHO CXOJs-
WUXCST PSIZIOB CXOJUTCST a0CONIOTHO ; KpoMe Toro, ' | vl < 3 |, 2 |d,], TaK Kak
B a0COJIIOTHO CXOMSIIEMCST Psifie MOMCHO UJIeHbl IepecTaBisiTh KaK YTOAHO, H OT
9TOT0 ero Cymma He M3MeHHUTCs.



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

IMo3)xe (cM. § 61) MBI yBUAMM, YTO abCONIOTHAsE CXOMMMOCTL TPUTOHOMETpU-
9eCKOro psifia Ha [—m, 2] UMeeT MeCTO TOTJa U TOJBKO TOrJa, KOrja CXOXUTCS
psif U3 abCOTIOTHBIX BeJIMUMH ero Koadduuuentos. ITosTomy nmeeT MeCTo

Teopema. Ecau f(x)u g(x) pazaazaromeca ¢ abcoaomno cxooauyuecss mpu-
20HOMempUYecKUe PAOL, MO IMUM c80Licmeom 00.4a0aem u UX npoussedeHue.

8 UurerpupoBaHue panoB ®ypsre. Ilycrs f(x) —nepuonu-
gecKasi cymmupyemasi GyHKuusi, a F (X) — ee HeonpeJeseHH biii unTerpan Jlebera

F(x)=c+off(t)dt.

Mui craBum cefe Lenbio HailTu pasnoyxeHue F (X) B psig Pypbe, eciu psj s
f(x) yxe Haiinen:

n=+o .
)~ 3 cpein.

n=—o

[Mpesxcue Bcero sameTuM, uTO

F@2n) —F (0)= Tf(t)dt:%co,
0

a notomy eciu ¢, + 0, To F (x) ne 6yner nepuojuueckoit. Ilosromy paccmoTpum
BCIIOMOTaTEbHYI0 QYHKLUHKIO

D(x)=F (x) —¢cyx. (23.8)
Tak Kak

(D(x—|—2n)=F(x—|—2n)—co(x—|—2n)=C—|—2”fxf(t)dt—cox———c02n=
0
=C+ gf(t)dt—cox=f15(x),

10 @ (x) y)Ke mepuoguyeckasi. OHa aGcoNOTHO HempepeiBHA, KaK 1 F (X), u
@' (x) = F’ (x) — ¢ =1 (x) — ¢, mouTH BCIOAY.

Haiinem xoapduuumentst Pypoe s D (x); umeem 1is n <+ 0

27
1
c,,=2—n£ @ (x) e-irxdx =

D (x) e—inx }

27 2n
1 27 1 i c >
=—2n{ —in o T 2mm Jf(x)e e dx — 5 J e-inxdx  (23.9)

(vHTErpUpOBaHue M0 YacTsAM ObUIO 3aKOHHO B CHJIY aOCOJIIOTHOH HerpepbiBHOCTH
@ (x)). Tak kaKk @ (2z) = @ (0), To OTCIOAA Cpasy MOJyyaem

Co=—, (n=%1,+2,...). (23.10)
Mg Mo)KeM Tenepb HallKCaThb
D (x) ~Co+ 3 -en, (23.11)

rfle 3HaK Y’ 03HayaeT, YTo NpomnymeH uied ¢ n = 0.
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U3 (23.8) u (23.11) 3axmouaem
F(x) — cox ~ Co + 3" ginx | (23.12)

in

$lcHo, uTo ecnm Obl MBI COBepIIEHHO (JOPMabHO IPOUHTErpUpPOBAIU PSR
o (f), To monyuunu Oul auia F (X) ToT »ke pan (23.12).
Ecnu 0b1 psap a1 f(x) Obl1 HanucaH B AeiicTBUTENBHON (opme

f()~-2+ Sa,cosnx+ b,sinnx,

TO TaK e Nojyunin Obl

— bn €08 nx + an sin nx

F(x)—2x~C+ 3 = .

9) Huddpepennupopanue psinoB ®ypbe. Paagn ®ypbe—
Crtuntbeca. Ilycte F(x) aGcosmoTHo HenpepsiBHa Ha [0, 27z] 1 nmeer me-
puon 2z. Ecnu

F (x) ~ 2 Cn einx ’
TO JUIs ee NpOU3BOJHOM Halnem
F' (x) ~ Yinc,en* . (23.13)

JlefiCTBUTENBHO, OCTATOUHO NpuMeHHTb Gopmyny (23.10), monaras f(X) =
= F'(x).

Taxum o6pasom, psit Pypwe JUist TPOU3BOJHOM OT F (X) monyyaeTcst TaK, Kak
ecnu Ont Ml npoauddepentupobanu paj Pypee s F ().

AHanoruyHo, eciu

F(x) ~-2+ 3 a,cos nx + b,sin nx,
TO.
F' (x) ~ 2 n(b, cos nx — a,sin nx) .

3ameTuM, OHAKO, YTO 3TH (OPMYJbl BepHbI, JHIIbL ecau F (x) abcomorHo
Henpep biBHA, B IPOTMBHOM CJIyyae OHa He sIBJISIeTCS HeONpe/leJIeHHbIM HHTErpaIoM
JleGera oT cBOEi NPOM3BONHOM, fa)ke eCJIM 3Ta NIPOM3BOJHAS CYLIECTBYET U CyM-
mupyema.

B cnyuae, xorpa F (x) ectb QYHKUHMSI C OFpaHHYEHHBIM H3MEHEHHEM, TO,
noJjaras,

2n
= [ emdE (n=0,%1,...), (23.14)
0

rae uHTerpan B Qopmyine (23.14) ectb uHTerpan Pumana—CrunTheca (cM.
BBoaubiit MmaTepuan, § 16), numyT

dF ~ 3 c,einx (23.15)

1 HaspBalOT 10T psift (23.15) padom dypee—Cmuavmoeca om dF.
Ecnu Mbl I0JI0KUM

D (x) = F (x) — ¢y %,



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

TO @ (X) TO)Ke C OTpaHUUYEHHbHIM M3MEHEHMEeM, ¥ TIPUTOM MepuoaudecKasi. I1ycThb

C,, — roaduuuentsr Pypoe st  (X); TOrAa npu i1 + 0, UHTErPUPYsI 110 YACTSIM,
Haxoaum
2n

2n
1 ; 1 ’ ; [
Co=22 [ P () emdx =5 l e dd =,
0 0
TaK KaK d® = dF — ¢, dx. CnefoBaTespHO, eCIH
D (x)~Co+ ' C,eimx,

rie 8HaK " yKasblBaeT, UTO 4jeH ¢ 11 = 0 OTCyTCTBYeT, TO

O ()~ Cot 3 L2et

F(x) = Cox ~Co+ 3" -einx. (23.16)

s ¢popmyn (23.15) u (23.16) cnenyer, uro pad ®ypse—Cmuameeca 049 dF
¢ MOYHOCMbI0 00 KOHCMAHMbL C06NA0Aem ¢ pe3yAbmamom Ouddepenyu posanus
paoa dypee om F (X) — coX.

§ 24. Psagpl dypbe 0T MHOrOKpaTHO AuddepeHunpyeMbIX GyHKUM

Honyctum, uro k > 2, yHKuus f (x) MMeeT Mpou3BOAHbIE 0 OpsiAKa k — 1
BIUIIOUNUTEIbHO, U Tpou3BofHasi (k— 1)-ro mopsiaka a0COJIOTHO HeNpepbiBHA;
TOrAa k-51 npou3BojHasi cymmupyema. O6o3nauasi uepes ¢ koagduiments Pypbe
st f® (x), Haxoaum no popmyite (23.10)

K k—1 K
T L L. S
n in’ n in (in)2 ?
 T. JI., HAKOHell, ©
¢
Ch = 77

~ ()

Orcrofa cpasy sICHO, UTO ueM 60JIblie (yHKIKS UMeeT NPOU3BOJHBIX, TeM ObicTpee
ee Koa(¢puLeHTsl DPyppe CTPeMSITCS K HYJIO.

B wactHocry, ecnn f®) (x) mouTu BCIOAY ONpefesieHa M CYMMUpyeMa, TO ¢4
CTPEMSITCSI K HYJIIO TIPU 11 —> + oo, KaK Kod(duuueHTsl Pypbe 0T CyMMUPYeMOH
(yHKUMY, a TOTAA

Ca=10 (I—,}—lk—) . (24.1)

Takasi yKe OLleHKa, eCTeCTBEHHO, MMeeT MecTo, ecu psif Pypbe umeer me-
CTBUTEJILHYIO (OPMY, T. €.

4 =0 (L) n b, =0 (L) . (24.2)

nk nk
§ 25. 0 xoadduumenTax dypbe ANs aHAIHTHYECKUX (byHKLHi

IMycts f (x) — QyHKUMA [eHCTBUTENLHOTO MEepEeMeHHOr0, aHAJUTHYeCKast Ha
0TpesKe [—m, 7] U MepHOfMYeCKasi ¢ MepuofoM 2z. OueHum ee KOI(HULUEHTbI
®ypbe. Mbl TOKa)KeM, UTO OHU yOLIBAIOT CO CKOPOCTBIO FeOMEeTPHUUECKO# Iporpec-
cuu; TouHee, Halimercst Takoe 6, 0 <C 6 < 1, u TaKoe MOCTOsIHHOE A, UTO

le | <<AO'"  (n=0,+1,42,...) (25.1)



§25 O KORP®O®UILIMEHTAX ®YPBE OJId AHAJIUTUYECKUX ®YHKIINN

WM B JIeHCTBUTESIbHON (popme
la,|<CTAO" u |b,|< A0 (n=0,1,2,...). (25.2)

Yucna 6 u A 3aBucsit, Boo0O1ie ToBopsi, 0T paccmaTpuBaeMoit QyHKUuH f (x).
Uro0bl 10Ka3aTh 3T0, 3aMeTUM NperK/ie BCero, YTo B CUIy YCJIOBUIA, HaJI0)KeH=
HBIX Ha f(X), umeeM

f(=m)=f(@) u fO(—m)={O(@) (*=12...).

Ipu Bourcnenuu KoadgduurentoB Pypbe 113 QyHKUMY, UMeIOIeH k Ipous-
BOJHBIX, MBI BuJeau (cM. § 24), uro

|cn|'— |ck|;

Inlk

e ¢ — woadpduuumenter dyppe ot f* (x). Ho
&P = | [0 @) eimadx.

Iloaromy, ecu 0603HaUUTL Yepe3 M, maxcumym moayus f® (x), To

Mk

|0l < e -

Ho JJIs1 YnuceJl Mk CIIpaBeJIMBO TaKO0€ HEPABEHCTBO:
M, <Btk! (k=1,2...),

rae B — koHcraHTa *). IToatomy

Bkkl Bk \k
el < T < (Inl) (n=+14+2...) (25.3)
BeiGepem uncio p Tak, 4ToObI
% <l (25.4)
1 II0JIO)KUM
0, = % : (25.5)

*) B camoM Heie, U3 CAEJAHHBIX OTHOCUTENBHO [ (X) NPEANOJIO)KeHUi! BBHITEKAET, 4TO ee
MOYKHO AHAJIMTHYECKH MPOJOIDKUTH HA HEKOTOPYIO TUIOCKYI0 00/1aCTh, COAEPIKALIYI0 OTPE3OK
[— =, =]. Ecnu mer 0603Hauum depe3 C MPOU3BOJILHBI CIPSIMIISIEMBL KOHTYD, 0XBATHIBAIOLIMH
OTPE30K [— 7, 7] u nexamuif B 06;1aCTH aHAUTUYHOCTH [ (%), TO no dopmyie Kommu

k) 1@ .
7O (x) = 2 por (2 — x)iri dz.
c
Ecnu anuna xontypa C ectsb I, — | f(2)| = M u munumym paccrosiaust Touex 2 Ha
C ot TOUeK X HA [— 7, 7] paBeH 0, TO

1 1
[ 1% (x) <K M1 o k!mﬁkﬂ < BF k1,

eciu BeiOparb B Tak, 4ro0sl B > %” B> 81\:11;2;



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

Yucno k B ¢popmyse (25.3) HaxXomuTcs1 B HalleM pacrnopspKeHHH, TaK KaK
GyHsKuusa f(x) umeeT NpoOU3BOHbIE BCeX NMOPSAKOB. I103TOMY NMpy 3aiaHHLIX 11 U P
Mbl MOYKEeM HaWTH Lesoe k U3 yCJIOBUS

k<l <ie 1.
Ecnu Tak, To |n| > pk u, npuanmas Bo BHuMaHue (25.3) u (25.5),
In].
Bk . 6ft1 6, P
el <(5) =0%= 4 <—2— (25.6)
TaK Kak B cuny (25.4) u (25.5) umeem 6, < 1; o003Hauas yepes 6 yucio, KOTopoe
YAOBJIETBOPSIET YCIJIOBUIO
1
6Pp <6<1, (25.7)
¥ ToJiaras
1
A=+,

umeenm u3 (25.6) u (25.7)
le,| << Aobinl (n=0,1,2,...),

a 910 M TpeboBanoch JoKasars (cM. 25.1)).
Ecnu mel Gepem psig Pypre B AelicTBUTeNIbHOI (pOpMe, TO HepaBeHCTBA NMpH-
HUMaKT BUJ,

la, | <A u |6 |<<AO"  (n=0,1,2,...).

CrnpaBenuBo u 00paTHOE MpejUIoyKeHHe, a MMeHHO: ecnu Y QyHKuuu f (X)
Koo ¢uLuenT bl Pypre YAOBIETBOPSIOT HepaBeHCTBY (25.1), rae A MOCTOSIHHO,
a0 <6 <1, o0 f(x) — QpyHKUMs aHANUTUYECKAsT HA OTpesKe [—m, 7].
HeilctButensHo, psif 3 |¢,| << + oo, 1 Mbl UMeeM TOT A

n=+o

f(x) = 2 cneinx.

N=—o

Hupdepenuupys aTo paBeHCTBO k pas, rie k yoboe, mosyyaem
n=+ow
P (x) = ¢, (i) nk einx,

n=-—

HuddepeHuupoBanie MOYJEHHO 3aKOHHO, TaK KaK MOJYyYaeMblii psifi CXOXUTCS
a0COJIIOTHO U pAaBHOMEpPHO BBHJY TOT0, UTO

len (DF me | AGRn ¥,

1 TaK KaK k MOCTOSIHHO, TO CXOAUMOCTD psifia Y 0(™|nk| BbiTeKaeT X0Ts Obl U3 NpHU-
MeHeHHs K Hemy Npu3Haka Ko,
Hrak, f(X) umeer npousBofHbIe BCeX mopsiaxoB. Ho, kpome Toro,

M, = max |f® (x)|<{2A Z 0"nk .
n=1

OTCIOlIa MOJKHO BBIBECTU CIIpaBeIJIMBOCTL HEpaBEHCTBA
M, < Btk!



§26 NIPOCTEHNIIIUE CJIVUHAU CXOAUMOCTU PAJOB ®YPbBE

npu HeKoTOpoM B. JlefCTBHUTEIBLHO,

© ©

j‘ 0% xk dx =_.l_n"0_J' gxxk—ldx=£%;_‘0ﬁf 0x xk—2dx = ...
0 0 0
= (e

Ink 6’

OTKy/la U BBITEKaeT Hy>XHOe HepaBeHCTBO.
Ilycrs Tenepn X, — niobasi Touxa [—am, x]. [lycTh X — n100ast Apyrasi Touka,
JJIs1 KOTOPO#

1
|x—x0|<?.

Ha ocHoBaHuu ¢popmyusl Teiinopa ¢ ocTaTOYHBIM 4ieHOM B popme Jlarpanika

n—1 ’ _
)= 1060 (g 4 [OCE T oy,

k=0

rne 0 < ¢ < k. Ho

<E (= (B x — x|

) 0 (x —
| f (xo+nl(x Xo)) (x — xo)"

1
B cuny |x — x| < -z TpaBasi 4aCTb CTPEMUTCS] K HYJIO IpH 71 — oo K,
3HAyYWT,

©

f0)= 3L x — xpx,

k=0
T. €. f(x) pasnaraercst B psi Teiliopa B OKpeCTHOCTH TOUKHU Xy; HO X, — niobast
TOYKA U3 [—m, ], 3HauwT, f(X) — aHanuTHYecKast GpyHKUus HA [—m, w].
§ 26. Ipocreiimue ciyyan a0bCOMOTHOH H PaBHOMEPHOW CXOAUMOCTH
psanoB ®@ypbe

Haunem co ciefyromero npocToro sameyanusi. PaccMoTpum TpUrOHOMETpHU-
YecKuil psn

% + Zw‘ a, cos nx -+ b, sin nx . (26.1)
Ecnu =

TO OH CXOAUTCs1 abCoIOTHO (M paBHOMEepPHO) Ha [—m, ).

[Tos1e3HO OTMETHUTH (Mbl YKe YKasblBajll Ha 3TO B § 23), UTo CXOJUMOCTD Psifia
(26.2) He TONBKO HOCTATOYHA, HO WM HeoOXOAMMA *) Juist TOro, yrolbl psj (26.1)
cxopmiicst a0CONIIOTHO Ha [—m, 7 ].

OcraHoBuMcsl cefflyac Ha PacCMOTPEHMH HEKOTOPBIX KOHKPETHLIX CIIyYaes,
Koria psin Pypbe cxoauTcst aOCOJMIOTHO U paBHOMepHO. Eciim 9T0 MMeeT MecTo,
TO STOT PSI UMeeT CyMMoH# Ty QyHKuUuIO f(X), AJs1 KOTOPOH OH CIY)KUT PSIAOM
®ypbe (cm. § 12). B yacTHOCTH, O0TCIOA BHITEKAET, YTO

*) B § 61 Oynmer mokasaHo, YT JISA CXORMMOCTH (26.2) KOCTATOYHO aGCOTIOTHOH CXOmM-
mocty (26.1) He HA BceM oTpeske [—m, 7], a JMIIb HA MHOYKECTBE II0JIOXKUTENbHONH MepBL.



OCHOBHBDIE IIOHATHA 1 TEOPEMBI ria. I

Ecau f(x) umeem cymmupyemyto npou3gooHyt 6mopo2o nopsaoxa, mo ee pso
®ypve pagHomepHO cxooumes K f(x).
HeiictBuresibHO (cM. § 24) B 3TOM Ciyyae

anzo(%), bn——'O(%).

B nanbHeiiiem Mbl yBUAUM, UTO HaJslo)KeHHbie Ha f(x) TpeOoBaHUS CIMLIKOM
OrPaHUUUTEJILHEL K MOYKHO IOJIYYNTh PABHOMEPHYIO CXORUMOCTb B TOpasyo OoJiee
00muX NpeAnosyoyKeHussX, HO MOKa 1es1ecoobpasHo OTMETHUThL 3Ty TEOpeMY, TaK
KaK Jake 1 B TaKoil (popme OHa OKa3bIBaeTCsl MMOJIe3HOM.

OTtmeTuMm 37iech elie OJMH NPOCTOi, HO Ba)ykKHbill CIyuyait, KOT/a Jerko o0Ha-
PY>XUTb a0COMIOTHYI0 U PaBHOMEpPHYI CXOAUMOCTL psiia Pypbe, a MMEHHO:

Teopema. Ecau F (x) abcoaromHo HenpepbigHa u ee npou3eoonas F’ (x) =
= f(x) ecmb pyHryua ¢ unmeapupyemvim K6adpamom, mo pad Pypee om F (X)
cxooumces abcoMOMmHO U PABHOME PHO.

HeicTBUTeNIbHO, B 3TOM Cllydae, eciau KoddduimenTsl Pypbe oT f(x) 0603Ha-
4UThb Yepes a,, b, To Y a2 + b2 << + oo (cMm. § 13), a mo popmyue (23.10), 06o3Ha-
uasi yepes A, u B, koapdunueHTsr Pypbe oT F (x), umeem

A= w [Bl=

n a
n |

n
n

’

a moTomy

1 1 1 1 1 1
[Anl<7|bn|2+7? u ‘Bnl<7a%+7_’—

n2

CrenoBaTesnbHO,

©

S 1A+ 1Ba| <40,

n=1

U Teopema JI0Ka3aHa.

B § 3 rmaBe! IX aTa Teopema 060061iaeTcst, MMEHHO BMECTO ruroTess! f'(x) C L2
paccmaTpuBaercst ciyuait f'(x) € LP (p > 1) u nokasbiBaeTCs, 4T0 pe3yJbTaT
coxpaHsieT cuiy. Tam »Ke faeTcst psii ropasjo 0oJiee CHIIbHBIX TeopeM 00 abcotoT-
HOM CXOJUMOCTH psioB Pyphe.

B KauecTBe 0ueHb YaCTHOIO CJIyyasl JO0Ka3aHHON TeopeMbl MOYKHO CKasaTb,
uTo ecnu F (X) u3o0parkaeTcst HelmpepsiBHOM JoMaHO# JnHuel, To ee psig Pypbe
CXOUTCsT aOCOJIITHO M PaBHOMEPHO.

. B camom pene, B aTOM ciyuae F’(X) eCTb (YHKLMsI, KOTOpasi MMeET BCIONY,
KpOMe KOHEUHOI0 YuCjla TOYeK, NPOU3BOJHYIO, U 3Ta Npou3BoJHast f(X) cOCTOUT
13 KOHEYHOI0 uucCja CTYIleHeK, a MOTOMY OHa OTpaHMyYeHa, a, CTajo ObITb, TeM
Oosee f2(x) cymmupyema.

§ 27. Teopema Beiiepirrpacca 0 mpuGJiMyKeHHH HelpepLIBHOM
(PYHKUMH TPUTOHOMETPHUYECKUMH TOJIHHOMAMHU

[Tycts f(x) —HenpepoiBHast QyHKUUSI Ha OTpe3Ke [—w, w] U f(—n) = f(n).
Eciu Mpl ee IpOJI0JDKUM NTEPHOANYECKH € IIepuojoM 2w, 0Ha Oy/ieT HelpepuIBHOR
Ha BCeif ocu Ox. YcaoBuMCs B JajibHeillleM HasniBaTb QYHKIHIO € IEPUOIOM 27
HeNpepLIBHON IeproAnUeCKod QyHKIMed B TOM M TOJBKO B TOM Cilyuyae, KOLJa
OHa 0CTaeTCsl HeNpepLIBHON U 1M0CJIe ee MeproAUYeCKOr0 POLOJDKEHNS; eCII JKe
f(X) HempeprIBHA TOJLKO Ha HEKOTOPOM OTpe3Ke JUIMHBI 277, HO B €ro KOHL@AX
MMeeT pasHole SHaYeHHUs], a CJIef0BaTeIbHO CTAHOBUTCSI PAa3pbIBHOM, eciu ee Mpo-
HOJDKUTD NepUOANYecKy (cM. puc. 4 Ha cTp. 60), To Mbt YyKe He OyeM HasbiBaTb
ee HelpepsIBHOM NepuofnuecKoil GyHKUue.
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I[Tocse 3TOro YTOUHEHMST Mbi MOYKEM BBICKa3aThb TeOpeMy :

Teopema BeliepmrTpacca. Jaa aoboil Henpepblgroll nepuoouye-
cxoli Pynryuu f(x) u 0aqa406020 ¢ > 0 MomcHO Haiimu maxoi mpu2oHoMempu-
qeckutl noaunom T(x), umo

[J) —Tx)|<e (—oo<x<+o0). (27.1)

CymecTByeT 04eHb MHOTO J0Ka3aTeJbCTB 3T0if Ba)kHOU Teopembl. [Ipusenem
3[1eCh OJIHO W3 HUX.
B cuny HenpepeiBHOCTH f(X) Ha [—, 7] MOXKHO HalTu TaKoe 4, YTo

&) — <5 mm v —x|<6, (27.2)

rae X’ u X'’ — nio0ble [Be TOYKU Ha [—m, 7].
Pa3o0bem 0Tpe30oK [—m, w] Ha m paBHBIX YacTeif, BbiOpaB m TaK, 4TOOLI

—2,—7? <0 . O6o3HayuM yepe3 y (X) JOMaHYI0 JIMHUIO, COBNAAAIILYIO C f (X) B TOUKax

k- tne k=0, 1, ..., + m, u TONOXUM (X + 21) = p (X) I THOHIX X
(— oo < X < + o0). U3 (27.2) sicHO, YTO

) —p ()| < mm [x —x"|<$

M B CHJIY TNepUoAMYHOCTH 00enX (QyHKUMIl 9TO CIpaBeJyIMBO M I JIOOBIX X,
— oo < X < + oo.

Tak Kak  (x) — JomaHasi JIMHUsL, TO 110 JOKa3aHHOMY B KOHILe § 26 ee psif
dypbe CXOAUTCsT paBHOMEPHO K Heil. IToaTomy, o6o3Hayas uepes S, (X) cymmy
MEPBLIX 71 WIeHOB ee psiga Pypbe, MOXKHO BoIOpaTh N CTOJb OOJIBIIMM, YTOObLI

lP(0) =S, (@) <5 W —oo<x<+oo.

SleHo, uto S, (X) — TPUTOHOMETPUYECKUH MoInHOM 1, 0003Hauast ero yepes 7T (x),
BUJYAM, UTO TeOpeMa Jl0Ka3aHa.

§ 28. TlmoTHOCTH Kiacca TPUTOHOMETPHYECKHX IOJIHHOMOB
B mpocrpaHcTBax L’'(p > 1)

ToJbKO UTO JOKa3aHHYI0 TeopeMy BeliepiuTpacca MOXKHO pacCMaTpUBaAThL KakK
JI0Ka3aTeJIbCTBO TOTO, UTO KJIacC TPUTOHOMETPHYECKUX IOJIMHOMOB BCIOAY IIJIOTeH
B npocTpaHcTBe C HENPePLIBHBIX NePUOJMIECKIX (yHKUMIA.

Ho oTcloza »<e BbITEKaeT, 4TO 9TOT KJIaCC BCIOAY ILJI0TeH B J1000M NpPOCTpaH-
ctBe LP (p > 1).

HeiicTBurenbHO, ecnu f(X) € LP, To mist 11000T0 ¢ (cM. BBoaHbIM mMaTepuad,
§ 21) MOYKHO HalTH TaKyl0 HENPEPLIBHYIO @ (X), UTO

”f—‘(p“L”<5r

¢ JpyTroif CTOPOHBI, MOXXHO HaiTWM TpUrOHOMETpuUecKuit nonuHom 7T(x), st
KOTOPOTO

lp() — T | <7, 0<x<2am,

a MoToMy U
le —Tlr<e
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(npemnosaraercst, YTo HOpPMa BBIUMCIISIETCS Ha OTpe3Ke JIMHBL 27). [ToaTomy Io
HepaBeHCTBY MUHKOBCKOTO (CM. BBosHsIi MaTepua, § 10).

lf —Tllr<2e,
¥ TeopeMa JI0KasaHa.

§ 29. slgpo upuxie M COMPsIKEHHOE ¢ HUM AAPO

[Tpu u3yyeHMH CXOMMMOCTU TPHUTOHOMETPUUYECKUX DSIIOB Ba)>KHYIO pOJib
UTparT QyHKUMU

Dn(x)=%+cosx—|—... + cos nx (29.1)
1
D,(x)=sinx+ ... +sinnx. (29.2)
dynxuusa D, (x) MoXKeT ObIThb 3alMCaHa TaK:
. 1
sinjn+4 —|x
D, (x) = ( 2 ) (29.3)
2 sin -5
JlelcTBUTENBO,
2 sin—3- D, (x) =sin - + Z 2 sin - cos kx =

=sin—’2c——|—k2=l[sin(k —]—T)x—sin(k ——;—)x]—_—sin(n —i-%) X,

OTKYyZa IocJje JeneHust Ha 2 sin —Z— u nonyvaercs gopmyna (29.3).

Buipa)kenue (29.3) HassiBaeTcst A0pom Jupuxae, Tak KaK JlupuxJe BrepBoie
CTaJl UM I10JIb30BaTbCsl NIPU M3YUeHUH CXOUMOCTH psifioB Pypre (cm. § 31).

Ananornyno D, (x) Ha3bIBaeTCs1 0 POM, CONPANCEHHBIM C A0 POM [Jupuxae ; OHO
AMeeT BUJ,
_ cos%—cos(n —|—%)x
D, (x) = R (294)

. X
2 sin —5-

B UeM TalOKe JIeTKO Y0eIuThCsl HelloCPeACTBEHHOM IPOBePKOH.
s popmyn (29.3) u (29.4) cpasy BujHo, uto ecnu x == 0 (mod 2x), To

PN | P — (20.5)
2| si I

N5

SN ——

| D, (%)< TLX—T : (29.6)
2

sin x
3amerum Temepb, uTo (QYHKUUST — -~ yObiBA€T Ha OTpe3Ke (O, —’2’—) (B uem
MO)KHO YO0eauThCsi MpOCTHIM AuddepeHuupoBanuem), a NOToMy

. T
sin x Sin 75 2

T/_@_n'
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3Hauur, '
X > 2 g 0<x <. 29.7)
INpumensst (29.5) u (29.6), monyuaem
1D, | <% wa 0<|x|<m (29.8)
n
D, ()< i 0<[|x|< . (29.9)

dtumu opmynamu Mbl GyfeM B AajbHeilieMm yacTo Mosib30BaThesl. Yaiie BCero
OyzeT HOCTATOYHO OLEHKH

D,(x)=0 (%) 7§

D,
MHOT/1a JKe OyJeT BayKHO, uTo ecau & < |X| < &, TO
IDn(@) <55 1 D)< - (29.11)

(x)=0 (%) npu x — 0; (29.10)

B cuny nepuommunoctu D, (X) u D, (X) MOXKHO TaloKe CKasaTb, uTo (29.11)
HMeeT MeCTo, ecnu 6 < x < 2w — 0.

§ 30. Psagnl Mo cuHycam MM N0 KOCHMHYCaM C MOHOTOHHO
yoObiBaloluMH  Ko3ddunpmenTamu

[Mpe)xze yeM MepexoAuTh K U3yUeHHIO CydaeBs, KOT/a Ipobiema CX0AUMMOCTH
TPUTOHOMETPUYECKOT0 psiia TpeOyeT TOHKUX HCCIIEN0BaHMA, Mbl PacCMOTPUM
HEKOTOphle C1y4yau, KOTJa CYIUTb 0 CXONMMOCTU OUEeHb JIErKO.

Haunem ¢ psiioB Buja

_‘;L—]— nz-lancos nx (30.1)
u
> b,sinnx, (30.2)
n=1

T. €. PSIAOB, COCTOSIIUX JKU0O0 TOJBKO M3 KOCHHYCOB, JIM0O TOJIBKO U3 CHHYCOB.
Mgl iperx/ie BCero pacCMOTPUM Ba)KHbIH Cilyuaid, KOTa 9TH Psiibl UMEKT MOHOTOHHO
yObiBaromue U CTpeMmsimyecs: K HYJIO KO3(ppuuueHThl, 4ro OyaeM 3anu-

CbIBaTh TaK:
a, {0 u b,}0.

[Mpu v3yyeHnu ITUX PSILOB Mbl BOCIIOJIL3YyeMcst olleHKamu D, (x) u D,(x), naH-
HeIMH B § 29, u nemmoit AGesist (cm. § 1 BBogHoro matepuasna). 3To M0O3BOJIUT HaM
JI0Ka3aTb TeopeMmy:

Teopema 1. Ecau a, | O, mo pao

L)
-+ 2a,cosnx

cxooumest 8cto0y, Kpome, Ovime momcem, mouek X = 0 (mod 2x); npu awbom 6 > 0
OH cxXo0umcsa pagHoMepHo Ha 6 < X < 2m — 0.

Ecau b, | 0, mo pao
Db,sinnx

cxooumcs 6ct00y; npu aobom & >> 0 oH cxo0umces pasHoMepHO Ha & < X < 2n — 4.
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HelicTBuTeNbHO, MoJarasi B jemme Abenst

U, =a,, vo=—;— u v,(x)=cosnx (n=12...),

uMeem
Vo(x) = Dp(x),

a TaK Kak u3 ¢popmyusi (29.11) creayer paBHOMepHast OTpaHMYeHHOCTb QYHKLUMi
D, (x) Ha 0 < x < 27 — 0, TO PsIA CXOMMTCS] paBHOMEPHO Ha 3TOM 0Tpeske. Ecin
0< x < 27, TO MOYKHO BCerJa B3sITb 6 CTOJIb MajbiM, UTOOB & < X < 27 — 9,
¥, 3Ha4uT, psaj (30.1) CXOUTCS B TOUKE X.

IIpu x = O psig (30.1) CXOmUTCST B TOM M TOJBLKO B TOM Ciydyae, KOT-
1a Y a, < + oo.

s psipa (30.2) mokasaTesbCTBO NPOXOAUT aHAJIOTHYHO; HAaJ0 TOJbKO B
Jiemme Abesist MOJIOKUTD U, = b, 1 V, (X) = sin nx; Torga V,, (x) = D, (x) u cHOBa
npuMeHeHne HepaBeHCTBa (29.11) faeT J0Ka3aTeJbCTBO pPaBHOMEPHOM CXOAUMO-
cru psifa (30.2) Ha 6 < X < 2z — 6, a CJIel0BATEJIbHO, M €0 CXOAUMOCTH B Ka)K-
noit Touxe, Kpome ToueK X = 0 (mod 2%). Ho B 9TuX nociegHux oH TakyKe CXo-
JUTCS, IOTOMY YTO BCe YJIeHb! Psifia PaBHbl HYJIIO.

Teopema MOJHOCTHIO J0Ka3aHa.

3ameyaHue. Bcunyo6o0menus semmbl Abenst (cMm. § 1 BBogHoro mare-
puana) psiasi (30.1) u (30.2) paBHOMEPHO CXOAATCS Ha & < X < 27 — 6 (@ 3HAuuT
u cxojsitest Ha 0 << x <C 2m) ¥ B TOM ciydae, Korja Bmecro a, | Ounu b, | O
MBI TIpEJTIOJIaraeM TOJIbKO, UTo {@,} unu {b,} ecTb MOCIEL0BATENILHOCT C Orpa-
HUYEHHbIM U3MeHeHneM 1 Iputom a, — 0 u b, — 0.

BepHemest K cl1y4yalo MOHOTOHHOTO yObiBaHMs. SICHO, UTO €Ciu

a, y 0 u Ya,<+4 oo,

TO PSII —‘}—{— 2 a,cosnx cxoaurcsi abCOJMIOTHO M paBHOMEPHO y)Ke Ha BCeM

otpeske 0 < x < 27 (n faxke 1t — oo < X < + oo). C ApYroii CTOPOHBI, eCIu
ycnoBue Y a, < -+ oo He c00JI0JaeTcsi, TO He TOJILKO paBHOMEPHOM, HO U IIPO-
CTO#t CXOMMOCTHU Ha BCeit ocH ObiTh He MOXKET, TaK KaK B ToUKaxX X = 0 (mod 2x)
psiz (30.1) pacxoaurest.

Hns psga 3 b, sin nx BOIPOC 0 paBHOMEPHON CXOAMMOCTH PellaeTcsl HHaye.
VmeHHO, UMEET MeCTo

Teopema 2. Ecw b, | 0, mo 02112 pasHomepHoi cxo0umocmu paoa
X' b, sin nx Ha [0, 2] nHeobxo0umo u 0oocmamouro, umobsr nb,, — 0.

Yenosue HeoOxoaumo. Ecnu psax (30.2) paBHOMEPHO CXOAUTCS Ha
[0, 27], To mast mo6oro e > 0 MOXCHO HalfTu Takoe m, YTO

2n
D bysinnx | e, 0<x<27.

m+1
. o m 7 7
Momoykmm x = 7 5 Torfa mpu m + 1< 1 < 2m umeeM — < nx < -, a 0TOMY
. “~ . T 1
sin X 2> sin —- = 7T CrnepoBaresbHo,
1 2m
Bl 2 bn <& ’
VZ m+1

1
a TaK KaK b, MOHOTOHHO yGLIBAIOT, TO i Mby, < &, T. €. Mby, << |2 ¢ u, 3uaunr,

mb,, — 0 npu m — oo. HeobxonumocTs J0KasaHa.
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YecnoBue gnoctaTouyHo. Mo yxe 3Haem, uro pan (30.2) cxoaurcs
paBHOMepHO Ha 6 < X < 27m — 6 npu jmo0bom 6 (IpM €JHMHCTBEHHOM YCJIOBHU
b, } 0). 3HauuT, eciu Mbl JOKa)KeM, 4To H00aBjieHHe ycloBHA nb, — O Bieuer
paBHomepHylo CXOAMMOCTb Ha (—a, a), rie a > 0 moboe, To Bee 6yneT J0Ka3aHo.
Kpome TOr0, B CUTy HEUeTHOCTH Sin X I[OCTaTO‘{HO 6patb 0 < x < a. Ml okaxkem

PaBHOMEPHYIO CXOAMMOCTh psiia Ha 0<x < - 1
[lycrsb ¢, = max kb,. Panx (30.2), Kak u3BeCTHO, CXOJUTCS NPU BCSIKOM X;
k>=>n

o6o3HauuM
r,(x) = ZD b, sinkx .

k=n
Ms1 fiokadkem, ato 1, (x)] <K&, Ha 0<x<{—, re K m0CTosiHoe, OTKYAa 1
Oymer CiemoBaTh paBHOMepHasi cxoaumocTh psifia (30.2) Ha [0, 2x].
IMpexpe Bcero r,(0) = 0, ecnu )e x =0, To BCerra MOXXHO HaiiTu Takoe
uenoe N, 410 —- <x< 1 Ecm N > 1, TO Mbl HaIlHILIEM

rp(x) = 2 b,sinkx + 2 by sin kx = r® (x) + r@ (x) .

k=N

Eciu ke N <Cn, To nycrs 7P (x) = 0, a r®@(x) = r, (x). [IpousBeseMm OUEHKY
rid(x) u r<2)(x) OT/IeJIbHO.
Vmeem, B cuny [sin kx| < k|x|,

[r (x) | << Zkbx xen(N— ) <=1 en<lén -

Jsia oueHKH r®(x) pacCMOTPUM OTHEJIbHO JBa CIydasi:
1) Ecnu n < N, T0, npuMeHsist Ipeo6pasoBaHue AGesst (cm. BBonu bili maTe-
puain, § 1), Halinem

17D () | < S (0 — byr) | D (%) | + by | Dy () ] -

k=N

Ho rak kak (cm. (29.9))

D) |<-% am 0<|x|<n

X
TO

|r® () | <Zby<2aNby<2me,

B cuily n < N U OIlpeJiesIeHus1 &,,.
2) Eciu N<Cn, 10 r®2(x) = r,(X) 1 Torna Te ><e BbIYMCIIEHUSI MOKaSbi-
BalOT, YTO
Ira @) =P ®)|<27e, .

I I<IFP @+ 1P <@+ ey,

3HAUNT HY)KHOE HepaBeHCTBO JOKa3aHO.
3ameuaHue. M3 10Ka3aHHOi TeOpeMbl MTHOBEHHO BLIBOJHTCS CJIEACTBHE:
Cywecmsytom mpuzoHomempuueckue paobl, CcX00yuecs pasHOMEPHO HA
[—m, =], 6e3 mozo, umobbt cxo0umsca aGCOAOMHO HA ITOM OMpPE3Ke.

[TosTomy
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JHeltcTBUTENBHO, PACCMOTPUM, HallpuMep, psin

209' sinnx (30.3)

Tak Kakb, = Sinq 1o n b,—0 npu n— oo u, KpomeTOrO, b, | 0.3Hauwur,

YKa3aHHBI psiI CXOMUTCST pABHOMEPHO Ha [—, 7], HO OH He CXOAUTCST abCOJIIOTHO
1

Ha [—m, ], TaK KaK nHave A0JDKeH Obll Obl CXOMUTHCS PN 3 5 » @ 9TOT sl

pacxoautcs *).

9o HeloJbILOE 3aMeUaHne Mbl JielaeM [I0TOMY, YTO Upe3BhiuaitHo YacTo Ajs
NI0Ka3aTeJIbCTBA PAaBHOMEPHOH CX0UMOCTY QYHKLUMOHATILHBIX PSIIOB IPUMEHSIETCST
Kputepuil BeliepiTpacca (cpaBHeHue 4IeHOB NAHHOTO psiga € WieHaMu CXO[si-
1[er0CsT YUCOBOTO Psifa), a B 3TOM CJIydyae Cpa3y MMeeT MecTo M abCOJIIOTHAs, U
paBHOMepHasi CXOXUMOCTb.

B yacTHOCTH, 17151 TPUTOHOMETPUYECKOTO psiga ' b, sin nx, rne 3'|b,| << + oo,
yMeeT MecTo M alOCOJIIOTHAsi M paBHOMepHAsl CXOAUMOCTb Ha [—m, 7], @ B pac-
CMaTprBaeMOM IpuMepe 3TOT0 HeT.

MoO)KHO na)ke NOCTPOUTH TPUTOHOMETPUYECKUN DS, CXOmsuuiicss paBHO-
MepHO Ha [—, & ], HO He UMEIOIUMI Ha 5TOM OTpe3Ke HH OJTHON TOUYKHM a0COMIOTHOMH
cxomumoctyr (cM. 06 aTom B rinase IX, § 3).

[To nosoay psigoB Buma (30.2), rae b, | O, 10JIe3HO OTMETHUTHL elle OJHY
TeopeMy:

Teopema 3. Ecau b, | O u uucaa nb,, oepanuuenst, mo 4acmmble cymmbt
pada

@©
D' b,sinnx
n=1

02paHUYEHbL 8 COBOKYNHOCMU HA — oo < X< -+ oo.

B culy nepuORMYHOCTU U HEYeTHOCTH BCeX UJIEHOB psila JOCTATOUYHO pac-
cMaTpuBaTh 0Tpe3oK [0, #], a Tak Kak npu X = 0 u X = x Bce WieHsl obpammanTcs
B HYJIb, TO MOXXHO OTpaHMUuThCs ciyyaem 0< x <7 .

*) 13 reopemnl JTysuna—Jlanykya, xotopas 6yaer noxasaHa B § 61, BbiTekaer, 4Tto psii
(30.3) Mo)KeT abCOJIOTHO CXOAMTBCSI TOJBKO HA MHOXKECTBE MePhl HYJb (WMOTOMY 4TO
@
S TV pacxoaurcst). Bonee Toro, nerxo mokasarb, uto psx (30.3) He sBasiercst ab-
ninn
n=2
COJIIOTHO CXOAAWMMCS 1pu JioboMm X 5= 0 (mod 7). JleHcTBUTENbHO, €CiaM Obl MPU TAKOM
X UMeJH

ney nlnn
TO u
sin®nx
<Aoo
L nlnn
O3TOMY

©

2 (l~-c0521ﬂ<+ o,

q~, nlnn

@
2
a TaK KakK 2 cos znx cxoauTces, ecau X = 0 (mod z), TO 0oTCI0OAA BbITeKana Obl CXOXUMOCTD
n
n=2

@®
2 __1_ , ¥ MBI NIPULIJIMA OBl K MPOTHBOPEYHIO.
gj=, nlnn
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Mb! umeeM 10 yYCJIOBUIO
kbl <M (k=12 ...), (30.4)
rae M nocrosHHo. ITonoKum
v = [%] . (30.5)
Ecinu n <, 10
18,(0) | <) 3 by sinkx | < 3 kb, | x << M xv< M .
k=1 k=1

Ecnu »e n >> v, T0

S.(x) = 2 b, sinkx + Zbk sinkx = SP (x) + SP (x),
r+1
rie S (P(x) oueHuBaeTcsl, KaK B IPeJbIAYILEM CIyyYae, T. e.
| S () | <M=, (30.6)

a K S&(x) mel NpumeHuM cilefcTBHe M3 NpeobpasoBanus AlGensi (cm. Beoauwiii
marepual, § 1). 3amerus, uro (29.9)

D, |<-T i 0<|x|<C,
Mbl Haxoqum B cuty (30.4) u (30.5)

|S® (x) | <L 2b,4, <2 M ?Gﬁﬁf <2M . (30.7)

U3 (30.6) u (30.7) cinenyer
1S, ()| < Ma+2M=M(nm+2),

¥ Teopema 3 JOKasaHa.
CnepngctBue. Hmeem npu awbbix n u x

n
n
| > snkx | <c, (30.8)
| k=1 K
20e C — abcosmomnas KoHcmanma.
JleicTBUTENLHO, 3/IECh Mbl MMeEM JeJI0 C YaCTHBIMKM CYMMaMH psija
S";’”‘. , (30.9)

y KOTOpOI‘Obn=%, T.¢. b, O0unb,=1.

Psp (30.9) urpaet BayKHYI0 POJIb BO MHOTHX BONIPOCAX TEOPUU TPUTOHOMETPH-
YeCKUX PSIfIOB; B § 41, B 4aCTHOCTH, MbI HCCJIEyeM €ro IoBeJieHiie B OKPeCTHOCTL
TOUKY X = 0, TaK KaK 9T0 JACT HaM BO3MOYKHOCTb IOJIYYUTh HEKOTOPbIE CBEACHUS
0 noBefieHu M psioB Pypbe OT PYHKUMHA ¢ OrpaHIYEHHBIM M3MeHeHNeM B TeX TOou-
Kax, IJile OHM pa3pbiBHEL.

B aTom maparpade Mpl pacCMOTPENIH JIMLIL 0YeHb HEMHOTHE BOIIPOCH, Kacako-
1MecsT PSIIOB 10 CHHYCaM UM KOCHHYCaM ¢ MOHOTOHHBIMU Koddduuuentamu. [le-
TaJIbHOMY H3YUEHHMIO 3TOTO0 Kjacca psiioB OyjeT mocBslleHa IylaBa X. 3/1eCh ¥Ke
MBI XOTHM, YTO0OLI He 0TCHIJIATh YMTATENs K IJlaBe X, 0Ka3aTh elie OfHY BayKHYIO
TeopeMy, Kacalolylcsl TaKUX PSIOB.
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Teopema 4. Ec a, | O u nocaedosamensrocms {a,} 6binyxaa, mo pao

% + é‘a, cos jx (30.1)
j=1
cxooumcs 6cio0y, kpome, Obtme momcem, x =0 (mod 2xn), k¥ HeompuyamebHoll

cymmupyemoti ynrxyuu f (x) u aeasemes psaoom dypee om 3moti PyHKyuU.
Uto6 bl yOeUTLCA B 3TOM, pacCMOTPUM

a, n .
Sa(x) =5+ > ajcosjx
j=1
U npumMeHuM npeo6pa3oBaHue AGessi; 9T0 gaer

Sn (X) = E(ai - j+1) Dj (X) +a,D, (X) = EAG]D] (x) +a,D, (X) ’ (3010)

=0 j=0

Tie Aq; = @j — Qjiq. Tonarasg A%q; = Aa; — Aaj4y ¥ CHOBA NpPUMEHSAs1 IIpe-
oOpasoBanue Abens, Haiiem

8,00 = S a, 3 D, (x) + A0,y S D, (x) + a,Dp(x) . (30.11)
j=0 p=0 p=0

Beiparkenue Buja

Kj() =+ éo D, (x) (30.12)

NPUHATO HasbiBaTh A0pom Petiepa nopadka j. Mer Oyjem ero msyyaTb MOAPoOHO
B § 47. 3nech e comsemes Ha To, 4To K;(x) >0 nas Bcex x (cm. (47.5)). U3
(30.11) u (30.12) cpasy cienyer

Su() =S (j + 1) 4%, Ky (%) + 148y Koy (9 + 0, D, () . (30.13)
=0

Ecnn x =£0 (mod 27), To B cuiy @, — 0 nocneaHuil ujeH npaBoit yactu
(30.13) crpemutcst K HyJio 1pu n — oo. Kpome Toro, npu x 5= 0 (mod 2x) B cuny
(30.12) u (29.3) K, (x) TakKe 0CTaeTCs] KOHEUHBIM IIpU N — oo, a N AQ,_; -0
JUISL BHIIYKJIBIX TOCHefoBaTeNbHOCTelt {a,} (cM. BBomubit marepuan, § 3), a
NoTOMY U 1 A,y K, (x) = 0 npu n — co. Otciofa jnst x == 0 (mod 2x)

1) = lim S, = 3G+ 1) 424 K;(x). (30.14)

i=0

Camoe cymécTBOBaHue IIpeesia HaM JIOKa3blBaTb He Halo, TaK KaK CXOAu-
vocrb pspa (30.1) aas Beex X, Kpome X = 0 (mod 2x), Obuia ycTaHOBJIEHA NIPU
a, } 0, Ge3 rumoTessl BbIYKJIOCTH {@,}, B Teopeme 1 aToro maparpada. Taxum
o0pa3om u3 (30.14) 3axiouaem, uro cymma f(x) psima (30.14) ecTb HeoTpULATE B~
Hast QyHKUMsI, OCKONBKY Bce A%a; >0 u K;(x) >0 nna Bcex x.

Ham octanoch faokasaTb, uro psif (30.1) sBasercs psgom Pypse 0T f(X).
C 3T0it Lenbl0 MBI 3aMeTHUM, YTO pa3

f) =% + ¥ a,cosnx (30.15)

n=1
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u B cuny @, | O psin B npaBoit wactu (30.15) cxopurcst paBHOMEpHO Ha (e, ) mpH
nobom e >0, TO

[1yax="% [dx+ 3 a,[cosnxds =2 (x—e) — 3 a, 2. (30.16)
& n=1

n
& € n=1

Uz a, | 0B cuy Teopems 2 ClefyerT, uTo psif, 'a, Smn"x

Ha [0, 2], 3Ha4uT, ero CyMma HemnpepoiBHA Ha 9TOM OTpe3Ke, U MOTOMY Pt B Ipa-
Boil vactu (30.16) uMeeT cymmy, cTpemsimiylocs K Hymo npu & — 0. Orcioma
ciegyer

CXOJIUTCS PABHOMEPHO

limff(x)dx=%n. (30.17)

&0

Ho tak Kak f(x) >0, To u3 CymecTBOBaHuUs NpeJeia, CTOSILIero B JIeBOM yacTu
(30.17), cnenyer cymmupyemocTs f(x) Ha [0,7], a mOCKOJIBKY f(X) YeTHasi, TO 3TO
Jaer

{1 de =2 [ f(x) dx =g,
p— 3 0

OTKyZa
1
4= [ 1()dx.
Tenepnr poxa)kem, uto Ipu jwbom k= 1,2, ... umeem

ak=—:—z—f f(x)coskxdx .

C aro#t uennio, ymHOKas o6e yactu (30.15) Ha cos kx u UHTErpUPYS MO OTPE3KY
[e, ], Hax0MUM

T T k—1 T
f f(x)cos kxdx = 529 coskxdx + > ay, J cos kx cos nx dx +

n=1 A

It

—|—akfcoszkxdx+ ﬁ‘ anfcoskxcosnxdx. (30.18)

€ n=k+1

k3 k3
Mpu e —>0 kaxmeii u3 unTerpanoe cos kx dx m { cos kx cos nx dx
& &

(n=12,...,k— 1) crpemurcss K HyJIO.
Hanee
T n

lim | cos?kx dx = f cos? kx dx = —Z— .

e—-0 s o
Haxownen,

Sa, Jcoskxcosnxdx= 3 q, J cos(k—l‘n)x—gcos(n —BX g

n=k+1 K n=k+1 H

-~ sin(k+n)e | sin(n—k)e " 30.19
,..:Zma"[ 264 T 2a—h) ] 19
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1, pacCy)Xgasi aHAJIOTMYHO NpeJplAyIIeMy, Mbl BUAUM, 4To npu & — 0 mpaBasi
vacts (30.19) crpeMuTcs K HYJIO.
Taxum obpasom, u3 (30.18) nonyuaem npu ¢ — 0

14
’ 7
] f (x) cos kx dx = a;,—-
0
¥, YYUTHIBask YETHOCTD f(X),

n

a, = % [ f(x)coskxdx.

-7t

Hrak, psin (30.1) ects pag Pypoe ot f (X), ¥ 10Ka3aTeIbCTBO, TAKUM 00pasoMm,
3aKOHYEHO.

. 1
Cnepncrtsue TaKkKaKIOCIEIO0BATENBHOCTD 10 (n=2,3,...) Bunyka,
TO M3 NOKa3aHHOH TeopeMbl, B YaCTHOCTH, CJIEAYeT: pao

@

_cos nx. (30.20)

n= Inn
ecms pad Dypee.

Mesxny Tem psig > _Sli"ﬁsaneuomo He ecTb paf Pypoe (cm. § 40), nosTomy
n=2 nn
Mbl BUJIUM, YTO PSINL, CONpPsHKeHHbIN K pany Pypoe, He 00513aH ObITh psiiom Pypbe.
3amevanwue. [nsg ganpHeimero Ham OymeT INOJIE3HO OTMETUTh, YTO
y paoa (30.20) wacmnbie cymmbl YOO08A€MB0PAIOM YCAOBUIO

{18, 0lax<cC, (30.21)
0

20e C — abeomomuasn KoHCMAHMA.
HeiicrBurenbHo, u3 Gopmyist (30.13) monyuaem

[18.(0dx<
0

2n 2n

n—-2 2n - .
<G+ D8] K@ dr+nda,s | Koo (ds+a, [|Da()]ds.
J= 0 0

0
2n
Ho Tak kak j' |D,(x)|dx<<Alnn, rpe A — nocrosinHo (cm. § 35), a
0

27

. 2xn
[K,(x)dx—— Zj‘ij(x)dx=n,
0 p=07p

TO
2

f|s @) dx < [2 (j + 1) 4%, +nAan_1]+Aa Inn.

)
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dta ¢opmyna cnpasefnuBa Ipu nbbIX @, | 0 u 00pa3ynmuUX BLNYKIYIO
NOCJIeI0BATENbHOCTD. [103TOMY, YuMTHIBas], YTO AJIS1 TAKUX MOCJIEJ0BaTeNbHOCTE

o

D'+ 1)4%; << 4 oo (cm. § 3 BeomHOro Marepuana), umeem
j=1
27

1S, (x)|dx< Aa,Inn+ B,
o

rne A u B — mnocrosuHple. Il paccMaTpuBaeMOro HaMu Ciyvasi, KOIja
@, = 57 CJleNoBaTenpHO, nonmaras A + B = C, Bumum, uro (30.21) cnipa-
BeJUINBO, T. €.

VB

cosk&}dx<c (n=12...). (30.22)

P Ink

I
—_

O‘—ﬁg’

§ 31. UHTerpanbHble BbIPa)KeHHs1 JJIsI YaCTHBIX cymm psita dypbe
H CONPSI)KEHHOI'0 Psija

UT00bI H3yUYUTb BOIPOC 0 CXOAUMOCTH psaja Pypbe Ha BceM 0TpesKe [—w, ]
WK B KaKOH-1u00 ero TouKe, 0Ka3biBaeTCsl 04eHb Y10 OHBIM NP eJICTaBUTh YaCTHY IO
CyMMY 3TOr0 psiia B To# ¢popme, KOTOPYIO eif Npujan dupuxie.

IMycre

a(f)=—%’—+jakcoskx+bksinkx (31.1)
k=1
u
S.(x)= %—l—zn‘ a; cos kx + b, sinkx . (31.2)
k=1

[Moacrasnss B (31.2) BeipaXkenus a;, u b, u3 popmysn Pypbe, HAXOLUM
_ —l_ n n _L n
Sa(x) =5, _Li(t)dt + k%; ( nlf(t)cosktdt) cos kx +
+ (% J f(t)sinkt dt)sin kx =

== [ 1w [+ 2 (cos kt cos kx + sin ktsin k)| dt =

= %j,f(t) [%—}— é; cosk (t — x)] dt =% j; {(®) Dn(t—x)dt,  (31.3)

rae D, (u) — siapo Hupuxne (cm. § 29), a moTomy

sin (n + %) u
—

Zsm?

D, (u)= (31.4)
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IMonarast t — x = u, mul u3 (31.3) u (31.4) nonyvyaem

sin (n +%) u
.. u
ZSm?
Ecnn Ham OyzmeT HY)XHO OJZHOBPEMEHHO paccMaTpuBaTh psfpl Pypbe OT
HECKOJIbKUX QYHKUUIL, Hanpumep, f, g, ¥, Mbl OyJieM, UyT0Obl OTIMYATL UX YACTHbIE
cymmel, nucats S, (x, ), S, (x, g), S, (x, v). IlpunaB 3T0 0003HayeHue, 3aMeTUM
cpasy, uro u3 (31.5) HerocpeaCTBEHHO BHITEKAET

Sn(x’f1+f2)=sn(xrfl)+Sn(x:f2)7 } (31 6)
Sn(x,Cf)zCSn(x,]‘), '

Sn(x)=%jf(u+x)Dn(u)du=—yl;ff(u—}—x) du. (31.5)

u ecnu f(x) = j fx(x), TRe psn paBHOMEpPHO CXOJUTCS, TO
k=1

Sa5, 1) = = S,(x, 1) (31.7)

(moTOMY UTO paBHOMEPHO CXOMSILUMECS] PSIABI MOYKHO MHTErPUPOBATh MOUJIEHHO).
3ameTuM ellle, YTO TaK KaK
1

ID,,(JC)]<’1+?

npu 001X X, TO BO BCAKOM cCJiy4ae

1S, DI (n+5) [ 11O at, (31.8)

0

¥ XOTS 3Ta OLeHKa B GOJIBIUMHCTBe CiyyaeB rpy0a, HO MHOTAA M 9TOro ObiBaer
JOCTaTOYHO.

O6buHO 1Is1 UccnenoBanus npobsem cxoaumocTu Gopmyay (31.5) moasep-
raiT psity npeoGpasoBaHuii, HO MpeXKie UeM IepeiTH K 3TOMY BONPOCY, OTMETHM
3;[(2,;1; >1K)e, YTO aHAJIOTMYHO MOXKHO 3aMiCaTh YaCTHYI0 CYMMY DSIfia, CONPSKEHHOTO
K (31.1), T.e.

©

> — b, cosnx + a,sinnx.
n=1

VimeHHoO, monaras
— n
S,(x) = > —bycos kx + a; sinkx,
k=1

HaXO0JUM, pacCy)Xfiasi aHaJOTHYHO NpeJbIAYILEMY,

)= — = Tf(t) D, (t—x)dt, (31.9)
e ’
D, (u) =;¢2i1 sin ku.
Anpo ﬁn (u), compsixenHoe K sinpy Hupuxie, Kak Mbl Bufenu (cm. § 29),
HMeeT BHJT
cos%— cos (n—[—%) u

. u ’
Zsm—z—

D,(x)= (31.10)
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CJIEI0BATEJILHO,
t—x 1
_ 1 7 cos-T—cos n+—2~ (t—x)
Si)=—~ [ 10 . E_x ) dt (31.11)
“n 2 sin
U
u 1
_ ” cos— —cos|n+—|u
S.)=—+ [fut+xn—2 [r+2) du . (31.12)
7 .u
n Zsm—z—

Tenepp nns npeo6pasoanus dopmyn (31.5) u (31.12) K Gonee ynodHOMY
BUZY, IOKa)KeM OJHY Ba)XHYIO JIEMMY.

Jlemma. Ecau f(x) cymmupyema, g(x) oepanudena u obe umeom nepuoo
27, Mo unme2panb

_ff(x +fgt)ycosntdt u _j'f(x 4 ) g (f) sin nt dt (1.13)

CIMPeMAMCA K HYAH0 PABHOMEPHO NpU N —> oo,
HokasatenbcTBO. IlycTh

v =F(x+1)g@.
Ecnu x ¢uxcuposano, T0 ,(f) ecTb cymmupyemasi GyHKUMs TepeMeHHOro f, u
MI03TOMY $ICHO, YTO pacCMaTpUBaeMble HHTErPAJILl JIMLIb HA MOCTOSIHHBIM MHOXKU-

1 o
Telb—- OTIMYaTCs 0T KoadduLmenToB Pypoe 9roit PpyHKumu. Takum o6pasom

HJIsT KOKA0ro X uHTerpasl (31.13) cTpemsiTesi K Hy:o npu 1 — oo. Ho cMmbich
JIEMMBI — JIOKa3aTb PABHOMEPHOCTb 3TOTO CTpeMJIEHHUS.
Paccyxpas Tak »Ke, Kak B § 21, umeem

' fnwx(f) cos ntdt! < fn wx(t +%) - wx(f)ldt

M aHaJIOTUYHO A7 sin nf. HOSTOMy JIOCTaTOUYHO OO0Ka3aTb, UTO

4

J

k2 4

vt +2) = vt (31.14)

CTPEMHUTCS K HYJII0 PaBHOMePHO OTHOCHUTEJIbHO X NPH A — oo. Ho

k4

I

—T

pelt + 5 ) —we (0 |t = ﬂf(x+t+%)g(t+%)—f(x+t)g(t) dt<

<ﬂf(x+t+%)——f(x+t)“g(t+%)]dt+

+j]f(x+t)”g(t + %) -g(t)'dt. (31.15)
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3ameuasi, uyto g(f) orpaHuyeHa 1 uMeeT nepuoj 2z, caeoBarenbHo | g (f)| < M
Juis m060oro ¢, a Taloxe BCIOMUHAS, 4TO U f(f) uMeeT mepuoj 2z, HAXOAUM NS
IepBOro u3 MHTErpaJsioB npasoit yactu (31.15)

Jlrfer e 7=t ollefer 7)<

< J| (et e+ ) = e oo [ e+ - 10 @<

< Moy (%,f), (31.16)

THe o, (0, f) — uHTerpanbHelil MORYJb HenpepbulBHOCTH f (x) (cM. BBogHEIA MaTe-
puad, § 25); Mel y)Ke 3HaeM, UTo w, (6, f) cTpeMutcst K HyJt0 ipu 6 — O i mo6oi
cymmupyemoit f(x). 3ameruB, yro B npaBoif yacTu HepaBeHcTBa (31.16) x yixe
Oosblue He GUIYypUpYeT, MOJTydaem

[li(c+t+ 2) =1 +0|gt+ ) |at—>0
PaBHOMEPHO OTHOCHUTEJILHO X IPU 11 — oo,
Uro kacaercst BTOporo uHrerpasia ¢opmysst (31.15), To sl ero OLEHKH Mbl

BO3bMeM JII060e & > 0 u pasnoxum f(x) Ha cymmy ABYX QyHKuuit f, (x) u f,(x),
U3 KOTOPHIX IlepBasi orpaHuyeHa, Hampumep, |f; (x) | < K, a a5 Bropoit

[Ioldt<e.
Torpa -

fnlf(x+t)”g(t +%)—g(t)‘dt<

L]t + ) —g 0] at<

<xflaft+2) —g0la+ ]

n’

<le(1 g) —|—2M‘[]f2(x+t)|dt<Kw1(%,g) +2Ms.  (3LIT)

Tak Kak o, (%, g) — 0, 4ucno & Mpou3BOJILHO U B NpaBylo yacth (31.17)

X He BXOJUT, TO JieBast yacThb (31.17) crpemutcst K HyJI0 paBHOMEPHO M J0Ka3a-
TeJIbCTBO 3aKOHYEHO.

3ameuanue 1. Hawma nemma coxpaHsieT cuily, ecjii BMECTO MHTerpaioB
(31.13) paccmoTpeTh MHTErpabi

b b
_[f(x—}—t) g(f) cos ntdt nu jf(x—l—t)g(t) sin nt dt,
rne a u b — nwbuie 1Be TOUKM Ha [, 7). JleficTBUTENIbHO, TOCTATOUHO MOJIO-

YKUTh
gty wa [ab],
f) =
a0=10" sue [20],
yTOOBI CBECTHU ITOT CJIyYall K IpebIylieMy.
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dameuaHnue 2. B npoBeeHHOM JOKa3aTejbCTBE Mbl HUIJIE He MOJIL30-
BaJIMCh TeM, UTO 71 1iesioe. [10aToMy jleMMa COXpaHsieT CIUly, eciiu 1 — oo, pobe-
rast Bce JieficTBUTesIbHbIE 3HAYEHUS.

3ameuanue 3. Iua Gyaywero mojesHo OTMETHTb, YTO HAlla JieMMa
COXpaHsieT Cuily, ecnu BMecTo g (f) paccmoTperb GYHKUMIO g, (f), AN KOTOpOM
BbIIIOJIHEHBI YCIJIOBHUS

—n<x<n,

a) |g.()|<M pmna Cact<a

U, KpoMe Toro, npu h —0
6) [1gc(t+h) —g.(t)|dt—0

pPaBHOMEPHO OTHOCHUTENBHO X Ha [—m, x].

JleficTBUTENIBHO, B 3TOM Cilyyae MOKa3aTeJbCTBO JIEMMbl IIPOXOJUT CJIOBO
B CJIOBO.

3ameuanue 4. Ecmuf(x) — HenpepsiBHasi QYHKUUS, TO U3 IPOBE/IEH-
HOTO JIOKa3aTeJIbCTBA MOJIYYNM

k4

ijf(x+t)g(t) cos it dt

—n

< Ao(Z,f) + Boy (%, g),

!_Jif(x—{-t)g(t) sin ntdt‘\<\Aw(-:-,f) + Bw1(%:g):

rae o (6, f) — momyJsib HempepsBHOCTH f(X), a A u B — mocTosiHHbIE.
HeiicteurensHo, B Gopmyie (31.16) B ciyuae HempepbiBHOCTH f(X) MOXKHO

w, (-:— , f) 3aMeHUTL 4epe3 2mw (3:1—, f), a BTopoit unTerpan popmysl (31.15) BBURY

7T
OrpaHu4yeHHOCTH f(x) He npeBocxoauT Bw,; (—n— , g), raie B — nocTosiHHO.

§ 32. Vnpowenue Bbipaenuii 11 S,(x) u S, (x)

M1 ceffiuac npumeHUM oKa3aHHYI0 B § 31 ieMMy ISt yTIpOLLEeHHsT BbIpAYKeHNI
15 S, (x) u S, (x) (em. (31.5) u (31.11)).
[Tpe>KJie BCero 3ameTuM, 4To

sin (n+ l) u sin nu cos u -+ cos nu sin u
2 2 > 2 i
== ~ s -21— cosnu. (32.1)
2 sin & 2'sin = 2 tg &L
2 2 2

Hanee 3ameTuMm, 4T0 (QyHKLUS

g)=—1——1 (32.2)

Ztg%

HenpepbiBHa Ha [—m, x]. JelictBuTenbHo, Morna Obl BH3BaThb COMHeHHe
JMIb TOYKa ¥ = 0; HO, mpuMeHsisl NpaBwio JlomuTajsi, JIETKO HAXORUM, YTO
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lim g (u)=0. ITotpebyem eme, yToObl g(u + 27) = g(u); Toraa g (u) orpaHuye-

Ha Ha (— oo, + oo).
s (32. 1) u (32.2) nonyyaem

sin (n + 7) u sin nu

= + g (u)sinnu + —-CO0s nu. (32.3)

2 sin—lzl—

[Tostomy u3 (31.5) monyuyaem

S, (%) =-};ff(u+x)—sin—u@—du +%ff(u + x) g (u) sin nu du +

+ ,2.175_ ff (u+x) cos nudu. (32.4)

JBa nociegHux uHTErpaja Gopmyinsl (32.4) eTpemarcst K HYJII0 paBHOMEPHO
IpU N — oo Ha OCHOBaHMU JieMMBI § 31 u orpanuvenHoctu g (u). ITosromy

Sn () = [ 1+ S duto (), (325)

raeo (1) —BenuunHa, cTpemMawascsl K HyJII0 paBHOMePHO. ITuM GaKTom Mbl 6yaem
YaCTO N0JIB30BATHLCS.

3ameuaHnue. MHorga BaKHO OLeHHTh BequduHy o (1) Gosee TOYHO;
TNI09TOMY YKa)kKeM 3[eCh »Ke, UT0 eCiu f (X) HelpepbiBHA, TO, B CHJY 3ameyaHusi 4,
CIeNTaHHOro B KoHLe § 31, Ka)Kublil U3 ABYX IOCIEeXHMX WHTerpasnos B (32.4) mo
MOJYJII0 He IPeBOCXORUT

o(%.f) + Boy (5 ¢) , (32.6)

rae A u B nocrosinabie. Ho Tak Kak g (1) ectb GyHKLUUST ¢ OrpaHUYeHHBIM U3Me-
HeHUeM, a JUisl TaKuX QYHKUMH MHTerpajibHBli MOAYNb HENpPEPLIBHOCTU w; (6)
umeer nopsaok O (6) (cm. Bopuwiit marepuan, § 25), To (32.6) ecTh BenuuuHa

mopsifika
ofo(%,f)]+0 (%) : (32.7)

Haxkonen, 3ameTus, uT0 Aj1s1 J11000f HempepblBHOR QyHKOuM f(x) MOAyb
HenpephBHOCTH (6, f) He MOo)KeT npes3oiitu O (9), Mbl 3aKir0daeM, uto B (32.7)
BTOPOH wieH 1u60 TOTO YKe NOPSAKA, KaK NepBH, 1u00 GeCKOHEYHO Maioe Oosee
BBICOKOT'0 MOpsiAKa. [103TOMy OKOHYATeNIbHO, MoJjaras

n

8at, )= [1(u+ 2022 qu, (32.8)

—n

HaxoauM u3 (32.5) ;s HenpepbIBHOH f(X)

S (61 = Su(x,N+0[0 (%,1)] - (329)
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B cnyuae f (x) n060it cymmmupyemoit nHorna OblBaeT moJie3Ha OLiEHKA
27
180G ) — Sa (1)< C[ 11 ()] e, (32.10)
0

rae C — abCcoyoTHas KOHCTAHTA. JTa OLEHKA MOJIYYaeTcst HemoCpeJCTBEHHO U3
(32.4) u (32.8), ec;u yyecTb OrpaHMUeHHOCTb QYHKLMK g (U1).

ITocyie aTOro 3amevaHusi, KOTopoe OyaeT UCIOJb30BAHO M03)Ke, BepHEMCS K
YIpoLieHno GOPMYJI st YaCTHHIX CyMM. MBI XOTUM ellje YIIPOCTUTH BHIPAXKeHUe

st S, (x). C 9T0# Lesbio 3ameTM, uTo (cM. (31.10))

s-u—— os | n i) ' _ 0 £cosnu
_ cos - cs(+2u cos 5 cos sin nu_
D, ()= . u - . u =
2sm§ 2sm~§
— 1 — cos nu +_§1n nu ) (32.11)
u 2
2tg§

Otcrona, ecnu BOCIOIBL30BaThCS J1eMMOit § 31, cpady mosyuum
Sa(x)= ——ff(u+x>~—£°-sﬂda+o<l).
2 tg 5

Ecnu cHOBa BOCMOJIB30BaThCSA QYHKUHeH g (1), TO MOXKHO NOJYYUTH APYTOe
BhIpa)KeHUe 118 S, (x). VmeHHo, ecnu Hanucathb

Bn (u)= — Cos nu +g(u)(1 . Cosnu) + Sll‘l nu

TO, CHOBA NpuMeHss Jemmy § 31, nonyuum

S, (x) = ——ff(u+x) —cos nu g, ——Ii;‘ﬁ(u—}—x)g(u)du—}—o(l),

—7

a TaK Kak BTopoit unterpan ects O (1), T0

8 ()= ——jf<u+ x) = du 4 0(1) (32.12)

HJINA

24

0 = — = [[f G+ )—f (x —w)] =52 gy po (1), (32.13)

Hns pansHeitmero OyeT TaloKe MOJIE3HO 3aMeTHTh, uTo, eciu & > 0 soboe,
a f(x) orpaHuueHa, To Mo>xHO (32.13) nepenucats B Buje

Su() = —;l;j [(Gx+w)—fe—w] =™ dut0 (1), (32.14)
0

T
TaK KakK oT0pomeHHblif unrerpan | ects O (1).
g
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§ 33. INpunuun Aoxanuzauun Pumana

B § 32 mpl Hauuin ynoOHOoe BblpajXkeHue JJIs1 YaCTHOH Cymmel psiia Pypee,
U3 KOTOPOI0 MOYKHO JIETKO BBIBECTH OJHO Ba)kHoe ciefctBue. Ilpeknme Bcero,
B34B NIpOU3BOJIbHOE & >> 0 M 0003HauuB uepe3 g(u) QyHKUUIO, ONpejessieMyio
TaK:

0 ma (—4,0),
gu)= '711 Ha (—=m, —0)u (3,7),
g(u+2n) =g (u),

Mbl MOYKeM Ha OCHOBaHuM (32.5) HanmucaTb

u .

é n
S,Ax):%jf(u + xS gy -&—%-[f(u + x) g(u)sin nu du + o (1),

a TaK Kak ¢ (1) orpaHuyeHHas u [epuojuyecKasi, TO OTCIOAA

u

Su@ =1 [1+0"™ du+ o0 (1), (33.1)

rje cHoBa 0 (1) paBHOMePHO CTpeMUTCSl K HYJIO *). 3Ta popmyia M03BOJISIET YIKe
BBICKA3aThb CJie[yIolliee BeCbMa Ba)KHOE MpejJIoyKeHue, HoCslee Ha3BaHue 1npuH-
yuna aokaauzayuu Pumana.

Teopema Pumana. Cxodumocme uau pacxodumocme psoa Oypve
6 mouKe X 3aeucum MmoAbKo om nogederun @Pynaxyuu f(x) 6 oxpecmHocmu
mouku X.

B camom nere, 3naueHust QyHKuuu f (x) BHe nHTepBajia (x — 6, x 4+ J) coBep-
WeHHO He ¢urypupyoT B ¢popmyine (33.1), a oToMy BOIPOC 0 TOM, CTPEMUTCS
mm S, (x) K npejeny Opu n — oo, 3aBUCUT TOJILKO OT NOBeAeHHs f(X) Ha ITOM
uHTepBaJjie. bosee Toro, Tak Kak B (popmyute (33.1), Kak 0bl10 JoKasaHo, 0 (1) paB-
HOMEPHO CTPEMHTCS K HYJIIO, MOXXHO M O DaBHOMepHOH cxomumoctu S, (X) Ha
KaKoM-1100 uHTepBaje CYAUTb 110 TOMY, CTpEMUTCs JI1 PAaBHOMEPHO K Ipefeny
MHTErpaJ, cTosiuuit B npaBoii yactu (33.1).

IJTOT Ke pe3ynbTaT YRO0HO BBICKa3aTh B TaKoil dopme:

Teopema. Ecau 0se gynryuu f, (x) u f, (X) cosnaoarom Ha Hekomopom
ompe3xe [a, b], mo 6o écaxom ompe3ke [a + &, b — ¢], 20e € >0, ux paost Dypse
ABAANOMCA PABHOMEPHO DABHOCXO0SYUMUCS, M. €. PA3HOCMb IMUX padog pasHo-
MePHO cX00Umcs K Hymo0.

HeiicTBUTENBHO, MYCTh

) =hH) — ().

*) O6pamaem BHUMaHue uutaTens Ha padoty Hille and Kiein [1], rae noxaswiBaercst, 4ro

Sn (%, f)— %ff(x 4 t)S_i“tL’ t’g _1;_ [Tlf ® | dx+1] - (%f) .
-y 0

3nece o, (6, f) — uHTerpanpHLIA MoOAyNb HenmpepwBHOCTH [ (X), a K — aGComoTHAsi KOH-
CTaHTa.
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Torpa f (x) = 0 Ha [a, b]. ITycTs uncno & >> 0 BEIGpaHO TaK, 4To & < & ¥ X — JII0-
0ast Toyxka oTpeska [a+ & b—e]. Torma u+ x€ [a,b] ma —é < u<_9,
a motomy f(u + x) = 0 u no ¢popmyne (33.1):

S, (x)=o0(1) HA [a-¢b—¢],

rae o(1) paBaomepHo crpemutcs K Hymwo Ha [0, 2x]. 3Hauur, psin Pypoe oT f(X)
PaBHOMEPHO CXOJMTCS K HYJO Ha [a + & b — ¢].

§ 34. Teopema LlTeiinraysa

V3 npeapiiymux pe3yibTaToB MOXKHO BBIBECTH OJHO I0JIE3HOE CJIeICTBHE.
Ono npunamnexut llreiinraysy (cm. Steinhaus[®) u moyxeT OHTbL BBICKa3aHO B
cenywomwei gopme:

Ecau A(x) — nepuoduteckan gyHkyus, y0osaemeopsaowyas ycaoeuio Junwuya
nopaoka 1, mo paost o (A f) u A(x) o(f) asaaomea pasHomMepHO PasHOCX00AWL-
muca Ha [—m, 7).

B camom pene, umeem

sin nt

S,,(M):%ff(x#—t)l(x—i—t) dt 0 (1),

A0S, ()= [1x+D2 () "5 dt + o (1)

CraeroBaTesILHO, mojarast
Ax+1)—4
g () = HEED =26

uMmeeM

S, (Af) — 2(x) S () =Hf(x+t)gx ()sinntdt+o(l).  (34.1)

Uro6rl yOeruThCsl B TOM, YTO TMpaBast yacTh (34.1) paBHOMEPHO CTpeMHUTCS
K HYJII0, I0CTaTOYHO NMPUMEHUTh JieMMy § 31, BepHee 3ameuaHue 3 K Hell, mpo-
BEPUB TOJIbKO, UTO BBIIOJIHEHB HaJO)XXeHHHIe TaM Ha g, (f) orpaHuYeHus.
Ho ycnoBue

lg. @) <M

paBHOMEPHO IO X M f €CTb Pe3yJbTaT TOro, YTo g, (f) yAOBIETBOPSIET YCIOBUIO
Jlumuuna nopsaka 1, ocraercss [0KasaTh, UTO

_jlgx(t+h)—~gx(t)|at=o(1)

paBHOMEPHO OTHOCHUTEJIbHO X Tpu h — 0.
Hnist 91010, 3a71aB ¢ > 0, BO3bMEM MHTEPBAJ [UIMHH (—e¢, €); HA HEM HMeeMm

ilgx(’ + h) — g, ()| dt < 4Me.
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Ecnu ke t € (—m, —e) unut € (¢, m), T0 1151 1I060T0 1 MOYKHO HAUTH TaKoe A,
YTO IOJbIHTErpasbHOe BhIpaX<eHKe ISl BceX { B paccMaTpMBaeMOM HHTepBaJie
OyzeT MeHblUe 7, a TOT/la COOTBETCTBYIOLIMIT HHTErpaJ MeHbIle 7). ITUM 3aKaH-
yuBaeTcsl A0Ka3aTeJIbCTBO TeOpeMbl.
§ 35. Hurerpan [ sinz o . Koucraursi JleGera
J @

IMpexae yem uaTy fajiblie B H3Y4eHUH BONPOCA O CXONAMMOCTH psina Pypoe,
HaM HeoOXOJMMO OTMETHTh HEKOTOpHIEe CBOICTBA BBIpAKeHHSsI

sin nt
Di() =7, (35.1)
KOTOpoe Mbl OyfeM Ha3blBaTb YNpouwjeHHbIM A0pom Jupuxie. 3ameTUM CHavaa,
uyTo U3 ¢opmyibl (33.1), NIpuHMMasi BO BHUMaHHE YeTHOCTb YNPOLIEHHOTO siApa
Jupuxie, cpasy Hax0JuM

é
Su(®) = [ [FGx+u) +1(x — )] %2 gy 40 (1) (35.2)
0
Eciu Mbl paccmoTpum cayuait f(x)=1, o S,(X)=1 npu nwoGom n,
a moTomy
é

1= 2 (S0 gy 4 o(1). (35.3)
0

INonarast nu = t, HAaX0UM OTCIOA

né

2 in ¢
1= [ dt+o(1),
0

a NoToMy
né

. sin ¢ F4
,,ILTI A=

Orcroma cpasy cruenyer

sin ¢ 7
J smlgr=2, (35.4)
f 2
0
T. €. 3TOT HecOOCTBeHHBI UHTErpaj UMeeT CMBICJI, U MBI la)Ke 3HAEM €ero BEJIH‘XHHY.
3ameTum Telepb JKe, uTo u3 Cy1eCTBOBAHUS 3TOr0 HHTErpajia BbiTeKaeT:
ecmiu 6 >0wu & >0, 10

& né’

fim [¥27 g — fim [ tat=o. (35.5)

nQ.é n-» o

Jta dopmyna HaM noHaxobuTCs MO3yKe.

34MeTUM, UTO CYIeCTBOBaHMe uHTerpana (35.4) HeoGX0UMO SICHO OHUMATh
reoMeTpUYEeCKH, 0ITOMY Mbl HECKOJILKO OCTaHOBHMMCSI Ha 3TOM BOIPOCE, XOTS OH
1 J0JDKeH OBITh M3BECTEH YMTATENI0 M3 Kypca aHajusa.
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Cx0aMmMOCTh MHTerpala f %t df mo)xkHo ObuUIO OB JOKa3aTb M MHAue.
0
[Tonaras (puc. 5)
(k+.l)n it
uk=J SMtgt (k=0,1,2,...),

t
kn

MBI BHJIUM, UTO

sin (t + kn) K smt
”"“J_"—H-k dt = (— 1) J i dt,

OTKYyJa CIeiyer, uTo psig 3 u, 3Ha}<oqepe,r_xylomui/ic;{, TpUYEeM 4JIeHbl €0 MOHO~
k=0

J
A
Uy
T oo
Puc. 5

TOHHO yObIBalOT N0 a0COJIIOTHON BEJIMUMHE U CTPEMSTCA K HYJIIO, TaK KaK

T

t 1
lukl— t:inkndt<kﬂ == (k=12..).

Ho no usBecTHOi Teopeme JleidbHuua TaKoi psj moyvKen cxomutbesi. C apyroit
CTOPOHBI SICHO, YTO KOT/1a CyMMa > U, MMEET CMBICJI, TO OHa eCTb HHTerpa (35.4).

Urak,
sinu F 1
——-JA 1 dll-—-f.
0

Zuk<u0)

k=0

k=0
Tenepn 3amMeTuM, 4TO

OTKyJa

%<”0=j812u du <m. (35.6)
b

Tak >xe, IOJIB3YsICb MOHOTOHHOCTBIO U, U YepeJ0BaHUEM UX 3HAKOB, BUJIMM,
yTo ecau A u B — mo0bie 1Ba Imcna, b 061 0 < A< B, To0

l

(35.7)

sin
B cuny yetHoCTH —l;—taTo yKe BepHO, ecit A < B <0.

Hawronel|, ecniu A u B pasHbIX 3HaKOB, TO, pasbuBas uHTerpan Ha jgBa,
umeHHO 0T A 10 O u ot O 1o B, Haxoaum

[B
‘Aj dt|<2n
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Jro npocroe 3amMeyaHue OyeT A HAC B JasbHeliieM 0UeHb BayKHO, TaK KaK
U3 Hero BBITEKaeT, YTo AJA JIOObIX @ U b UMeeM

b

! [t ar | <2m, (35.8)

NOTOMY YTO

‘f““t”t dti=| | S""dtl<2n (35.9)

B cuny (35.7).
3ameTuM Tenepb, YTo OrpaHMUeHHOCTb uHTerpana (35.8) o06s3aHa MCKIIOUH-

TeJIbHO HHTEPQEPEHLMH TMOJIOYKUTEILHBIX M OTPULATENbHBIX BOJH CHHYCOUJBL.
Ecnu noapmrerpansHoe BrIpakeHue B3SATh 10 MOAYJIIO, TO pe3ynbTat Gyjier coBep-
WeHHO Apyroii. Jloka)kem, 4yTo

i .

” sin nt dt

t
0

HEOTpaHMYeHHO BO3PACTAET C POCTOM 11 ¥ Ja)Ke OLIEHUM TOYHO MOPSIIOK ero pocra.
910 Ham OyzeT OYeHb Ba)KHO Uil JajbHeHero.

[Mycrb
I,= j sin nf ldt SLLYP (35.10)
0
SlcHo, uTo TOrHA
(n+l)nl sin u ¢ sin v
]n+1_1n= I |_‘“u—‘ du =‘£v+nﬂ dv
1 Tak Kak npu 0 < v <z umeem
1 1 1 _
AAE D S v F o S Tha (n=12..),
a
tgsinvdv_—_Z,
TO
— 2 < I,< -2 35.11)
n(n+1)< n+1 " n<‘n?' (35.
3acraBisiss n npoberaTs 3HaueHus 1,2, ..., m— 1 U CkiaabBasi paBeHCTBA
(35.11), nHaiigem
2 "I " 2 "
;%n+1<§("n+l_ n) ?r;l?
UIH
I ~ ! 2 'S 1
Tasw SIn< ;2: Rk

Ho, npunumMasi BO BHUMaHUE, YTO

1+%—|—...+imwlnm,
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rle ~~ 03HayaeT aCUMITOTHYECKOE paBeHCTBO (CM. BBomumiili marepuan, § 11),
HaxomM I, ~ In m. MITak, Haxoxum

nn . 2
le'L"—'—du=]nN;lnn. (35.12)
0

Takum o0Opasom I, He TONbKO 0eCKOHEYHO BO3pACTaeT C POCTOM 71, HO MBI
BUJIUM TOYHO IOPSIIOK 9TOT0 pocTa.
3amerum, yro u3 (35.12) cpasy cuenyer, 4To

lim j sir;u du = + oo,
n—»w 0
T. €. UHTerpan
”_Sn;x ld" — 4 oo, (35.13)
0

3HAuUMT, uHTerpan (35.4) 3aBelOMO CXOAUTCSI TOJILKO YCJIOBHO, HO He abCOJIIOTHO.
s (Gopmynel (35.12) BeIBeIeM 0/1HO CIIECTBHE, KOTOpOe Oy1eT UrpaTh B Aajlb-
HelfleM Ba)KHYI0 POJib.
YcenoBumest HasblBaTh KoHcmanmamu JleGeea BHIpAYKEHHUST

L=~ J'| D, (t)|dt, (35.14)

-—_T

rae D, (t) — sinpo Hupuxie.
Tak kak D, (f) — QyHKUus yeTHas|, TO

2 43
Ly==2[|D.(t)]dt.
0
Ho mbl 3Haem (cm. § 32), uro

D, (t) =" o),

2 b4
sin nt
lm=—f]t

T

a TMoToMy

di+0(1),

OTKyJa
Ly=21,+0()

4

u B cuny (35.12)
4

L,,Nﬁlnn.

Urak,

L=+ [|D.@)dt ~ 1nn. (35.15)

Tz

AHaNOrMyHO MOYKHO J0Ka3aTh, UTO W IS SIAPaA, CONPSIKEHHOTO C SIApOM
Jupuxie, uHTerpaa OT MOAYJIS MMeeT TOT >Ke IOPAJOK pocra, T.e. pacreT
Kak In n.
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Uro0bl y0eauThCsl B 9TOM, BHIYMCIMM ONMH BCIIOMOTATeNbHBI MHTerpal,
MMEHHO

NE

J, = [Snnt gy (35.16)

sin ¢
0

Tak KakK

sin ¢

s nt _ %sin 2k — 1)t
k=1

(4TO NMPOBEPSIETCS HEMOCPEACTBEHHO YMHOYKeHHeM o0eux Jacreil Ha sin t u 3ame-
HOH NpouM3BeJeHUsT CUHYCOB Ha PasHOCTb KOCHHYCOB), TO

=k2":0jsin(2k— 1ytdt — k21"2"+1 ~Inn (35.17)

(3mech ¥ B JajbHeiiem Mbl He Oynem IoJACUMTHIBATb TOUHO KOHCTAHT, a NHCaTh
MIPOCTO U, ~V,,, €CI A < < B,rne A u B—1n0n0)KuTebHBIE MOCTOSTHHLIE).
Paccmorpum Tenepn

4

Da(t) |dt.

Im
Q‘—ﬁd

(t) l — cos nt l sin nt

2tg2 2
TO MBI HMEEM
— COo8 nt sin“‘%t
D, () ="—2" 1 0(ly=—2—+0()
2 sm§ sinf
(moTomy uto
1 1 1 t 1, ¢
— = cs5 —1|=—51tg—]|.
2tg% ZSin—é- 2sin—2t- [ 2 ] 2 4)
CrnefoBaTensHo,
2 "smzn— N4 2 sin® nu _
=) A O () = [ du - 0() =Z a4 0 (D),
0 Slﬂ— °
a noToMy
o~ In n.
Urak,
[ IBa@dt~mnn, (35.18)

a 3TO MBI M X0TeJIl JOKa3aTb.
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§ 36. OueHka 4acTHLIX CyMM psja Pypbe OT orpaHuyeHHOH GYHKUMM

U3 pe3ynbraToB NpeabiIyiero naparpada MrHOBEHHO NOJIyyaeM CIeAyIOmYo
TeopeMy:
Teopema JlebGera. Ecau f(X) — oepanuuerinan @ynxyus

f <M,
mooain=273...
1S, () |<CM 1Ign, 0Lx<2n (36.1)
u
1S, () |<CM In n, 0<x< 2=, (36.2)

20e C — abcoaromHas KOHCMAHMA.
HeitcrButensho (cM. (31.3) n (35.15)),

1
S| =]+

Q=1

l(t)Dn(t—x)dtl<M%j ‘ D, (t—x)|dt =ML, <CM In n

1 aHanoruyHo (cM. (31.9) u (35.18))

1S, (x)| <CM In n.

Teopema J0Ka3aHa.

3ameuanue I. MoxHo Obiio Obl MogyMars, uto popmymna (36.1) uepec-
yyp rpyba; B CamoM fieJie, MOXKET MOKa3aThCsl, UTO ISl OTPAaHUYeHHOM QyHKLMK
YaCTHbIe CYMMBI psiia Pypbe JOIDKHBL ObITh OrpaHudeHHbIME. OIHAKO 3TO HEBEPHO
Ja)Ke JUIs1 HelpephiBHLIX QYHKUMHA. Ecnu Obl psax ®Pypne oT HenpepbIBHON QyHK-
LMK PaBHOMEPHO CXOMMJICS K Hel, TO Takasi OTPaHHUYEHHOCThL JA0JDKHA Obuia Obi
UMETb MECTO; HO Mbl YBHIMM Jajbllie, YTO JUIS HeNpepbiBHbIX (QYHKUMI psibl
dypbe MOTYT CXOUTLCS HEPABHOMEPHO, a TAK)Ke MOTYT PAaCXOAUTbCS 1 JaXKe Ha
0eCKOHEYHOM MHO)KECTBE TOUEK UMETb HeOrpaHMUYeHHble YaCTHbIE CYMMBL.

damevanue 2. Ecmn f(x)€L[0,2x] u |f(x)]<CM Ha HexoTOpOM
[a,b] C [0, 2%], To Ha Jm06OM [a’, b'], a < @’ < b’ < b, umeem

1S.@|<AMInn+ 5 [IfOld  (n1=23,..), (36.3)

rae A — a0conoTHast KOHCTaHTa, a 6 = min (¢’ — a, b —b’).
JlelicTBUTENbHO, TAK KAK

5, ()= L [1a+ 00,0 -

= Zit+0D@dt+L | fx+oD.0O (36.4)

[==, #]—(—3, 9)
TO, BbIOpaB 6 Tak, uroObl 6 = min (¢’ — a, b — b’), BupuM, uTO Npu X € [a’, b']
apryMeHT { 4 X B IIeDBOM MHTerpalie He BHIXOAUT U3 [a, b] u, 3HAUuUT,

,%f]‘(t—f—x) Dn(t)dt|<M%ﬂD,,(t)ldt<AM Inn,  (36.5)

rape A — abcomoTHast KOHCTaHTA.
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Horaxk kak BHe (—0, 8) umeem | D, (f)|<C % , TO JUI1 BTOPOTO HMHTerpaja B
(36.4) HaxouMm

= | te+op (t)dtl<l‘”f(t)'dt (36.6)

7 n \ 6 - .

[—m,a]—(—6,9) —

Coenunss (36.4), (36.5) u (36.6), nmonyuaem (36.3). Bmecro (36.3) mMo)KHO
TaK)Ke HaNKCATh

[S,(x)|<<CM Inn mpu n>N,

T
rae N 3aBucur or M, 8 u { |f(f)| dt, Tak KaK, ecnu N JOCTATOUHO BENUKO, TO MU
—_
n > N Bropoit uneH ¢popmysnsl (36.3) cTaHeT MeHbile EPBOTO.

§ 37. Kpurepnii cxopumoctn pafa dypbe

BepHeMces1 K BOIIPOCY 0 CXOAMMOCTH psiioB Pypbe. Mbl X0TUM HAlTH YCIIOBHS,
IPH KOTOPBIX o (f) CXOAUTCSA B HEKOTOPOH TOUKEe X K KaKOMy-TO uucny S.
C aroif Henblo Mpe)kae BCero 3ameTuM, uro u3 (33.1) cienyer

Su(®) =+ [ [+ 0+ f(x — ] % at + 0 (1), (37.1)
0

rae o(1)osHauaer BeJMUYMHY, PABHOMEPHO CTPEMSIIYIOCS K HYJI0 Ha [—wm, at].
Kpome Toro, ymHo)as Ha S o0e dyactu paBeHcrTBa (35.3), umeem

)
9 .
S=2[s¥ ™ du+o(1). (37.2)
0
U3 (37.1) u (37.2) Temepb HaXOMUM

Su() =S =7 [[[ (s 1)+ (x— w) —25] P du+0(1).  (37.3)

Orcrona sICHO, YTO JUIs1 CXOMMMOCTH o (f) K uuciy S B TOUKe X He00X04uMO U
J0CTaTOYHO, YTOOBI

fim [ [f(x + u) + (¢ — ) — 28] S gy = 0. (37.4)
ey

Ecny >xe MBI X0TUM, 4TOOBI B TOUKe X PSIN o (f) UMEJI «eCTECTBEHHYIO CYMMY),
T. €. CYyMMY, paBHYyIo f(X), TO [JIsi 3TOT0 Heo0X0JUMO U J0CTATOYHO, UTOObI

tim [[f x4 1) +7 (c — ) — 2f ()] 5 du = 0. (37.5)

Ilonaras
Px(u) =1 (x +u)+f(x—u)—2f(x), (37.6)

MBI MOJKEM, CJIeJI0BaTeNIbHO, cHOPMYIMPOBATL TaKoe MpeJI0)KeHne:
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s moeo umobsl 6 Hexomopoil mouxe x paod o (f) cxoduaca « f (x), Heo6xo0umo
u Qocmamoyro, umobel

3
lim j o (1) 2™ gy =0, (37.7)
n— o 0

u

20e 0 >0, a g, (u) onpedenero gopmyaoii (37.6).

Ecnu ¢yHkuus f (x) HenpepblBHA Ha HEKOTOPOM MHTEpBaie (a, b), TO MOYKHO
CTaBUTb BONIPOC O PaBHOMEPHOM cxoaumocTu psina o (f) K f(x).

ITycts ¢ > 0 moboe. U3 HempepuiBHOCTH f(X)Ha uHTepBane (a, b) cienyer
ee HelmpepblBHOCTb, a 3HAYMT, U OrPAaHMYEHHOCTh Ha OTpe3Ke [a + ¢ b— ¢].
IMoaromy, ecnu ymHOKHUTH (35.3) Ha f(X), TO uUMeeM

fo) =2 [t B dt+0(1), (37.8)
0

rae o (1) cTpeMuTCs K HYJIO paBHOMEPHO Ha [a 4 ¢, b — ). U3 (37.1) u (37.8)
BBIBOJIMM TOI'/Ia

82 () — 1 (x) == 1 (x + 1) + (x — ) — 2f ()] T2 s + 0(1) . (37.9)
0

3nech 6 MO)KHO Oparb no6bM. IToaToMy, eciu Mbl BO3bMeM & <C & TO IpH
x€la+ e b—e]ulul < 6 6ynem umero u + X € (a, b) u u — x € (a, b),
a rorga ¢, (u), onpenensemass gopmyinoit (37.6), Oyner Bce eme HempepbiBHA
Ha (a, b). Orciona, monb3ysich (37.9), MOXKHO 3AKIIOUATE:

Ecau f (x) Henpepotgra Ha (a, by u e >0 awboe, mo 043 pasHomepHoti cxo0u-
mocmu  paoa o(f) Ha [a+ e b—e] HeoOXoOumo u Odocmamouro, umoObl

']
Jim [ 9. (@ du =0
0
pasHomepHo Ha [a, b]; 30ece & ar0boe, yoosaemeopsiowyee Hepagercmey 0<< 6 < g,
a (1) — Pyrryusa, onpedeasemas pasericmeom (37.6) u HenpepbigHas 044

a4e<x<b—e, |u|<0.

§ 38. Ilpusnaxk [uxu

ITosiyyeHHble YyCI0BUS CXOAMMOCTH (M paBHOMEPHOH CXOAMMOCTH) XOTS U
SIBJISAIOTCS HEOOXOMMBIMU U OCTATOYHBIMH, OTHAKO MX OYEHb TPYIHO IPUMEHSITD.
ITosToMy MBI BblBeJieM M3 HMX psiJi NIPM3HAKOB, KOTOpble XOTS1 U OyAyT JNHUIbL
JOCTaTOUHBIMU JUIST CXOMMMOCTH (MJIX JUISI paBHOMEDHON CXOJAMMOCTH), HO B IIpo-
CTBIX ¥ Ba)KHBIX CJIyYasiX 4acCTO OKa3blBAIOTCS OUYEHb I0JIESHBI.

Ilpe)<e yeM BBIBOAUTD 3TU MPHU3HAKH, BBEEM OJHO OIpefesIeHHe.

Onpenenenue. Cnenys JleGery, Ha3oBeM TOUKY X, pe2yAApHOLl, eCIH
f(Xg—0) u f(x, + O) cymwecTByIOT 1 eciu

0 o — 0
f(x0)=j(x +0)‘2I'f(x ).

$ICHO, YTO BCSIKAsl TOUKA HENPEPHIBHOCTH €CTh PeryJspHasi; peryJisipHbIMU
OYRYT 4 Te TOUKH paspbiBa 1-ro poia, B KOTOPHIX BeJMUYWHA (YHKUUH €CTh Cpef-
Hee apuU(MeTHUECKOe ee NPEJIENIOB CieBa W CIpaBa.
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JloKa)KeM CIeIYIOIYI0 TeopeMy:

IMpusunak Juuu.Pao o (f) cxooumes x f (X) 60 écaxoti peeyaapHoll mouxe X,

20e unmezpan

[11 G+ +7x—u)—27 ()| 22

umeem cmoica.

JefCTBUTENLHO, €CJIM ITOT MHTETPasl MMEET CMBICH, TO MO)KHO JUist JII06OTo

e > 0 BBIOpaTh 7 CTOJIb MaJbIM, UTO

[lte+u)+fa—u)—2f@| L <e

u

Torna npu mobom n, B cuny [sin nu| < 1, umeem
n .
[+ +7 00— 1) — 27 (0] 22 au| <.
0

Ho B cuny 3amevanus 1 k nemme § 31
[}

”f(x+u)+f(x—u)—2f(x)

u

]sinnudu—->0 opun—- oo,
n

Orcropa crnenyer, uro

lim [[f(r +u)+ (x—w)— 2/ (9] 5" du =0

u

u u3 (37.9) cnenyer, 4To CXOQMMOCTb JIOKa3aHa.
B yacrHoCTH, ecny CHOBA IOJIOXKUTH

P (@) = f(x +u) +f(x —u) — 2f (x),

TO KpuTepuit JIMHM maeT: eciiu B TOUKe X QYHKUHUS f(X) HelpepblBHA U

s
fI‘PX(t) | dt
. t

umeer cMbIc, T0 o(f) cxomures K f(X) B TOUKe X.

(38.1)

Orciona mo)xHO BbIBecTH psif cnefcrtBuit. Hampumep, ecnu f(x) B okpecr-
HOCTM TOYKM X YIOBJIETBOPSET yCI0BHI0 Jlunumuna nopsaka a > 0, T.e. ecliu

[fe+u)—f@I<K|ul®

st |u| < 6, To unrerpan (38.1) uMeer cMbICH, a 3HAuWT, o (f) cXoUTCA K f(X).
Ecnu QyHKuus f (X) uMeeT B TOUKe X KOHEUHYIO IPOU3BOJHYIO, TO B OKPECTHOCTU
9TOM TOUKM OHA YNOBJIETBOPsIET YCJIOBUIO JIMMIIMLA MOPsIAKA a == 1, a moToMy:

B mouke x, 20e f (X) umeem koreuryto npou3eooHyt, ee pao dypee cxooumes

K Heii.

B uacrHocty, ecau f(x) ougdeperyupyema 6ciody Ha (—, 7)), mo ee paod

Dypoe cxooumces 6ct00y Ha IMOM UHMepsae.
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§ 39. Ipusnak YKopaaHa

Kaxk u3BecTHO, BCsIKast pyHKLMS ¢ OFpaHNYEeHHBIM U3MeHeHHEM eCTb Pa3HOCTb
IBYX HeyOBIBaIOMUX OrpaHMUYeHHBIX QYHKUMA. Eciu QyHKUMS MOHOTOHHA, TO
OHa MMeeT TOJIbKO paspbiBbl 1-ro poja. Kpome Toro, ecinu QyHKUMS ¢ OTpaHUyeH-
HbIM M3MEHEHHMeM HeNpepblBHA, TO €€ MOXXHO NpPEACTaBUTb KaK PasHOCTb ABYX
HellpepLIBHBIX HeyObBaIOMX QYHKUUI.

ITUM MBI BOCHOJIB3YEMCSI NIPY J0Ka3aTeNbCTBe CIeAyIolel TeopeMbl:

Teopema Xopnaua. Ecau f(x) umeermn ozpanudernoe usmereHue Ha
Hexomopom unmepsase (a, b), mo ee ps0 @ypve cx00UMmMcs 8 Kancooll Mmouke 3rmozo

X X —
unmepeana. E2o0 cymma ecmo f(x) 6 mouke HenpepwleHocmu Uu f_(+_0)-|2-_f(_0_)
6 mouke paspbiéa. Haxowney, ecau (a’,b’) aewcum yeauxom GHympu UHMEpPEAIQ
(a, b), 20e f(x) Henpepoigna, mo ps0 Pypse cxooumes pasHomepro Ha (a’, b’).

B cuiy clienaHHBIX paHee 3aMeYaHuii SICHO, YTO OCTATOYHO 0Ka3aTh TEOpEMY
A1 cnydast HeyObiBawoueit f(x). B arom ciyuae, monaras

S — f(x+0)-2H(x—0) ’

Mbl BUJIIM U3
fe+w+fx—u)—28=[f(x+u)—fx+0)]+[f(x—u) —f(x—=0)],

YTO NpU PUKCUPOBAHHOM X Ka)KAash U3 CKOOOK eCTb MOHOTOHHAsl GYHKLHS OT U.
OneHum Tenepb

[Tt Ge+ ) —f(x+ 0] 2 gu (39.1)

u
0

3nech 6 BeIOMpaercst Tak, 4rolbl X 4- 6 € (a, b). Ho kakoBo Obl HU ObL10 € > O,
MO)KHO B3SITb 0; < 0 CTOJIb MaJIbIM, 4TOOBI

[fx+u)—fx+0[<e  0<Cu<Cs,;.

Tak Kak f (x 4+ u) — f (x + O) He yOblBaeT U HeOTpHLATENIbHA, TO, IPUMEHSIST BTO-
pYIo Teopemy O CpefHeM, BUAUM, 4TO

u

f[f(x Fu)—f O+ 0)] M gy — [ (x4 8) — f (x + 0)]fSi“”” du, (39.2)
0 S,
rae 0 < 8, < 6;. Ho Tak Kak (cm. (35.7))

lflsinnu du;<n
9,

u

npu J00bIX MOJOXKUTENIBHBIX 0; U 0y, TO UHTErpan (39.2) mo Mopyso He Ipe-
BOCXOJUT 7te.
Ha ocnoBanuu nemmel § 31 Torna

[
17 Gt ) — 6+ 0] T2 | < 2,
0
eciin 1 10CTaTOYHO BEJIMKO.

ToYHO TaK)Ke OLICHUBAETCS
[

j[f(x —u) — f(x — 0)] Sinunu du

0
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[Toaromy uist 1OCTaTOYHO OOJIBIIUX 71
é
U[i(x—]—u) +f(x—u)—QS]ﬂ“—u”—‘idu|<4m,
0

rle & KaK yrojfHo Majo, a TOrJa Ha OCHOBAaHUM KDUTepHUs CX0AuMOCTU § 37 Mbl
BUJUM, YTO PsIJ CXOMUTCS B TOYKe X K yuciay S.

[Tycts Teneps f(X) HenpepbiBHA Ha HEKOTOPOM uHTepBaie [a, bl u [a', b'] —
mo0oi#i 0Tpe3oK, JeyKaluit CTporo BHYTpH (a, b).

Mo>xHO BBIOpaTh §; CTOJIb MaJbIM, YTOOBI

[fx+u)—f@)|<e m |[fx—u)—f()]|<e,

ecmn @ < x < b n0<Cu<Cé,. Eciu Tak, To B IpeAbIyIIMX OLEHKaX UHTerpa=
JIOB X MOKeT OBITh B35TO JIOObIM 13 (a’, b") U, Cief0BaTebHO,

[

17 Gt )+ 1 — ) — 27 (9] 2™ da | < 4
0

st @' < x < b’, a9T0 B cuuty Kpurepus § 37 ¥ SHAUUT, YTO P51 CXOJUTCST paBHO-

mepHO Ha (a’, b’).

Teopema YoppraHa goKasaHa.

M3 noxasaHHoOl TeopeMbl, B UaCTHOCTH, BbITeKaeT, UTo ecau f(x) umeem ozpa-
HUYeHHOe U3MEHeHUE HQ 6CeMm OmpesKe [—am, ] U HENPepbleHA HA HeM, Npuuem
f(—n) = f(n), mo ee pao Dypve cxooumes pasHOMEPHO HA — oo < X < - oo,

CnenoBaTenbHO: ps0 @ypoe 044 8CAKOL nepuoouieckoil a0coaomHo-Henpepole-
HOU (pynKyuu cxo0umesa pasHoOMepHO K Hell Ha — oo < X < -} oo,

3ameyaHue BaxHblil yacTHBIN Cyyail f0Ka3aHHOH TeopeMbl ObLT pac-
cmotper Hdupuxie. OH usyyan cayuvaii, korga QyHKUus f(X) orpaHuueHa u uUMeer
JIMLIb KOHEYHOe YKCII0 MAaKCUMYMOB 1 MUHUMYMOB 1 He 60Jiee 4yeM KOHEYHOe YKCI0
TOYEK pasphiBa. 111 9TUX QYHKLMIA OH JI0Ka3asl CXOMUMOCTh psiia Pypbe B KaXK-
JOH TouKe. FICHO, YTO 3TU (YHKUMHU BCe UMEIT OTpaHMYEHHOEe U3MeHeHMe.

§ 40. HNuterpuposanue psiaoB ®@ypbe
ITycrs f(x) cymmupyema u
j(x)rv-aé"- + a,cos nx + b, sinnx.
n=1
OGosHauum uepes F (x) npumuTuBHY10 0T f(x). Torma

F(x)=%x+c+z—bncosnx+ansinnx’ (40.1)

n

npuYeM psiji B NpaBoil 4aCTH CXOAUTCST paBHOMeEpHO.
Sra Teopema npuHapiexut Jlebery. UroObl ee f0Ka3aTh, JOCTATOUHO 3ame-

TUTb, 4TO F (X) — a—z" X eCTb NPUMUTUBHAS OT f(x) ——-‘-12"—, 0Ha abCoIIoTHO Hemnpe-
phIBHA ¥ uMeeT mepuoj 2z (cM. § 23, n° 8).

CnenmoBarensHo, psig Pypbe oT F (x) — 523 X CXOIUTCS paBHOMEpPHO K Heil.
Ho on umeer Bup (cm. § 23, n° 8)

2 — bn cos nx + an sin nx
- .

JTO0 M 3aKaHUMBaeT J0Ka3aTesbCTBO.
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Kak crnejctsue, nonyyaem juist Jo0bix a u b

b

b
_I_zi—bncosnx—l—an sin nx
n b

=1 a

J 1y dxe= %

a

T. €. padst Pypve (0axce pacxo0ayuecs) MOWCHO UHME2PUPOSAMb NOYACHHO NO
a000My UHMEPEANY.

CnepcrBue. B popmyne (40.1) psa cXOmUTCsT 1J1s1 BCeX X; B YaCTHOCTH
npn X = O; HO 3TO O3HayaeT CXOAUMMOCTh psja

©

bn
n

.

n=1

Wrtak: 0aa écaxozo psoa Dypve—Jlebeza pso z‘l’nlcxodumc;z.

n=1

JTa TeopemMa JaeT BOSMOXKHOCTb B HEKOTOPBIX CIIyyasiXx Cpady YCTaHOBUTb,
yTO 3aJaHHBIi pAX He sBiusercss psgom Pypne—Jlebera. Tak, Hanpumep, psia

<, sin nx
2 Inn

n=2

He ecTb psit Pypre—Jlebera, xoTs1 B cuny Teopemsl 1 § 30 oH cX0UTCs B KaXK1oi
TOYKE.

N a
HaHpOTI/IB, pax S—’-}MO)KGT A pacxXoIUThbCsl, B YaCTHOCTH PSIJL
n=1

jz, Cos nx
= Inn >’
1
151 KOTOPOTO pﬂﬂ}gnﬁ =
JleGera (aro Obuto f0Kas3aHo B § 30).

PacxoauTCs1, BCe e sABIsieTcsi psiiom Pypbe—

§ 41. siBnenne I'mGGca

Mbe1 foxasanu B § 39, uto Y pyHKUMY C OTPaHUUEHHBIM U3MeHeHHeM psiil Pypbe
CXOJUTCS B Ka)KJ0H TOYKE, ¥ B YaCTHOCTH B TOUKaX paspbiBa. Mbl XOTHM H3YUHTh
0oJiee ETaNbHO IIOBENEHME YaCTHHIX CyMM psija o (f) B Tex Toukax, rje f(x) pas-
pbiBHa. HauHeM ¢ u3ydeHus1 0JJHOTO CHeELMaJbHOTO Cyyasi, a 3aTeM IepeiiieM K
obwemy.

IMycrs f (x) = x Ha (—m, @) u f (X) umeer nepuop 2. Tak Kak f (X) HeveTHas,
TO ee psaf Pypbe COCTOUT U3 OJHUX CHHYCOB U (cM. § 8)

T T
bn=—:2;ff(x) sin nxdx=%fx sin nxdx.
0 0

VIHTerpupyst mo yacTsiM, HaXoJuM

2 — X COS nx
bn=__.____

k4 9 11 n__ll
= - +chosnxdx=2(—l) o

10 0

Hrak,

f(x)fvz[sinlx__‘sin22x_’_si1133x__.“_‘_(_1),,~1 sin nx +J

n
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Tak Kak f(x) umeer orpaHUYeHHOE U3MeHeHHUe, To ee psi Pypbe BCIOAY CXO-
JUTCS1 U MPUTOM K f(X) B ee TOYKaX HEmpepbIBHOCTH U K & +0) ';7 x=0g
TOUKax paspheiBa 1-ro poma. [To3TOMy MBI MMeeM LIS X =+ =+ @

sin x sin 2x sm 3x sin nx
x—=2[ M SREX 4 fo BT,

eCJIn JKe X = =+ a, To psif cxoauTest K O (YUTO OUeBMAHO M HEMOCPEeJCTBEHHO, M6O
BCE €ro WieHbl TOTa PaBHbI HYJIIO).

Ecnu MBI cliesiaeM 3aMeHy NepeMeHHOT0 X = z — ¢, TO Korja X mnpo0leraer
0Tpe30K [—am, x], mepemeHHoe ¢ OynmeT mpoleratb oTpesok [0, 2z], oTKyaa
clenyer

n—1t _ sin (m—1) sin 2 (7w — ) sin 3 (% — f) sin n (z—f) _
I B 3 ek T
_ Silil t + sin22t sm 3t .t sin nt +..., (41.1)

ecnu t <= 0 u t + 2x. B 9THX Ke TOUKax psif B npaBoit uvactu (41.1) cxomurcs
K HYJIIO0.

M yoke roBopuiu B § 30, uro aroT psix OyfeT urpaTb 00JbLIYIO POJIb BO
MHOTHUX BONPOCaX TeOPHU TPUIOHOMETPUUYECKUX psjoB. B § 30 Ob10 A0KasaHo,
YTO YacCTHble CyMMBI psifia (41.1) orpaHuYeHBl B COBOKYIHOCTH, T. €. CYIeCTBYeT
Takasi KoHcTaHTa C, 151 KOTOpoi

— o <x< + oo,
l% ’ ¢ n=12...

OnHako AN majbHelliero Ham HY>KXHO HU3YUHUTb 0osiee neTanbHO MOBEAEHME 3TUX
YaCTHBIX CYMM B OKPECTHOCTH TOUKM X = 0.

Hmeem

x

S, (x) = ‘3‘5‘“"" j( cos kt)d f[Dn(t)—-%]dt,
0

0 k=1

rje, kak Beeraa, D, (f) — anpo Oupuxie. CiegoBaTessHO,
Sn(¥)=| Dp(tydt—%. (41.2)
0

Ho mb1 3Haem, uro (cm. (32.3))

D, () = Sint LA g(t) sin nt + % cos nt,

rae g(t) orpaHuuena.
[Nonaras

g() mma 0<Ct<Cx,
0 mma x<t<2m,

'/’x(t + 275) =1/"x(t)

¥ (t) =
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¥, NOJIB3YSICh 3ameyaHuem 3 K jiemme § 31, saxiroyaem OTCIOfia, YTO

X X

D, ()t = 5% a1 o(1)
J J

t
0 0

pasHomepHO Ha 0 < x < 2x; noaromy u3 (41.2) u (41.3)

Si(@)=—%+] Sn A g1 (1)

t
0

WJIn
nx

sn(x)z—;+j8i‘}‘dt+o(1).

0

Eciu

y()="5% ma 0<x<2m,
y(x+27) =y (x),

(41.3)

(41.4)

(41.5)

TO QYHKUMS 9 (X) UMeeT BUJ, YKa3aHHbIA Ha puc. 6. Mbl y)e BUJenH, 4T0 Psif

V4
7
A

NolN

2n ﬁr\ ”\2

Puc. 6

(41.1) ectb o (y) U OH CXOMUTCS BCIORY K o (X), KpoMe ToueK X = 0 u x = 2z, rJ1e

OH CXOAUTCsA K HYJIIO.
3acraBasist x NpUHUMATbL 3HAUYEHUS

27

T
x=7, x=T,...,x=T[,
Mbl BuguM u3 (41.4), uro

Su(Z)+ o =[S at+o(1),

0

9 27 .

ST ) = o,

0

ooooooooooooooooooooooooooooooo

(41.6)
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o in x
YuuThlBasi TO, 4TO TOBOPHUJIIOCH B § 35 110 OBORY NOBe/IeHUSI KPHUBOii y= s"; )
Cpasy BMIMM, YTO KpuBble Y = S, (X) NPOXOASAT uYepe3 HAyajo KOODAMHAT,
KOJIeOJIIOTCS OKOJIO MpsIMOM ¥y = v (X) ¥ x0Ts1 mpu Jiobom x, 0 < x <,
nuMeeM

lim S, (x) =y (x),

oaHaKo 13 (41.6) BusHO, uTo KpuBbIe y = S,, (X) CIpaBa 0T TOUKK X = 0 Crymarorcs
oroso orpeska (0, l), rae

~
I
Ot——a
<R
=
[N
T~

Taxas >Xe KapTuHa HaOmlofaercst u cneBa OT X = 0, TaKk Kak Bce S, (%)

HeueTHble GYHKIMM. [109TOMY 0K0JI0 TOUKU X = O KpuBbIe K0JIeOIIIOTCST He MEXKLY

T T
— 5 M+, KaK MOXXHO ObUIO yMaTb, a CTyWawTcsi OKoyo orpeska [—1, I]. Ho

BBIUKCIIEHHS NOKa3bBaloT, uto [ = 1,8519. .., a TaK KaK% =1,57..., To pyuHa
4 T
oTpesKa [—I, []npeBOCXOAUT AIUHY [— R —2—] .
910 00CTOSITENHCTBO BIepBble ObL10 0TMeuero I'ub6com (cm. Gibbs [H) mouemy
€ro NPUHATO Ha3bIBATh A61eHUeM ' ub66ca, a oTHOIIeHHUE [ K % koncmanmoii I'ubbea ;

3Ta KOHCTaHTa paBHa 1,17...

IMToxkarxeMm, uto siByeHue 'n60ca Habmoaaercs u ps no6oit yHKuum ¢ orpa-
HMYEHHbIM M3MEHEeHUEM OKO0JIO ee TOUeK pasphiBa, eCJId TOJBLKO OHU M30JIMPOBAH L.
JelcTBATeNBbHO, Y QYHKLUY C OTpaHUYeHHbIM H3MeHeHneM TOUKHU pa3pblBa ObIBAIOT
TOJIBKO 1-TO pojna.

[Tycts f(X) — TaKast QYHKUUS U X, — M30JIMPOBAHHASI TOYKA paspblBa. Eciu
f %+ 0) — f (%o —0) = d, To pynKums

0(®) =1(x) — Ly (x—x,)

HenpepbiBHA B NOCTaTOYHO Majloii OKPECTHOCTH TOYKHU X,, TaK Kak p (x, 4+ 0)=
d
= [ (% £ 0) —— v (2-0), a moromy

00+ 0) —e(t—0) =d — L [yp(+0) —y(—0)] =0.

TaK Kak Ipyrux ToueK paspbiBa y f (X) B paccmMaTpuBaeMoil OKPeCTHOCTH HeT,
eCJIM 9Ta OKPeCTHOCTb ObUta BhIOpaHa JOCTAaTOYHO MaJod, TO p(X) HempephBHA
B 9TO¥ OKPECTHOCTHU ¥ MMeeT OrpaHMYeHHOe u3MeHeHMe Ha [0, 2z ]. 3Hauut, ee psin
dypre paBHOMEPHO CXOAUTCSA B JA0OCTATOYHO Majioii OKDECTHOCTH X, a NMOTOMY
NoBeJieHHe YaCTHHIX CyMM psita Pypbe uisa f(x) 0KoJo X, OyeT Takoe >Ke, KaK

d d
Y Zv(x—X) T. e KakK y —w(X) O0K0JO X = 0; CJIef0BATENbHO, sIBIIEHUE

I'n66ca 3mech Tar)Ke MOJHKHO OBITH HAJIMIO.

B cuny mpunnmuna noxanusauuu Pumana (cm. § 33) 910 )Ke cnmpaBeiuBoO,
ecnu f(x) € L[—m, =] umeeT orpaHnueHHOE U3MeHeHue Ha [a, b] 1 X, — U30JIUPO-
BaHHasi TOYKa paspbiBa f(x) Ha [a, b].
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§ 42. Onpenenende BenMuMHBbI CKauKa GyHKuMH mo ee psaay dypbe

JlonycTuM, yTO B HEKOTOPOil TOuKe X QYHKLHS f(X) MMeeT pasphiB MepBOT0
pofa, npuuem

f(x+0)—fx—0)=d. (42.1)

BennunHy 9TOro CKauKa MOXKHO ONpEeNuTh U3 Ciepyiomei hopmyssl (cm.
Lukécs [11):

fim S = =% (422)

B camom nene, umeem
fx+8)—f(x—t)y=d+e(), rme e(t)—>0 mnpu t—0.

Ho us gopmyast (31.9) B cuny HeuetHocTu D, (f) umeeM

5.0 =—2 [l +0H—f&x—D]D. (O,
0

T03TOMY

8.9 =—=%[D.ydt— ~[e®D.@at. (42.3)
0 0
JloKka)Kem mpeyKje BCEro, uTo
lim —— [D,(t)dt =1. (42.4)

n— o

0

" n—1
,H,eI/ICTBPITeJIbHO, nojarasi v = [—2——] , AMEEM

D (ydt=— 3K

k=1

’;=2(1+%+...+ﬁ)=

ob—wa

=2[(l+g+5+ o tnr) -zl +zt -+~

NZ[lnv——;—lnv]= Inva In n. (42.5)

Wrtak, opmyna (42.4) noxasana.
Joka)xem Tenepsn, 4TO

lim ! e Dyt =o0. (42.6)

Inn
0

st aToro Bo3bMeM 7 >0 npousBosibHO 1 Bbibepem 6 > O Tak, uro0bl

le(t)|<n npu 0<t< 9.
Torna

’_fs(f)ﬁn(t)dfl<77}’5n(t)ldt<C17 In n (42.7)
0 0
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(B cuny (35.18)), rne C nocrosiHHO. Kpome TOro, Tak Kak

lb“n(t)|<g mpn d<t<m (42.8)
B cuiy (29.11), To
JeD.dt=0q),

]

a noromy u3 (42.7) u (42.8) cnenyet (42.6). 13 (42.3), (42.4) u (42.6) Teneps cie-
AyeT CnpaBefJIMBOCTb GopmMynl (42.2).

CnemnctBue 1. Bo secaxoii mouke paspviea 1-20 pooa pso, conps-
ucennbili k psaoy Dypee 044 f(x), pacxooumes.

JeiicTBUTENLHO, B 9TON TOUKe

S:I(x,f)= —% In n+€n In n,
rae ¢, — 0. _
CnepctBue 2. Ecau f(x) Henpepbisra 6 mouxe x, mo S, (f, x) = o (In n);
ecau S, (x, f) = o (In n), mo mouxka x He moncem 6oy mouxoli pazpsisa 1-20 pooa.
CnenctBue 3. Ecau y ¢ynxyuu f(x) xoapguyuermor Oypoe umerom

1
1ops0ox 0 (7) , Mo y Hee He moycem 0blme Mouex pa3pslea nepeozo pooq.
JHeifcTBUTENIBHO, TOT A

Sulh)=0 (145 +-..+ ) =o(n n)

(cm. Beopublii MaTepuan, § 11).
Orcrofa, B 4acTHOCTH, 3aKJII0YaeM:
Ecau f (x) umeem ozpanuuentoe uzmererue u xodpguyuenmost dypoe nopaoka

1
0 (71—) , M0 0HA HenpepbIsHA.

HeiicTBuTeNbHO, y GYHKIUY f(X) ¢ OrPaHUYCHHBIM H3MEHEHHeM TOYKU pas-
pbiBa MOTYT OBITH TOJBKO 1-ro poja; HO B CUJY CJEACTBUS 3 TaKUX TOYeK OBITh
He MOJKET, a TIOTOMY f(x) HempephiBHA.

OnHaKo Henb3sT yTBEPIKAATD, UTO eciu f(X) HempephlBHA U UMeeT OrpaHUYeH-

1
HOE M3MEHeHue, TO ee KoadduimeHTel Pypbe UMEIOT MOPSNOK 0 (7) . B aTom MBI
yOenumest B § 2 rnaswl 11.

§ 43. OcoGeHHOCTH PAAOB PYpbe OT HenmpephIBHLIX (GYHKLMIA,
ITonunomel Peiiepa

MBI XOTUM IIOKa3aThb, YTO eCJIM Ha QYHKLUIO f (X) He HaylaraTh HUKaKuX orpa-
HUYeHHH, KpoMe HeNmpephlBHOCTH, TO ee psfl Pypbe MOXKET U PaCXOAUThLCS B
HEKOTOPO# TOUKe, U CXOJAUTHCST HEPABHOMEPHO OKO0JIO HEKOTOPOH TOUKHU, XOTs1 OH
CXOJUTCSI BCIORy. [TepBble MpuMepbl TAKOTO pofia Obliu aaHbl [J1o-Bya-Pelimonom *)
u Jleberom, noaTomy NpHMHSTO Ha3biBaTh 3T (aKThl ocoberHocmyto [Jw-Bya-Peii-
MOHQ (AJ151 CyYasl paCXOAUMOCTH) U ocoberiHocmoio Jlebeza (AJis1 Ciydast HepaBHO-
MepHOH CXORUMOCTH).

Mel noctpoum 3jech, cienyst Peitepy (cm. Fejer [21), HekoTOpbIe TPUTOHOMET-
pHYecKre MOJMHOMBI, U3 KOTOPBIX OyAyT cTpouThesl pyHKUMY, 00nafaromue au6o
ojiHO#, b0 mpyroit us aTux ocobenHocreil. Bnocnenctuu (B rnase 1V) Te e

*) Du Bois-Reymond [1],
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nonuHoMbl Peftepa OYAYT CAYIKUTH AJISI OCTPOEHMS SHAUMTEBLHO GoJlee CII07K-
HBIX IPUMEPOB, a UMEHHO : HEeNPepBLIBHLIX GYHKLUMA, Yy KOTOpHIX psif Pypbe pac-
XOJIMTCST Ha BCIOJY MJIOTHOM MHO)KEeCTBe, MJIM Ha MHO)KeCTBE MOLIHOCTH KOHTHHY-
yMa, a Tak)Ke HempephiBHBIX QYHKLMHA, Y KOTOPBIX PsI BCIOAY CXONUTCSI, HO He-
paBHOMEpHO Ha JI000M MHTepBalie d, Je)KaleMm Ha [—m, x].

JdNleMeHTH NMOCTPOeEHHUS. PaccMoTpuMm JBa TPUrOHOMETPHUYECKUX
N0JINHOMA

Q(x, n) cos nx+cos(n+1)x+ +cos(2n——1)x

1
_[cos(an—l— )x+cos(2n2+2)x+m_|_28n3_mc], (43.1)

sm(n—{— 1)x
n—

sm(2n —Dx

Qx,my= =21 4 oot
in2n+4 1)x 2 +2)x in 3nx
__[sm + sin n2 4+ smn ] (43.2)

1

OTmeTuM crefyolmue ux CBoHCTBA:
a) CymectByer Takass KoHcraHTta C, 4TO

%Q(x,n)’<c 1 ]Q“(x,n)Kc (43.3)

Ansi moObIX X U n.
JeficTBUTENBHO,

n .
Q(x n) \v cos(2n—k)x;cos(2n—|—k)x 2 sin 2nx Zsmkkx ,

n n

1 (2n— K % — sin(2 L

Qix,n)= 2> sin(2n — k) x 7 sin(2n + k) x = — 2 cos 2nx Zsmkkx.
k=1 k=1

Ho, xak usBectHo (cM. (30.8)), Mbl uMeem

= MM (—eo<x<foo,n=1,2,..),

[TosTomy, nonarasg C = 2M, BuguM, 4T0 CBOMCTBO a) A0Ka3aHO.
6) Ecnu uepes g (x, Q) unu g (x, Q) 0603HauMM J1100Y10 YaCTHYI0 CyMMY TOJIH-
HoMa Q (x) mu Q (x) (T. e. CyMMY JII000TO yKcia NepBbIX ClaraeMblX B 3TOM MOJIH-

HOMeE), TO
le(x Q<2+ In n)
" (43.4)

[ (%, Q<21+ In n),

TIOTOMY YTO
I 454+ <1+ Inn.
B) Ecmn 6 < x <, 10
e, QI<M, 1 |oxQI<M,, (43.5)

rie M, — KOHCTaHTa, 3aBUCSIIIAST TOJIBLKO OT 4.
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JlelicTBUTeNbHO, BCSAKAs cymma ¢ (X, Q) nubo umeeT BUR

p

o cos (n+k)x
- =k ma pn—1,
b0 BUJ

S cos (n+k)x ~py cos 2n+k)x

P i s p<.n.

—

3HauuT, Ka)Kaasi U3 CyMM, BXOJSIIUIMX B BhIpa)kKeHume ¢ (X, Q), uMeeT BuUJ
Zagcos (n 4 k) x, rie 4ucna a; NOJOYKUTEIbHBl, MOHOTOHHO YOBIBAIOT MJIM MO-
HOTOHHO BO3PaCTAIOT 1 IPUTOM He IPEBOCXOJAT 1 ; M0ITOMY, PUMeHsIsT CJIe[ICTBUE
u3 mpeoOpasoBanuss Abenss (cM. BBopnblit maTepuan, § 1), MBI BumuM, yTO
Ka)K[asl TaKasi CyMMa He IPeBOCXOMUT KOHCTAHTHI, 3aBUCSILEN TOJNBKO OT 4. ITO
Ke paccyrKjeHue -CpaBeuInBo AJs ¢ (X, Q), TaK KaK Tam BCe COXpaHsieT CHIY,
TOJILKO KOCHHYCHl 3aMeHeHBI CHHYCaMH.
r) Hakoner, nojoxum

P, n)= cosnnx + c0s’§n_+11)x 4t cos (2n— 1)x , (43.6)
P_(x, n)= smnnx + sin ’(1n_—|—11)x 4.+ sin (2n —Dx ’ (43.7)

T. e. P (X, n) — cyMMa mepBbIX 1 WieHOB Q (X, 1), a P (x, n) — cymMMa nepBbIX 1
usneHoB Q (x, ). Torma Mbl umeem

POM)=1+5+...4>> Inn, (43.8)
_ sin n—— sin 2n — 1) >
>(1+—é~+...+,11)sm V_lnn
CJ1e0BaTEJIbHO,
= 1
P2, n)> If/zn (43.9)

JTUMH (QaKTamMu MBI BOCIOJIb3YeMCSl JJIsi IOCTPOEHHUS] HY)KHBIX NPUMEpOB.

§ 44. HenpepoiBHaa QyHKUMA ¢ psagom Dypbe, CXOAAIMMCS BCIOAY,
HO HEepPaBHOMEPHO

ITycrs a >1 penoe, KoTopoe Mbl noxbepem nozxe. IToyoyKum

n, = a* (44.1)
n 0003HaYUM B B
Qk(x) = Q(x’nk) ’ (44'2)
rae Q (X, ) — TPUTOHOMETPUUECKHii TIOJMHOM, ONpe/eeHHbH dopmynoi (43.2).
[Tosoxxum

200 = S0 @43)
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¥ IOK2)KEeM, UTO eciu a Moo0paHo Hajieykamum o0pa3om, To g (x) ecTb GyHKuUuS
CO CBOIiCTBaMM, YKa3aHHBLIMM B 3arjlaBuM naparpada.
HelictBurensHo, B cuny (43.3) 1nst Bcex x u k

|| <C, (44.4)

anoromy psan (44.3) cxoaurtcst abCoOMOTHO U PaBHOMEPHO, 3HAUMT g (X) Helpe-
peiBHa. TaK Kak npu nobom a > 1 u npu k > 2 umeem

ak“> 3a(k—-—1)2 ,
T. e. (cM. (44.1))
e >3y,

TO, B cuy (44.2) HY IPU KaKOM 711 YJIeH, COJeprKalluii sin nx, He BXOJMT OJ(HOBpe-

MEHHO B JiBa pasHBIX Q(x), moaTomy B psje (44.3) Bce CUHYCHI, KaK B 00LIUHOM
TPUrOHOMETPMYECKOM Dsifie, pacniojloyKeHbl B NOPSIAKE BO3PACTAHUST MHOYKUTENsI 12
npu X. ,

Ha ocnopanum nemmel § 12 psag (44.3) ectb pspg Pypoe oT g (X), TOCKOILKY
€ro YacCTHele CYMMBI C HOMepaMu 311, CXOJATCS PaBHOMEPHO K g (X).

JloKa)keM, 4TO yacCTHble CyMMH S, (X, g) psifa Pypre 1isi g (x) orpaHuYeHbE
B CBO€il COBOKYIIHOCTH.

JleHcTBUTENBHO, Ka)KAash TaKasl CyMMa MMeeT BHJ

$n(5,8) = =4 Q) + G 2 (5 Q) (44.5)

(B vacTHBIX Clyyasix BTOpPOE Claraemoe CyMMbl (44.5) MOXKeT OTCYTCTBOBAaTb).
Ho Torpa Ha ocnoBanuu (44.2) n (43.3) umeem

S pm<cSp<a, (44.6)
k=2 k=2

rae A — aGeonotHast KoHcTaHTa. Jlanee, Ha ocHoBaHuu (44.2), (43.2) u (43.4)
nMeeM

— 1 5
]@L—l)zsv(x, Qm+1)!<m2(l + In am+’) < 2(1 +1Ina) (44.7)
H, CllefloBaTeNbHo, u3 (44.5), (44.6) u (44.7)
S, (x,9)|<<B (n=0,1,...;0<x<2q), (44.8)

rae B — abcoyloTHast KOHCTaHTa.
Kcratu 3amerum (310 Ham nmoHajgo0uTcs B rnase 1V), uro, nonarasi

Sn (X, g) - g(x) =Rn (X, g))
IR.(x,9|<<K (n=12,...;—ax<n), (44.9)

rre K — abcosioTHasi KOHCTaHTa, U4TO BbITEKAaeT M3 OrPAHMYEHHOCTH ¢ (X) M
u3 (44.8).

ITepeiineM K u3yyeHMI0 CXOAUMOCTH psifa o ().

3amerum CHayvana, 4To s Jr000ro 0 >0 Ha orpeske é < x <« (a 3Haywr,
1 —m < X < — 0) psan Pypbe 0T g(X) CXOAUTCST paBHOMEPHO.

JlefcTBaTENbHO, U3 TOH »Ke ¢opmyunnl (44.5) BHIHO, UTO

nMeeM

Rn(x’g) = (mTll)éqj(nym+1) - 2”%(—2;:(3‘),

m+1
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a torma us (43.3) u (43.5) caenyer
< |l M
an (xr g) |<Cm+21'k_z + (m _I_dl)z s,

€CIIM 11, a CJIeJOBATEJIbHO M /11, IOCTAaTOYHO BEJIMKO.

Mbl Bufium TakuM 00pa3oM, uto psin Pypbe oT g (X) CXOmUTCS npu Jo0oM
x 5= 0 (mod 2x). Ho mist x = 0 (mod 2x) OH TaroKe JOJKEeH CXOMUTBCS, TaK KaK
COCTOUT U3 OJHUX CHHYCOB.

Ham ocraercst m0KasaThb, 4TO DPsif o (g) CXOAUTCST HepaBHOMEPHO OKOJIO
x=0.

C 9T0if LlesIbI0 PACCMOTPHM €r0 YaCTHHE CYMMBI C HOMEpaMu

V=20, —1.
Kajknas Takasi CyMMa UMeeT BUJ
m—1
1

Svm(x) Z e Qk(x)+ P(X nm)

k=1

TI03TOMY
1 = “ 1 =
Ry (9 = S, () — () = s P (5,1) — S Qe ().
ITonaras
_ T
Xm = Ao
Haxoaum u3 (43.3) u (43.9)
1 1 2 c Ina

Ry () > 7 P (4n , ) CZ P —ﬁln == —C>1,

€CJIM TOJILKO BHOpaTh a TaK, 4YToOBI
In a>)2(1+0).

R, (x)>1 (m=1,2,..)) (44.10)

JUIS1 HEKOTOPOH ITOCIIEN0BATENIbHOCTH TOUEK X,,, CTpeMsLMXCs K 0, a 9T0 1 3HAUMT,
gro psajx Pypbe 0T g (X) CXOAUTCA HepaBHOMEPHO 0KO0JI0 X = 0.
Teopema JoKasaHa.

Hrak,

§ 45. HenpepoiBHass QyHKuMs ¢ psigom Pypbe, pacxoasamumes
B 0JHOi Touke (npumep Peiiepa)

Mul pacemoTpum nonuHombl Pediepa Q (X, 1), BBeeHHEIE B § 43, U, I0JIBL3YSChH
umy, Oynem cTpouth psiibl Pypbe OT HenpephbBHBIX (YHKUME, pacXoisiuiiecst
npu x = 0; npu srom OyZem IONy4YaThb MO JKeNAHUI0 DSIBl, UMelole Judo
OTpaHuueHHble, TU00 HeOrpaHUYEHHbIEe YacTHble CYMMBI. Te M Jpyrue mpuMephl
OynyT nozxe (B rnase 1V) ucnosnb3oBaHbl Ui IOCTPOeHMH 001ee CI0)HOI0 XapaK-
Tepa.

BospmeMm cHauana, Kak u B IpeJplayLiemM naparpade,

nk = akzy
Te @ — LEeJoe ¥ @ > 2; NOJIOIKUM

Q (x) = Q(x, 1) (45.1)
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U NyCThb
f) = gl—kl_ Qe (x) - (45.2)

Mbl BMIUM CHOBA, KaK B IpeJbIAyINeM Naparpade, 4o f(x) HenpepHBHa, 1 PsI
(45.2), ecnu B HeM paccMaTPUBATh KaXK/BlH UeH BCSKOT0 NMoIrHOMAa Q, (X) OTHeN b=
HO (a He IPYNIMPOBaTb UX B CYMMHI), eCTb ee psjg Pypre.

MBI BHIMM, TaK >Ke KaK IIpyu JoKa3aTenbcTse (44.8), uto

|Sa (5, )|<<B (45.3)

A1s1 MoOBIX 1 1 X U YTO PAX o (f) cXomurcss paBHOMEPHO Ha (—a < X < — 9)
n (0 <x<m), T.e. cxoaurcst npu jwbom x == 0 (mod 27). Ho npu x = 0 oH
pacxoAuTcsl, TaK Kak, nojaras

Vm =21, —1, /‘m=3nm—1’
nmMeemM

P (0, nm) In nm m?lna .
8,0 — S, (0) == > L 0n — 2% — In¢>0, m=12,...

m

CrepmoBaTesnbHO, He BHIOJHEH Kpurepuil cxopmmoctu Kouim.

Hrak, o (f) pacxomurcst mpu X = 0, XOTs1 €ro yaCTHblE CyMMBl OIpaHHUYEHHI
B CBOEH COBOKYIIHOCTH B cnn‘}l (45.3).

Ecnu 661 BMECTO 77, = a** MBI I0J10)K1IM OB

nk = aka (a > 2) )
TO MNOJYyYnay Obl

8@ = 8, ) = 20 > LE _ming,

T. €. PSIJL HE TOJIbKO pacxoauicst Obl B Touke X = O, HO u umen Obl B 3TOH TOuKe
HeorpaHHYeHHbIe YaCTHBIE CYMMBI.

§ 46. Pacxoaumocts B oo Touke (npumep JleGera)

Ipeapinymue npumeps Peiiepa (cm. § 45) x0TI 1 yROOHBI AN AanbpHeHuX
NOCTPOEHMH, HO OHM 00JIaflaloT OJHUM HEJOCTaTKOM: TaK KaK COOTBETCTBYHIIuE
(GyHKIMKM NOCTPOEHH! YMCTO aHANUTHYECKMM IyTeM, IIPU MOMOILH GOPMYJ, TO He
ylaercs ux u300pasuTh KPUBHIMYU U MOHATH I'eOMETPUYECKH, T0YeMY NPOK30LLIa
pacxonumocTh psiia Pypoe.

[MoaTomy MBI u3710>KuM 3ech npumep JleOera (JIMIIL cerka U3MeHeHHBIR Iist
COKpAIIeHUs] J0Ka3aTelbCTBa), I'le QYHKLUMIO YXKe MOXKHO, X0Ts1 Obl Npubnusu-
TeJbHO, n300pa3uTh rpapuyecKu.

Mycrs ny, 1y, ..., My, ... — IOCJIEJOBATENBHOCTL LIEJIBIX YKMCEJI, KOTOphle
MBIl mof0epem nodxe. ITonoykum

aQ=1 a=nn,...n, k=12,...).
0O603HauMM

1k=(—”— L] (k=12..).

ak ’_ak_l
Bribepem Mosy<e 10CaeR0BaTeIbHOCTb YHCE ¢y, I0Ka OyeM NpeanoiaraTb TOJIbKO
¢ + 0.
Iyctn
f(x) =cysing, x Ha I,
1©@=0,

[(=%)=1().
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slcHo, uro f(X) onpeneneHa BCIOAY Ha [—m, ], OHA HeNpepbIBHA Ha KaXKIOM [
u obpamaercs B 0 B ero KOHLUAX, T. €. He IMeeT PaspblBOB U B KOHEYHBIX TOUYKAX;
HakoHel, f(x) —0 npu x —0 (puc. 7) B cuny ¢, | 0O, u,3Haunr, f(X) HenpephBHA
BCIOZLY.

[Toxaskem, uto ee psajg Pypbe cxoauTcsl BCOAY Ha [—m, ], Kpome X = 0.
Tak Kak f(X) uMeeT JUIIL KOHEYHOe YMCJI0 MAaKCUMYMOB M MHUHMMYMOB Ha
[d, %], To OHa mMMeeT OTrpaHMYeHHOe M3MeHEHMe Ha 3TOM OTpe3Ke (TarKe U Ha

Puc. 7

[—w, —06]). 3uauur, ee pax Pypbe CXOAUTCA B KaXKAOH Touke [—m, x],

Kpome x = 0.
[Moka)xkeM, YTO NPHU HaJUIe)KaleM MoA00Pe YnCel ¢, U 1, A o (f) pacxoauTces

npu x = 0.
Kaxk usBecTHO, 11s 110008 f(X) umMeem

Sa(%,f) =+ ff( x40 S dt 40 (1),
3HauuT, npu x = 0 -

&ww=§ﬂmﬂﬁm+wu
Hama f(X) yeTHas,, moaTomy -

S:O.N =210t +o0(1). t6.1)

[Moxa)kem, yTo Mpy HaJuie)KameM INOAOOpe ¢, U 1T, HMeeM

Je= jf(t) I S ey (46.2)

Ecnn TaK, 10 S, (0, f) — -4 oo npu k — oo (KaK BuaHO u3 (46.1)), u Torna psin

o (f) pacxogurcest npu x = 0.
UTo06bl OLEHUTb J,, MBI Pa300beM €ro Ha TPy CllaraeMblx

Jk_jf(t) sin akt dH_J" f(i) sin aktdt + ff(t) sin art df — ]k+] +]”'-
ES _ (46.3)
Hmeem

sin axt
et | <o,
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3Hauur,
(Ji) <max|f(®)] 4 ——=nCey=0(1), (46.4)

0<t< —

TaK Kak ¢, | O.

Jlo cuX NOp MBI He ONpeleNeNIiIy elfe YUCeNd ¢, U M. MBI Ipeanonoxum
Tenepp, uTo 11, = 2, ¢; = 1. Ecnu ¢y, ¢y, . .., Cpq U 1y, g, ..., 4 YOKE OIIPE-
AeneHsl, TO f (f) onpenenena Ha Iy, I,, ..., I, T. €. Ha ,n]. Ona Ha aTom
f()

moNyuHTEpEANe HENpephisHa, a {>>-——"—, Mo3ToMy <~ orpammdena. Cienosa-

TE€JIbHO, €CJIM 711 10CTAaTOYHO BEJIMKO, TO

Jit(i) sin nidt
alcn—z

MO)KeT OBITB clieNaH KaK yrojHo maneim (cm. § 19).

Tak Kak aq, = nn, ... ny, TO NpH 7y, ..., N;_; YK€ QUKCUPOBAHHBIX, 11,
elle B HalleM paclopspKeHNH U, SHaUKT, YBEJINUMBasi €ro, Mbl MOXKEM CHENaTh
KaK yroiHo 0OJIbLINM, B YaCTHOCTH TaKuUM, UTO

|| [ ro R eta| <, (46.5)

-1

OTKyza cnenyert, uto J;'' = o(1l) npu k — oo.
Ocraercsa ouenuts J;'. Mimeem

T

Ag—
” . t 1— cos 2axt
Ji= J ¢, sin q;t smta" dt = j Os Rl LR LY
n T
o o
2 t
=5 In m— " oos Zaut

%

o 1
Ho no BTOPOM TeOpeMe 0 CpeHEM, YUUThIBasI, UTO T IT0JIOXKUTEJbHO U MOHOTOHHO

yOpIBaeT Ha MHTEpBaJie MHTEIPUPOBAHMUSI, HAXOIUM

4

ax—1 &

| [ cos 2axt ag | ax 2

|J—dfl<—;‘lJCOS 2aktdt|<—n—§a—k
a

1
t 7 °

T

ax
[Mosromy us ¢, — O cuenyer
Ji =5 celnn, +o(1),
0TKyJa, B cuny (46.4) u (46.5),

]kz%cklnnk—i-o(l).
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1
Mgl MO>KeM Tenepb MOJIOXKUTDL XOTst OBI ¢ = Vi Torma ¢, | Ou
n ng

Ji=5 Vinm, +0(1) mpn k—>oo.

Taxum 06pa3om, J0Ka3aTeNbCTBO 3aBepLIEHO.

U3 puc. 7 BugHO, uT0 QYHKLUA f (x) 10 Mepe NPpUOIMKeHNsS] X K HYJII0 COBEp-
waer Bce 6onee u GoJiee yacThle KoyebaHusi; TakuM 00pas3oM, HarusgHo o6Hapy-
YKUBAETCS1, YTO PacXomuMoCThb psifa o (f) mpy x = O BbI3BaHa TeM, uTo f (X) uMeeT
B OKPECTHOCTH 9TO! TOUKHM HeOrpaHMYeHHOE M3MeHeHHe.

3ameuaHue. Brnocnencrsuu (B rnase V, § 22) Ham OyaeT HY)KeH Ipumep
HenpepblBHOH (yHKUMK, Y KOTOPOH psf Pypbe CXOQUTCS K HyJI0 BCIOAY Ha
[0, 2% ], BHe HexOTOpPOro OTpesKa [a, b], CXOUTCS B KaX<0# TOuKe (a, b) u pacxo-
auTCst 1160 TONBKO B @, 1100 TOJBKO B b, 11060 B 000MX KOHLAaX UHTepBana (a, b),
1 IPUTOM MMeeT B TOUKAX PACXO0AMMOCTH HEOTPAHIMUYeHHble YaCTHble CyMMBI (Oyem
FOBOPUTDb KPATKO: HEOTPAHUUEHHO PacXoauTcst). Bee Takue mpuMepsl JIerko noy-
YUTb, OTIPABJSISICH OT NOCTPOEHHOro Npumepa JleGera.

JlelicTBUTENILHO, eCly MO0JI0XKHUTh

(0 wma [—=0],
PO=1i) wa [04],

TO
5.(0,9) =55, 0, 1),

a [oTOMY o (¢) HeOrpaHUUEHHO PaCXOAUTCS U X = 0; KpoMe TOro, o (p) CXORUTCST
Ha 0 < x < @ U CXOJUTCS K HyJI0 Ha (—, 0), UTO BhITEKAeT U3 NPMHIHMIA JIOKa-
musaiyu (cM. § 33). Ecim nonoyxuthb
P () =9 (x—0),
TO MOAYyuMM QYHKLUMIO, AJs1 KOTOPOH o (¢,) pPacXomuTcst pU X = @, CXOIUTCST K
HYyJI0 Ha [a—m, a] U CXOAUTCS

J A Ha (¢, a + =]
7 S Gyuxuusa ¥ (X) = @ (—x) umeer
psan Pyprbe, cxoadmuics BCIOLY,
Kpome x = 0, I'ie OH HeorpaHu-
YeHHO PaCXOAUTCsl, M, KPOME TOTo,
9TOT PSAA CXOAUTCS K HYJO IIPU
o< x <.

IMoaTomy

P, (x) =¥ (x — b)

HMeeT PsIfl, CXOMALMiCS BCIoay,
KpoMe X = b, Ile OH HeOTPAaHMYEHHO PACXOAMTCSI, NPUYEM OH CXOJUTCS
K Hymo Ha (b, b + =).
IMycts Tenepp 0 < a < b < 2z, Tloctpoumm A (X) cieaymomum o06pasom.
Brifepem ToukM a 1 y Tak, 4Tobel 0 < a < @ < p < b u nycTh

1 Ha (a) y)’
0 Bue (q,b),

A(x) unrepnonupyercs auHeiHo Ha (a, @) u (y, b) (puc. 8).

ITo Teopeme Llreitnraysa (§ 34) psan o (Ag,)} SIBASIETCST PABHOCXONSIUMCS €
A(x) o (p,), @ IOTOMY OH CXOJUTCS BCIOJy, KpOMe X = @, IJle OH HeorpaHMYeHHG
pacxomuTcst, MpuyeM BHe [a, b) OH BCIOLY CXOAMTCS K HyJIto (11160 B cuny A (x) = O,
mmbo B cuny ¢, (x) = 0).

N —————
R —————
>

5

Puc. 8

A(x)=
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CoBepiueHHO TaroKe, ecnu dYepe3d A¥(x) 0003HauuTh (YHKIMIO, paBHYIO
1 nva (p, b), paBuyto O BHe (@, f) M uHTepHONMpPYeMYI0 JuHeiiHO Ha (a, )
u (b, p), roe

O0<<a<<y<b< B< 2n,

TO MBI yBUAUM, 4TO o (A*¥,) siBnsercst paBHOCXomsImMes ¢ A* (x)o (¥, (%)), a
IOTOMY OH DPacXOJMTCS HEOTPAHMYEHHO TNIPU X = b, CXOAUTCS BCIONY, KpOME
X = b ¥ CXOJUTCS K HYJIO BHe (@, b].

HakoHen, nonaras

F (x) = 29, (x) + 2* ¥, (x)

Mbl YBUMM, uTO F (X) HenpepblBHa U o (f) pacXoauTcss HEOTPaHMYEHHO MPU X ==
M X = b, a BCIOJy B IPYTUX TOUKAX CXOJUTCS, U IPUTOM CXOJUTCSI K HYJIIO BCIOY,
BHe [a, b].

GameuaHnue. Koapdpuuments: Pypre y Tex psfioB, KOTOpble Mbl
crpouny B §§ 45 u 46, CTpeMMJIUCh K HYJIO II0 JA0OBOJBHO CJIOXKHOMY 3aKOHY.
B cBs3u ¢ pelieHueM HeKOTOPBIX 3ajlau M3 TeOPMU HHTETrpasbHBIX YpaBHeHuit
BOSHMKJIA INpo0yieMa: MOYKHO JI1 HalTU TaKyl0 HENPEpLIBHYI0 UETHYI0 (YHKILHIO
f(x), y Koropoit

a(f)=§ancosnx, rie |a,| {0

=1

u nputom o (f) pacxoaurcsa npu x = 0. Canem (cM. Salem [141) ran yTBepaUTEND-
HBIl OTBET Ha 3TOT BONpPOC. Mbl He OyaeM NPUBOAUTD 3/1eCh IOKA3aTENbCTBA, TaK
KaK OHO OCHOBAaHO Ha M3YUEHHM HEKOTOPBIX TeOPeTHUKO-YMCIOBLIX HepaBeHCTE,
KOTOpble yBenu Obl Hac CIMUIKOM JalleKo OT MaTepuaia 3Toi KHUI'H.

§ 47. CymmupoBanue psga dypoe meroom PDeiiepa

Mgl Bugenu, uro gaxke psail Pypbe 0T HellpepbIBHBIX QYHKLMI UMEIOT TOUKM
pacxomumocty (§§ 45 u 46). Bosnukaer Bonpoc, B Kakoit Mepe psin Pypbe MOXKeT
TOrJ1a OBITh MCIIOJIL30BAH JUIsl BEIUKCIIEHNST 3HaueHuit pyHKuum f(x)? 3aeck ecrect-
BEHHO, KaK BCerja, KOIja BCTPEYalTCsl C PacXOAAMMUCS PAfiaMu, IpuberHyTsh
K TeM WJIM MHBIM METOlaM CYMMUPOBaHHUSI.

Hanomuum (cm. BBoaublii MaTepuan, § 6), uTo GyHKUMOHABHBINA psIf Hasbl-
Baercsa cymmupyemvim memooom (C, 1), ecnu cymecTByeT mpejen

limo, (x),
n—-—- o

rae
1,
on(0)= 577 %Osk(x)’ (47.1y

a S, (X) — yacTHble CyMMBl psifia.

IIpumeHeHue 3TOro Merosia K psitam Pypope NPUHSATO Ha3BLIBATL CYMMUPO6A-
Huem memooom Deilepa, Tak Kak Deliep nepphiii 06paTu BHUMaHKE Ha LieJeco-
00pasHOCTb MCI0JIL30BaHMUS Ye3apOBCKIX CyMM B 9TOM Clyyae ¥ JI0Kasaj OCHOB-
Hy10 Teopemy. ITosxe oHa Obina obo6meHa JleGerom.

Mgt sHaem (cm. (31.3)), uto uactHast cymma S, (x) pssra Pypbe oT GyHKIMHU
() Brparkaetest Gopmyioit

S.(x)= ;l-z—f.f (&) D, (t —x)dt,
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rae D, (1) —sanpo Qupuxie. [ToaTomy yesapoBcKasi cymma, onpepensiemast (47.1),
JOJDKHA UMEThb BHJ

0n() =5 [1O 517 2 Dt—ndt =2 [JOK,(—0at,  @12)

THe

=2

Ko()=——

(47.3)
CnenoBaTensHo,

0u(¥) = [ 1 (x + ) K, () du. (47.4)

dyuxuusa K, (u) HasbiBaeTcs1 A0pom Peiiepa; Mbl ceffuac Haiiem HJIs1 Hee
yRo6HOe BHIpa)KeHHe.

Tak Kak
. L]
D,(u)= sm(n—}— 214 __cosnu—cos(n+ 1)u
n - - )
2sin% 4sin2%
TO
1 < Cosku—cos(k+1lu 1—cos(n+1)u
Kn(u)_ n+12 ] u = ‘ i
k=0 4sin® (n+1)4sin® 5
2
) {sin(n—{—l)%
- ICE ] NI b
sin 5
Urak,
. u\?
1 sin(n+1) 5
K@= |~ |- (47.5)
2

VI3 aToro Bhlpa)keHKsi BbIBeJIeM Cpas3y psiji CBOMCTB siapa.
1) K, (1) >0.

DTO CBOMCTBO B JiajIbHEHIIeM MIPAET CYLIECTBEHHYIO POJIb.

2) Mmeem
K< ———— < gpppa W 0<ul<n,  (47.6)
2 (n+ 1)sin? 5
a NoTomy
K,()=0 ( n;) s 0<|u <am (47.7)
u
K (”)\2<—+W as 0<olJu| <L, (47.8)

OTKyZa npu mobom 6 > O, monaras
M,(0) = max K,(u),

<Kukn

lim M, (8)=0. (47.9)

n—-co

nMeem
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3) Nmeem
K. @yau=1. (47.10)

JT10 BhiTeKaeT u3 (47.3) u u3

%jDk(u)du=l (k=0,1,2,...).
4) Eciu 6 > 0, TB”

[

lim - [ K, (u)du=1. (47.11)

n—ow
—0

1o cpasy caenyet us (47.9) u (47.10).

Onupasicb Ha 3Tu CBONCTBA, Mbl CMO)KEM J0Ka3aTb CJIERYIOL[YI TEOPeMY,
KacawInyncs CyMmmupoBanust psafioB dypee metogom Peliepa.

Teopema deiliepa. Ecau x ecmv mouxa HenpepwlgHocmu GyHKyUU
f(x) wau moura paspeisa nepsozo pooa, mo 6 amoti mouke o (f) cymmupyemes memo-

Oom Detiepa coomsememeerno K f(X) uau el G+ 0 Z— [ =0) ; ecau (a, b) ecmp

unmepsaa, 20e f(x) Henpepoisna, mo o (f) pasHomepHO cymMMupyem Memooom
Deiiepa K f(x) 6o ecaxom ompesre [a, B, nencaigem enympu unmepeara (a, b).

Harxoney, ecau f (X) 6cto0y nenpepsigHa, mo ee pad Pypbe pasHOMEePHO CYMMU-
pyem memooom Peiiepa na [—m, x], m.e. o, (X) pasromepro cxooumes K f(x) Ha
MoM ompe3ke.

J1s1 noKasaTenbCTBA 3TOM TeOpeMbl Mbl Oy/IeM OIUPATHLCST HA JIeMMY, KOTopast
OKa)KeTCs1 NOJIE3HON M B APYTUX ClyyasiX.

JJemma. Iycms

fn () =%jﬂf (x+ DY, @), (47.12)

20e ynxyua ¥, (t) obaadaem caedyromyumu céoticmeamu :
1) ¥, (t) — wemnas gynryusa;

2) f[ Y. ®)aa<C (n=12,...), 20e C — nocmoanHo;

3) ;Zﬂaeaﬂ 01 6 >0
Mn (6) = sup lg]n (t) [ )

LN
umeem
lim M, () =0;

n— o

4) _jt_fzpn(z)dt= 1.

To20a: ecau X — mouxa pazpslea nepsozo pooa 04 f(x), mo
fn(x)")f(x_[_O)_[z_f(x_O)

npu n-—»oco,

frn (x) = f(X) 6 Kancooii moure Henpepoigrocmu f(x).
Ecau f (x) nenpepvisna na (a, b), mof, (x) — f (x) pasnomepro na [a, 8] 022
aoboz0 [a, B] C (a, b).
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Jnst moKasaTeNnnLCTBA JIeMMbl 3aMETHM CHauasa, YTo u3 cBOoicTBa 4) QyHKLMM
Y, (t) umeem

fx+0+x—0 1 (jE+0)+iEx—0
: =;j i ¥ () df =

=[x +0) +1x—0)E ()&  (47.13)
0
B cuny vetHoctu ¥, (f). U3 (47.12) u uetHoct ¥, (f) 3akuouyaem
£ =L [[F G4+ 0+ F(x =] P dt. (47.14)
0

MosTomy us (47.13) u (47.14)
0 —0
]cn(x)_f(x+ )‘gf(x )=

=71;f[f(x+t)+f(x—t)—f(x +0) —f(x — 0] P () dt. (47.15)
0

IToxa)kem, uTO MHTerpas B IpaBoit yacTu (47.15) cTpeMuTCA K HYJIO IPU
n — oo U NPUTOM, eciu f(X) HelpepsIBHA B (@, b), TO CTpeMUTCs] PaBHOMEPHO Ha
[a, Bl mpn a < a << B << b. C 9T0# LienbI0 BhIOEPeM YKCIIO & TaK, YTOObI

[+ —fx+0)]<e,

fr—=H—f(x—0)[<e

ITO BO3MOYKHO JUIsl BCSIKOI'0 (MKCHPOBAHHOIO X; €CNM Ke f(X) HenpepbBHA Ha
(@, b) (B arom cayyae f(x 4 0) = f(x — 0) = f(x)), To MO)KHO BHOpaTh 0 TaK,
4TOOBI OHO He 3aBHCEJIO OT X, a < X <__ # 1 HepaBeHcTBa (47.16) Obuin cnpaBef-
BBl BriGpaB Tak §, pasoOnem uHTErpasn ¢opmyinst (47.15) Ha aBa: uHTerpan I,
no unrepsany (0, 6) u unrerpan I, no uuTepbany (0, 7). VimeeM Ha OCHOBaHUK

(47.16)

mpu  0<Cx<C9. (47.16)

1111<2e§’|¥fn(t)|dz<zsc

B cuny cBoiictBa 2) dyHxumu ¥, (f).
Hnsa I, Haxoaum

|12|<Mn(6>g'{|f<x+t>|+1f<x+o>1+|f<x—t>1+|f<x—0>|}dt- (47.17)

[Tpu MOCTOSIHHOM X MHTerpan B (47.17) KoHeueH, a MHOXKHUTEb Nepej] HUM CTpe-
MUTCS1 K HYJIIO B cuny cBolictBa 3) pynkuuit ¥, (f), sHauur, I, — 0. Kpome Toro,
ecnu x € [a, B] C (a, b), To unrerpan B (47.17) npu n1000M X He INPEBOCXOAMT

Sl1old + 211,

a TaK Kak f(x) HempephlBHa Ha (a, b) M, ciefoBaTeNbHO, OrpaHuYeHa Ha [a, B],
To I, — 0 paBHOMepHO. JleMMa MOJHOCTHIO J0Ka3aHa.

JLJ1st TOro uToObI BEIBECTH M3 9TOM JIeMMBI CHOPMYJIMPOBAHHYIO BBILIE TEOPEMY
deliepa, N0OCTATOUHO JOKasaTh, uTo sAApo Deiepa yHOBIETBOPsIET CBONHCTBAM,
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YKa3aHHBIM B JIeMMe; TOT/a, nonaras f, (X) = o, (X), IpueM K Hy)KHOMY 3aKJio-
YEHHUIO.

Ho cBoiictBo 1) s sinep Peiliepa BoinonHeHo; 3) i 4) Hamu ObLIK JOKA3aHBI
(cm. (47.9) u (47.10)), a 2) cnenyer u3 TOro, uro s sigep Peiiepa

fl K,(t)|dt=[K,(t)dt ==
B cuny K, (f) >0 u cBoiictBa 3). Utak, Teopema Peliepa MOJHOCTbIO NOKa3aHa.

§ 48. CaepctBus Teopembl deiiepa

U3 Teopembl deliepa MOXKHO BHIBECTH psIfl HHTepeCHBIX ciieficTBuit. [Tpexxae
BCEro OHa [aeT HOBOE J0KasaTeJbCTBO KJIACCHUeCKOH TeopeMbl BeliepimTpacca
0 TpHONMKEHNHM HeNpepbBHOX (YHKUOUKM TPUTOHOMETPUUYECKUM MOJIUHOMOM
cm. § 27).
¢ l%eﬁc)TBnTeano, TaK KaK Mbl y0eJUINCh, UTO JUIsi HeNpepbIBHOH f(X) GyHKImMu
o, (X) paBHOMEPHO CTpeMSITCS K f (X), TO, BBIOpAB 7 JOCTaTOUHO 0OJIBLIAM, MOYKEM
YTBEP)KAATb, UTO

[[(x) —0, ()] <&, —oo<x<+ oo.

Ho o, (x) ecTb, 04eBHIHO, TPUTOHOMETPUUYECKUH TMOJMHOM, a IOTOMY Teopema
J0Ka3aHa.

Hanee samertum, uto metoj (C, 1) perynsipen (cM. Beoaublit MaTepuan, § 6),
T. €. CXOMUMOCTb pSIfid K 4MCIy S BiedeT ero cymmupyemocts metogom (C, 1)
K ToMy >Ke umcny S. OTcrofa cpasy ciefyer, uTo:

Ecau o (f) cxooumes 6 mouxe nenpepbignocmu @gynkyuu f (x), mo ox cxodumes
umeHHo K f(X); anaro2udno, 6 mouke paspeiea 1-20 pooa, ecau o (f) cxodumes, mo

nenpemento x LE+0 ‘g [x=0)

Haxkonen, ¢eliepoBcKue CYMMBI IT03BOJISTIIOT B HEKOTOPBIX CIYYasiX COCTABUTD
Cy)KfieHne 1 00 00LIKHOBEHHBIX YaCTHBIX CyMMax psina Pypbe. Tak, Hanpumep,
MOYKHO JIOKa3aTh Teopemy:

Aaa gynryuu f(x) ¢ oepanudeHHbIM UsMeHeHUeM dacmHble cymmbl psda o (f)
02panUYetbl 8 C60eil CO6OKYNHOCMU.

UroObl y0eauThCS B 9TOM, 3aMeTHM CHavaja, uTo, eCld

mfEO<M,  —alxx, (48.1)
TO 1751 (eliepOBCKUX CYMM HMeeM TalokKe
mo, (<M,  —alxx. (48.2)

JlefcTBUTENIbHO, TPUHUMAsT BO BHUMaHHe MOJIOKHUTENLHOCTL siipa Peitepa,
Mbl U3 popmyJibl (47.4) u u3 (48.1) cpady HaxoauMm, 4TO

m 2 [ K@at<o, <M [ K, (et

a roraa ¢opmyna (47.10) cpasy moxaselBaeT CIpaBeIJHBOCTH HALIErO yTBep-
YKJEHUS.
3aMeTUB 3T0, CPAaBHUM TelNeph o, (X) u S,, (x). Mbl umeeM (cm. BBoAHBI MaTe-
puan, § 6)
1

8a(0) = 0,() = 5ot é’lk (a, cos kx -+ by sin kx) . (48.3)
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Orcrofa cienyer
-~ 1%
lSn(x)—C’n(x)IX,,—Hlﬁl k(lae] +10i]).

Ho ecnn f(X) ¢ orpaHnyeHHBIM H3MeHEHHeM, TO, KaK MEI 3HaeM (cM. § 22),

\% \'4
i< |b]<p

rae V — nonHoe u3MeHeHue f(X); N0osToMy
180 (x) — 0 () [ L2V
2V —M<S,(x) - 2V+ M. (48.4)

®opmyna (48.4) He TOJNBKO JOKA3HIBAaeT OTPAHHYEHHOCTb B COBOKYIHOCTH
YaCTHBIX CYMM psiia @ypbe JUist QYHKUMHM C OrpaHUYeHHBIM HU3MEHEHHEM, HO H
YKasbIBAeT IPaHMUIIbl, B KOTOPHIX OHU 3aKJII0UeHBl, B 3aBUCUMOCTH OT TPaHUL] 9TO
(GYHKIMU U ee IIO0JHOTO M3MeHeHHUs.

3ameuaHue. Mo Busenu (cM. (48.1) u (48.2)), uro ecnu f(x) 3aKir0ueHa
MeXXay m 1 M Ha 0TpesKe JUIMHH 27, TO U o, (X) (1 = 1, 2, ...) Ha 9TOM OTpe3Ke
3aKJII0UeHBl MeXAY m u M. JIna manbHeiimero Ham OyfeT MOJIE3HO OLEHUTH
0, (x), 3Hast TONILKO TpaHHLBI f(X) Ha HEKOTOpOM OTpe3ke [a, b]. [oxa)keM, UTO

Ecau

OTKy/a

m<fxX)<M na a<lx<b,
mo 042 2106020 6 > 0 Haiidemcs maxoe N, (3asucsiyee om §), umo
m—0< o, (X)M+96 npu n>Ny©0), a+ 6 x<b—05. (48.5)

HeiictBurensHo, u3 (47.4) Haxoxum
[

() = 4 [ 106 ) K @) 2 [ 0) K, () s+

—6

+4 ff(x +u) K, (u)du =1+ I, + I . (48.6)
é

B cuny (47.7) .,
IL=0 (%)J“lf(x + )| du =0(%]J'|f(u)|du —o(l) (48.7)

U TaKoe »Ke 3aKJIIoueHue umeeT mecto st I}/,
Hnsa oueHxku I 3ameTuM, UTO eCld @ + dx<b—6 m |ul <4, To
X + u€[a, b], a Torma

d
m—jK @ du< 1y <M+ [ Ky(u)du.
u—,

Ho mbl 3Haem (47.11), uro

lim — IK (w)ydu=1.

n—o

3HauuT, MOYKHO BbIOpaTh N, (3aBHCsIIEe 0T J) CTONb 00JbIIMM, YTOOBI, HallpUMep,
UMEThb

1) é
m—?<17’1’<M+?’ n>N07
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U, KpoMe TOro (cM. (48.7)),
’ 6 rrr 6
I1n|<§ n IIn |<_§'!
0TKy/Ja B cuny (48.6) Bumum, uto (48.5) moxasaHo.

§ 49. Teopema deiiepa—JleGera

Teopema deiiepa, n0KasaHHas B § 47, 1aeT BOSMOXKHOCTb CYJUTh O CYMMHU~-
pyemocTu psifa o (f) TMb B TeX TOYKax, rjie f(x) 1160 HempephiBHA, 1160 UMeeT
paspbiBbl 1-ro popxa. OfHAKO NMpPOU3BOJIbHASA CyMMUpYeMasi QYHKLMS MOXKET He
MMeTb HM OJHOIf TOUKM YKa3aHHOTo Tuna. JleOer 0000 pesynprar deitepa u
JI0Ka3aJj CJefylolyI0 TEOpEMY.

Teopema Peitepa—Jlebera. [Jaa aoboil cymmupyemo GyHryuu
f(x) pao o (f) cymmupyemea noumy 6cto0y memooom Petiepa k f (x).

Ins noKas3aTelIbCTBa TEOPEMBI NOJIOXKUM

() =f(x+0)+[x—1)—2f(x) (49.1)
?.(t) = Of [P (u) | du . (49.2)

Hoxkaxem, uto psif o (f) cymmupyercst meronom Peiiepa K f(x) Bo BCskoii Tou-
Ke X, rje
D, ()=o(t). (49.3)

Hns aroro 3ametum (cm. § 47), uto

00 () = () = [+ ) + 1 (x— 1) —2f (] Ko () dt= [ 9 (0 K (0)
0 0

(49.4)

¥ JOKa)KeM, YTO NpHu BeimosiHeHuHu (49.3) uuTerpan B npasoii yactu (49.4) crpe-
mMuTcsl K Hymo. C 3Toii 1esbio 3aMeTHM, uTo

Ko@) |<2n (n>1), (49.5)
TaK KaK
|Dk(t)]<k+%<2n a1 moboro k<n,
a
&@=ﬁj§%@
[TosTomy )

1
n

| L f:px () K, (¢) dt l <
0

0

p|at=220 (N <o)  @96)

B cuiy (49.3).
Hanee, B cuny (47.6)

&£, (49.7)

@ (1)

i%@mmwﬂ<%f

n n
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B unrerpaie npasoii yactu (49.7) mpousBeaem UHTerpupoBaHue 110 YACTSIM; [10J1y-
YyuM, ONISATH ouupasich Ha (49.3) (cm. Beoaublit MaTepuan, § 11),

L ”@;@—?ES) NELIp yry

=o()+4o([%

T) =o(l). (49.8)

A[mt——y

Y3 (49.6) u (49.8) B cuny (49.4) BbiTeKaer
0n (x) = f(x) = 0(1)

B K&KJI0#f TOUKe, I'ie BhINoJIHeHO (49.3).

Ham ocraercst yOenutbcsi, uto ycuoBue (49.3) uMeeT mecTo mouTu Beoay. Ho
B § 15 BeomHOro Marepuana ObiJI0 OTMeUEHO, YTO 3TO COOTHOILLEHHE BHITIOJIHSIETCSI
BO BCsIKOH Touke JleGera, cienoBaTenabHO, IOYTH BCIOAY.

Teopema Peiiepa—IJlebera poxasaHa.

B KauecTBe CIeACTBUS I0JIyYaeM CIIEAYIOIYI0 Ba)KHYIO TEOPEMY.

Ecau o (f) cxooumca na nexomopom mroncecmse E, mE > 0, mo e2o cymma
pasna f(x) noumy écro0y na E.

HeiicTBuTenbHO, MBI 3HaeM, uTo MeToR (C, 1) perynsipe. [ToaToMy B TOUKe,
rae o (f) uMeeT HEKOTOPYIO CyMMY S, OH I0JDKEH CYMMUPOBATBLCS K TOMY YKe YUCTTY
S meronom Peiiepa. Ho Tak Kak merogom Peiiepa oH cymmupyercs K f (X) mo4ru
BCIOJy, TO MHOXXeCTBO ToueK u3 E, rje cymma psapa o (f) oTinusa ot f(X), umeeT
Mepy HyJb.

3ameuaHue. Mb Bujeny, uro psif o (f) cymmupyercst merogom Peiiepa
BO BCSIKOH TouKe JleOera. I3BecTHO, UTO B 9TUX TOYKaX f(X) eCTb NPOU3BOAHAS
CBOEro HeoNpe/esIeHHOT0 HHTerpasa. Mo)XHO NOCTaBUTh BONIPOC, NOJDKEH JIH PSIf
o (f) cymmupoBatbcst MeTogoM Pelfepa B TaKoii TOUKe, I'le 3TO I0CJIe/[Hee YCI0BHe
BhiNoJHeHo. JleGer (cM. Lebesgue (1) mokasasn, uTo 3T0 y)Ke He NOJDKHO HMEThb
MeCTa, 0IHAKO 3[eCh UMeeT MeCTo cymmupyemocts (C, 2).

§ 50. Ouenka yacTHBIX cyMM psiga Pypse

B § 49 mul nokasanu, YTO B TOUKAX, IZe BHITOJHEHO YCIOBHE
h
¢x(’1)=oflf(x+u)+f(x—u)—2f(X)ldu=0(h) (50.1)

psn o (f) cymmupyercs: metonom Peifepa. Bbiio TaroKe OTMeUYeHO, UTO YCIOBHE
(50.1) BeImoIHsIeTCS I0UTH BCORy. Ceifuac Mbl XOTUM OLIEHUTH POCT YaCTHBIX CYMM
S, (X) B 9TUX TOYKaX.

[MToka)keM, 4TO BO BCSIKOH TouKe X, e BuinoJHeHo (50.1), umeem

S, (x)=o0(Inn). (50.2)

CrnenoBaTenpHo, oleHKa (50.2) TaroKe cnpaBelJiiBa I0YTH BCIONY.
Mut Bugenu (cm. (37.9)), uro

Se@)—f @)=~ [ [f e+ +f(x—u)—27 (@] ™ du+0(1),  (503)
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rje o (1) crpemutest K HyJo, a 6 — J1r000e€ 0JI0XKUTeNIbHOe PUKCUPOBAHHOE YHCIIO.
[Monarast ¢ (1) = f(x + u) + f(x — u) — 2f(x), umeem

1

[1o 01| 5 | = [lp@] T du + [ o) | 5 |du<
0 0 1
<nflo@ldu+[lo@)]|du.  (50.4)
0 1
Ho u3 (50.1) ’

h
Py (h) = OJ le () |du, (50.5)
M03TOMY (MHJEKC X MOKa, AJIs KPaTKOCTH, OIyCKaeM)

1
n

Ofi p@)|du =0 () =o(] (50.6)
n

: w ol tow

[le@ 5 =221 +[%a. (50.7)

1 1 _1_
M3 (50.4), (50.6) u (50.7) cnenyer
6 .
[le @) =5 | du<<
0

é s
D (6 1 D [
<nd () + 252 4 no () +’j D gt —oq)+ ’j Dar. (509

Ecnu npu 3agaHHoM & >0 BHIOpaTh 6 TaK, uToObl @ (f) < &f mna 0 <t < 6,
yTO0 BO3MOXKHO B cuiy (50.1), To
3

. 6»
J @tz(t) df < e [

@ —emns=o(nn), (50.9)

RS
n

NOCKOJIbKY & KaK yrofHo mano. Ho o (1) Taroke ects o (In 1), noaromy u3 (50.3),
(50.8) u (50.9) Haxonum

S, () —f(x)| =o(Inn).

Ho Tak KaK X UKCHPOBaHO, TO f(X) MOCTOSAHHO, T. €. |f(X)| = o (In n) u oKoHya-
TeJIbHO

S.(x) =o(Inn),

9To U TpeboBaloCh NOKA3aTh.
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3amevaHnue. B§ 36 Obuo JoKasaHo, UTO AJIs1 OTpaHUYEHHOH DYHKLHH,
a 3HAUUT JJIs1 HelpephIBHOMN, UMeeM IIpH BCex X U n > 1

IS, (x)|<CMInn (n=2,3,...),

ecnn |f(x)] < M (C —abcontoTHast KoHcTaHTa). Ecinu f(x) HenmpephiBHa, TO yeiio-
Bue (50.1) BLINOJHSIETCS, ¥ JayKe paBHOMEPHO, a IIOTOMY AJIs1 HelpepbIBHBIX QyHK-
LU paHee HaliieHHasi OLleHKa 3aMmeHsieTcst Oosiee cuipHOM: BMmecto O (In n)
nosisiusiercst o (In n).

§ 51. MHO)KHTEIH CXOXHMOCTH

[TpuHATO FOBOPUTH, UTO YUCNA {u,} SABISAITCA MHOMCUMEAIMU CXOOUMOCTIU
JUIST HEKOTOpPOIo psifia

e () +u () + .o u (X)) +. .
Ha oTpesKe [a, b], ecnu psan

2ty (%) iy

CXOMUTCST NIOYTH BCIOAY Ha [a, b].
Pesynpratsl §§ 49 u 50 no3BONSAIT [J0Ka3aTh, YTO B KaueCTBe MHO)KHUTeJeH
cxomumocTd st psita Pypbe Ha [—, ] MOTYT ObITH BHIOpAaHBI YKCIIa
1
Bn = o n=23,...
(1o ¥ pq MOYKHO B3SITh KaK YTOJHO), T. €. UMEET MeCTO
Teopema. Ecau a, u b, — xoapgpuyuenmst dypve (k =1, 2, ...), mo pso

§~ ay cos kx -+ by sin kx
o’ Ink

cxooumes noumu 6cto0y Ha [—am, ).

Ins noKas3aTennbCTBa 3aMeTuM, uto B § 50 6bL10 AoKa3aHo S, (x) = o(In n)
NOYTH BCIOAY. [109TOMY B CHIIY TOTO, YTO [TOCJIEN0BATEIBLHOCTD u, BHINYKIIA (0Ipe-
JleJIeHre U CBOMCTBA BHINYKIILIX I10CIE0BaTeIbLHOCTel! faHbl B § 3 BBofHOTO MaTe-
puana), To ocraercsi, nosaras u,(x) = a, €os nx -+ b, sin nx, NpUMeHUTb TeO-
pemy 6 (cM. Ilo6aBnenus, § 12).

§ 52. CpaBnenne samep upuxne u deiiepa

Mbi 3Haem (cM. §§ 45 u 46), 4TO CyIIECTBYIOT HeNpephiBHbIE QYHKIUH, ¥ KOTO-
puix psin dypbe pacXOJUTCS B HEKOTOPOH TouKe. C ApYroi CTOPOHBI, AJIst
nioboit HenpepbBHOH GyHKUMY f(X) psaf o (f) cymmupyercs K f(X) BO BCAKOH
TouKe (cM. § 47).

Mbl X0TUM O0OBSICHUTH, II0UEMY INIPOMCXOAMT TaKoe siBJeHHe, a JJIsI 3TOr0
cpaBHuM sipa Hupuxiue n Peiiepa. Kak uspectHo,

S, (x) = %[ F(O) Dt — x)dt (52.1)
u —n
0,09 = 5 [1O K. (= x)dt, (522)

rae D, (u) — anpo Hupuxne, a K, (u) — supo Peifepa.
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Ecnu B Touke x, pan o (f) cxomurest K f(X), TO 3T0 3HAUMT, uto S, (X,) — f(%,);
ecu OH cymmupyercst metofiom deiiepa K f(x), To o, (X,) = f(%,)-
EcrecTBeHHO 1109TOMY I10CTaBUTh BONPOC TaK: NYCTh [ (X) HelpepbiBHA U

T

()= 1) Bt — ) dt, (52.3)

—

rae @, (u) — HeKoTopast QYHKUMS, KOTOPYIO Mbl TalOKe 0yneM HasblBaThL 0poM;
cpocuM celst, OT KaKUX CBOUCTB 3TOT0 SIApa 3aBHUCHT PABEHCTBO

lim () =/ ()

WK CYIEeCTBOBaHMe TAKUX TOYEK X, TJe f, (X,) He CTpeMUTCs K f (X,) 1y BooOle
He CTPeMUTCSI HU K KaKOMY Npejeny?

[Ipeskze yeM OTBETUTh Ha 3TOT BOIPOC, MOKa)KeM, 4TO u mpobiiema cxonu-
MocTH psifia Pypbe 10 NPOU3BOJILHOM 0PTOrOHAJIBHOM CHCTeMe NPUBOJUT K 3aaye
TOr0 >Ke TuMa, a noTom Oyjaem pewmarsb 00e 3TH 3afauy BMecCTe.

ITycrsb {@, (x)} —HEKOTOpast OPTOHOPMUPOBAHHASK cUCTeMa Ha (a, b). YKenas
U3YUHUTb CXOJUMOCTDb psiia Pypre 0T HeKoTOpOit GyHKUMHU f(X) MO 3T0it Cucreme,
Mbl PacCMaTpHUBaeM YaCTHYIO CYMMY 3TOT0 psifia, T. €.

n

Sn(¥) = 2t px (%),

k=0
nHaue roeops,

520 =20 10 2O d = [10] 300 2] .

[Tonaras
Pn(t, %) = lé'oqﬂk O e (%),
Mbl Ha30BeM QyHKUu0 D, (f, X) AAPOM CUCTeMBI {@, (X)}. MBI uMeem
S,(x)= ff P, (t x)dt. (52.4)

JleGer nepBrIit 06paTui BHUMaHKME HA Ba)KHOCTh USYUeHUsT NIOBEIeHHsT QyHK-
nuii Buga

e = 12,6, (525)

KOTOpBIE Tenepb 00bIYHO Ha3BIBAKOT «fyHKyuamu JeGeear nisi 3alaHHON CHCTEMBI.
Pop sTux QyHKunit B Bopoce 0 cxoaumoctu psifa Pypbe CTaHeT COBEePLIEHHO
SICHOM, eciiM JI0Ka3aTh Teopemy (cm. Lebesguel2]).

Teopema. Ecau 04 Hexomopol mouKu X, NOCAC008AMEAbHOCITL 0,(Xy)
(n=1,2,...) neoepanuuena, mo cywecmeyem HenpepvléHaa @yHryus f(x), 01s
Kkomopoii psd Pypve no cucmeme {p,(x)} Heo2paHUYEHHO PAcXOOUMCS 6 MOUKe X,

Jta TeopemMa OyjeT MIHOBEHHO J0Ka3aHa, eCIM Mbl YCTAaHOBHM CIpaBejiy-
BOCTb CJenyoumero 6osee 00mero npensioyeHus:

JJemma. Iycms

L) = f £ B, (6, %) dt, (52.6)

20e @, (t, x) npu KawcOOM PUKCUPOBAHHOM X CYMMUDYyeMa NO nepemenHomy t, a
f (t) oepanuyena. Toz0a, ecau

Tim 0, (x,) = + oo, (52.7)
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mo Hatidemcs Henpepolenan Pynxyus f(x), 042 Komopotl
T | o (30, /)] = + oo (52.8)
JeiicTBUTENILHO, MPeXKJe BCero, Nojarast Npyu 3aflaHHOM 11
g (t) =sign @, (¢, %),

uMeeM \
b b

fn (x0v g) = é g (t) D, (t: xo) dt = 5 I 2, (¢, xo) l dt = o, (xo) . (529)

3HayuT, cyLecTBYeT JUIsl BCIKOTo 1 Takast yHxuus g(f), uro |g(f)| < 1 u pns Hee

fn (X0 8) = €5 (Xo) . (52.10)

Ecnu Obt 970 ObUTA OfHA U Ta >Ke QyHKUUA g(f) AJ1A BCeX 17 U ecnu Obl OHa
Obuta HempepbiBHA, TO TeopeMma Obina Obl Y)Ke [0Ka3aHa, TaK Kak B cuny (52.7)
Mbl UMeJIH OBl

Tit | f (o, @) = + 0.

[Tosromy mpex e Bcero mo3aloTuMCst 0 TOM, 4TOOBI 3aMeHUTD g (f) HelpephIBHOH
dyuruumeit g* (), st KotTopoii f, (x,, g*) «BenuKoy, a 3aTeMm Oyaem NepexXoauTh OT
pasHbIX QYHKLUMHA OS5 pa3HbIX 11 K OJHOH QyHKUMU.

[Mopbepem cHavana AJA 3aJaHHOTO 1 HelpepbiBHYIO g*(f) Tak, 4ToObl 1St
f (%, g*) umers

1
fn (x0) 8%) =5 n(X0) - (52.11)

,U,Jlﬂ 3TOr0 AOCTAaTOUYHO B3ATHL TaK0€ &, UTO
(19t x0) | dt < ea(x0), (52.12)

E

ecimu mE < ¢, 4T0 BOSMOYKHO, TaK KaK NP1 (UKCHUPOBAHHBIX 1 U X, QYHKUUS IO
3HAKOM MHTerpana ecTb CyMMupyemasi GyHKLUUS OT f, a IOTOMY ee HHTerpaj Kax
YTOJHO MaJl, eClli MHOXKECTBO, II0 KOTOPOMY HHTErpHPYIOT, MMeeT JO0CTaTOUHO
manyio mepy. B cuny C-cBolicTBa Mbl MO)KeM HAHTH HeNpepHIBHYIO (YHKIHIO
g*(t), coBnapaiomyio ¢ g(f) Ha coBepIieHHOM MHO)<ecTBe P, mP > (b — a) — ¢,
¥ Takyo, uto |g* (f)] < 1. Torna ans Hee B cuny (52.6)

Fu (hop 8%) = [ 2% () Bty xp) .
s (52.12) cnenyer, uto '
G0 89— o, D1 =1 f [2* () — £ O] 2t 30 | <
Q%&Q#JQWKQ%&@ﬁ (52.13)

u, 3Hauur, u3 (52.9) u (52.13) BorTexaer (52.11).
0O06o3HauuM ST KOKAOT0 n vepes g,(f) pyHKUMIO, KoTopasi 00gajgaeT CBOM-
CTBAMH:

a) g, (t) HenpepbiBHa,
0) [g. Ol <L, 1
B) fn(xm gn) > 2 Qn(xo)'
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Msl yyKe BUZIeNH, UTO TaKy10 (YHKIHMIO Ul KKIOTO N NOCTPOUTH MOXKHO. TTycTs
Teleph &, — NOCIEJ0BATeNILHOCTh YUCe TAKKX, YTO

>0 Jen< oo, & <g #n (52.14)

1
(Hampumep, MOXKHO B3SITb &, = —.-) ; IYCTb 71 — BO3PACTAIOWast NOCIEf0BATeNDb-
HOCTb LieJIbIX YHCeJl, KOTOphble MBI Toi6epem 1no3yKe. Toraa, nojaras

(x) = éf" on (%), (52.15)

MBI BHIMM, UTO f (X) HempepblBHa, TaK KaK g,(X) HenmpepuBHEL 1 Bce |g, (x)| <1 n
> & << + oo, a 3HauuT, pax (52.15) cxoxuTcss paBHOMEPHO. JICHO, UTO

I Con 1) = § 3 €180 Bl %) 1= 3 g () Pl 30) 8= 3 5 (s )

3pech MOYJeHHOE MHTerpupoBaHUe 3aKOHHO B CHJY PaBHOMEPHON CXOMMMOCTH
psina (52.15).
IToxa)kem Temepb, YTO NpKU pasymMHOM nNojadope yucen 7, Oynem umeTn

T [ fo G f) | =+ oo (52.8)
Ecnu xoTs1 Obl 1151 0/iHOM M3 QyHKUME g, (X) MMeeM

m l/n(xO’gm)iz + oo,

n—o

TO Teopema y)Ke foKasaHa. JlonmycTHM, 4To 9Toro Her. O6o3HauuM

1im | f, (Xo, ) | = ¥m - (52.16)
n-» o
Brifepem mo MHAYKUMM 4YuCIa 7 TaK, 4TOObI
& g (Xo) = o0 (52.17)
" o 1
% &p Yy < 7 &1 0 (o) (52.18)

JT0 BO3MOYKHO, TaK KaK {o,(X,)} Heorpanuuena B cuny (52.7) u, 3HAUMT, YuClIa
1, MOYKHO TIO100paTh TaK, YTOOHI pp, (X,) — ©© U MPUTOM AOCTATOYHO OBICTpPO A7
Toro, yto0nl ycnoBus (52.17) u (52.18) 6butn ynoBieTBopeHbl. Tak Kak

k—1 k—1 k—1
fn xO)pz_:ePg"P = pz;sp,n(xﬂ’gnp) <2‘g;8p7np

npu n — oo B cuiy (52.16), To MOYKHO B3ATb 17, CTOJIb GONbLINM, YTO

k—1
2]
f"k (xO’ Z 817 gnp

=1

k—1 1

< zg ap 7’n,, < BA &1 Ony, (xo) (52. 19)

B cuny (52.18).
C apyroi# CTOPOHH,

o > et

=k+1

- 1
< 3 gon()<gaomx),  (5220)
p=kt1
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A0TOMY 9TO |gn, (x)] <C 1, a 3Hauwr,
5' gn, (t) Pn, (¢, Xo) dt | < f | Dr (8, X0) | dE = @i (o)

¥, KpoMe TOro, umeem (52 14).
Orcropa B cuy cBoiicTBa B) QyHKumit g,(x), (52.19) u (52.20)

k—1 ®
f"k(xo’ 28}’ g"p] - f”l: (Xo, 1%81? g"p) >

lfnk(xo’ f) ! > fnk(xm Bkgnb) -

1 1 1
= 5 &k 0y (Xo) — 6 Sk (%) — B Sk Onm (x0) > 8k eni (¥o),

a 9T0 CTPeMHUTCS K -+ oo npu k — oo B cuuty (52.17). 3nauur, (52.8) cnpasefnuso
¥ JleMMa JIOKasaHa*).

OTcioa HeMe/UIeHHO BHITeKaeT M CIIPaBefJMBOCTb GOPMYJIHPOBAHHOM Bhile
Teopembl JleGera. ,Ileif[CTBnTeanO, eCcJIi B I0Ka3aHHOi 1eMMe posib P, (¢, x) urpaer
SIAPO 3aJlaHHOI OpPTOrOHANBHOM cucTeMbl, TO f, (¢, f) IpeBpamaeTcss B 4aCTHYIO
cymmy psifia Pypne ot f(x) mo 3roit cucreme (B cudy (52. 4)) n (52.3)), a moTomy,
eciM B HeKOTOpO# TouKe BmimosHeHo (52.7), To HaiimeTcss HempepbBHas f(X)
¢ pacxojsmuMest B 3Toil Touke psitom Pypoe. Takum o6pasom Teopema JleOera
nOKasaHa.

PaccmoTpum Temeph CHENHANBHO CHydYail TPUTOHOMETPHYECKOH CHCTEMBI.
Ecnu ee HOpMUPOBATD, T. €. B3ITh CHCTEMY

1 cosx sinx cosnx sinnx_
Vo’ Vo’ Va ' Vo’ V= 7T
TO POJIb €e sifipa NOJDKHA UrpaTh GyHKUUA

D, () = o+ 3

k=1

1 13 1
_—“ﬂ“l";lg;COSk(t—x):;Dn(t—‘X),

cos kx cos kt—l— sin kx sin kt

a motomy ¢pyHnruuu JleGera (cm. (52.5)) UMeIOT BUX

0i0) = = [ Da(t—x) dt.

—TT

Ho B cuny nepuopuunoctu D, (1) uMeem

e =5 [ 1D at,

—T

T. e. QyHKuuu Jlebera He 3aBUCAT OT X U IpeBPAILAIOTCSA B PaHee pacCMOTPEHHbIE
Hamu KoHCraHTHl JleGera L, (cm. § 35). Ho mml 3naem, uro lim L, = + oo

n— o

*) Tak KaK npu yMHomeme f()Ha HEKOTOPYI0 KOHCTAHTY fn (%, f) yMHOXKMTCST HA Ty YKe
KOHCTaHTY B cuity (52.6), To Mo>xHO Bcerna Haiitu f (X), yAOBJIETBOPSIOLIYIO YCIOBHSIM JIEMMBI,
W TaKywo, uro | f ()| < 1. Iro 3ameyaHue He MOHAapoOMTCS MIst Teopems JleGera, HO 6yne'r
ACTION30BAHO TIOBKE B rnase IV.
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(motomy urto an-:-;]n n), U MOITOMY Telepb Mbl BUJIMM, UTO CYLIeCTBOBaHME

HenpepbiBHBIX QYHKUMi ¢ psitamu Pypbe, pacXoISIUMUCS B HEKOTOPOi TOUKE,
00BbSICHSIETCST MMEHHO TeM, YTO KOHCTaHTH JleOera HeorpaHM4eHHO pacTyT C
pOCTOM 1. 3aMeTUM elle, YTO TaK KaK

Qn(x) =L,

npu J06oM X, TO MOXKHO st J11000# TOUKM X HAMTH HenpepHBHYIO f(X) C pPsiOM
®dypbe, pacxXoIsIIUMCS B ITOH TOUKeE.

4 ¥
I g

I\)\

-7 f\/\ /\/\/\Jf
/\VU ﬁuvv\ z N o

-7 0 Tz
Puc. 9 Puc. 70

Tenepp BepHEMCSI K BONPOCY 0 cyMMupyeMocTH psina Pypoe meronom Deii-
epa. CpaBHuBasi popmyis (52.5) u (52.2), Mbl BuguM, uto ecnu OBl Jisi

on () = [| Kn(t — %) dt

X0Ts1 OBl IpU OJHOM 3HAYeHUH X, ObUIO BBUIOJHEHO (52.7), TO MOKHO Oblj0 GBI
HaliTH HempepBIBHYIO f(X), 1UIs1 KOTOPOii o, (X, f) He cTpemuyIoch OB HU K KaKOMY
KOHEYHOMY TIIpellely Hpu 1 — oo, T.e. o (f) Obu1 OH HeCyMMHUpYeM MeTONOM
deiiepa B a10i Touke. Ho B cuny nepuommysoctu K, (1) ¥ €ro moJjioyKUTeIbHOCTH
nMeem

e () = [ Ka(t)dt,

a Torna B cuny csorcra 3) simep Peitepa (cm. § 47)

On (x) =1
Iiist BCeX 1 u X. Taxum oGpasom, auist sigpa Peitepa BoimonHenue (52.7) Hu B KaKoit
TOUKE HEBO3MOXKHO.

B § 2 rnaBwi VII MBl yBuauM, nouemy meto deitepa npuMeHUM MTOYTH BCIOLY
(teopema deitepa—IJlebera, § 49), Torna Kak CyLeCTBYIOT BCIOJY pacXoJsliuecs
psnel @ypee (rnaBa V, § 20) — 3T0 TaKOKe pe3yJbTaT PasHOr0 MOBENEHHs sifep
Peiiepa u Jupuxie.

3aKaHuMBasl 3TOT naparpad, Mbl cuyuTaem lienecoobpasHbiM u300pasuThb reo-
merpuyeckn siapa dupuxine u Peitepa (em. puc. 9 u 10).
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§ 53. CymmupoBanue psanoB Pypoe merofom AGensi—IIyaccona

YKar)keM 3/ieCh elle OJMH KJ1aCCuYeCKuil U 0ueHb Ba)KHBII MeTO] CYMMUPOBa-
Hus1 psiaoB Pypbe. [uist 37010 HanoMHuM (CM. BBoaHBIH MaTepua, § 7), UTo psig

2 U, (X) HasbiBaeTCsI CYMMUPYeMBIM MeTooM AGeJist B TOUKe X, K Yhcny S, ecnu
n=0

©
npu Besakom r, 0 <Cr < 1, pan ' u, (x,) r* cxomurcst u, noyaras
n=0

SGo ) = 3, ()",

nMeeMm
lim S(x,r)=3S
r—1

[TyaccoH mpuMeHHA 3TOT METOJ CYMMMpPOBaHHSI K psitam dypbe, 103TOMY
YKa3aHHbIil METOM, KOTJa ero NpuiaralT K TPUTOHOMETPUYECKUM PsijiaM, 00 bIYHO
Ha3bIBAT Memooom I1yaccona uau Abeas—IIyaccona.

Tak kak mbl 3Haem (cM. BBoHblil MaTepual, § 7), uro MeTox Abessi cunbHee
meroza (C, 1), To us Teopem Peiiepa n Peitepa—1Jledera (cm. §§ 47 u 49) mrHo-
BEHHO CJIENyeT

Teopema. Jaa moboil cymmupyemois f(x) pao o(f) cymmupyemes noumu
6cto0y memodom Abeas—IIyaccona k amoti ¢ynxyuu f(x); oH cymmupyemcsa K

f(x+0)42-___‘_f_(x;0) 60 6csaxoii mouxe paspvisa 1-20 poda u k f(x) 6o écakoii mouke

HernpepblgHOCIMIL.
Mo>keT nokasatbCsi, YTO IOCJIE ITUX TeOpeM YyiKe GoJiblie HeUero €CKasaThb 0

cymMMupOBaHuM psiioB Pypbe mMerojom IlyaccoHa; oJHaKo Mbl YBUAUM B § 55 u

§ 56, 4TO MOXKHO IOJIYYUTHL Iopasfo Oosee riy0okue pesyibTaThl. CHayasna BbiBe-

JIeM Te BCIIOMOraTelibHble POPMYJIbl, KOTOp ble HaM OYRyT IS 9TOT0 HY»KHBI.
J1J1s1 IpOU3BOJILHOTO TPUTOHOMETPUYECKOTO Psifa

321 + >'a, cos nx + b, sin nx (53.1)
n=1
Ha30BeM «IyaCCOHOBCKUMM CyMMaMu» QYHKIMU
j(r,x)="3+ 3 (a, cosnx + b,sinnx)r", (53.2)
n=1

Korja psix B npaBoit vactu (53.2) cxopuresi. B ciyuae, korpa psan (53.1) ecTb psin
®ypbe 0T HeKOTOPOH QYHKUMH f(X), 3TH GYHKUMHM MOYKHO BBIpA3HUTL uepes f(x)
B UHTerpanbHoi gopme, Mogo6HO TOMY, KaK 9TO AeJaloch AJsI YaCTHBIX CYMM U
GeilepoBCKUX cyMM psifia Pypbe. ITUM MbI 3aiiMeMcs B cieflylolem naparpade.
Hanee B § 57 BOCIOIb3yeMCsl IIOJYYeHHBIMU Pe3yJIbTaTaMu JUIs pelieHUsT OJHO
Ba)KHOH 3amauu, HaspiBaemoil npobiuemoil Hupuxie.

§ 54. siapo Ilyaccona u murerpan Ilyaccona

[pexxae Bcero Haiiiem ynoOHoe Beipakenue s f(r, x), ecnu (53.1) ecTs
o (f). meem

a|-

a, ff(t) cos it dt, b,= %jf(t) sinntdt,
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a TIOTOMY

f(r,x)=—Z—:Z—Jf(t)dt-[—%i;r"jf(t)cosn(t-—x)dt.

Ho Tak kak 0 <(r < 1, To psix 3 r*cos n(f — X) nNpu QUKCUPOBAHHOM I CXO-
n=1

JUTCS PaBHOMEPHO OTHOCHTEJBLHO f, a MoTOMYy o Teopeme JleOera (BBoAHBbEH
marepual, § 14) ero Mo)KHO MOWIEHHO MHTeIPUPOBAThL Jay<e IMocJie YMHOYKEHHS
Ha f(x); nosromy

T

f(r,x)=~7‘t—J'f(t)[é-+ﬁrncosn(t—x)]dt. (54.1)

Hajinem Teneps 0osiee npocToe BBIpa)KeHMe NJIs psifia, CTOSIIEro B KBajJpar-
HbIX ckoOkax B (54.1). ITycTb

1 ©
P(r,a)=—2—+2 r cos na.
n=1
PaccmoTpum BenomoraTesbHBIR psif
1 =]
5+ 7
n=1
¥ N0JI0XKUM 2 = r(cos a + isin a). Ecnn |z| = r<C 1, To 3TOT psix cXoaurcsa u

1 SIS z _ 14z  1—r*42irsina
2 +,,Z=,z =5 T 1—z 2(1—2 ~— 2[1—2rcosatrq °

Ho, ¢ npyro#t cTopoHsI,
1 S 1N .
5+ 22" =5 2 r(cosna +isinna).
n=1 n=1
ITosTomy, oTaensist felcTBUTEILHBIE M YACTO MHUMBIE YacTH, Haitjem

1 mﬁ n 1—r2
?—[—21‘ cos na = 2[1 — 2rcos a - r?]

n=1

é‘r" sin na = rsina
vy 1 —2rcosa-r?

HTak, Mbl YCTaHOBUIIH, YTO

1—r2
P(ra= 2[1—2rcosa4r7] * (54-2)

3T0 Bblpa)kKeHue NPHHSITO HaswBaThL A0pom ITyaccoHa, a BbIpaXKeHue
Q(r,a) = — 0% __ (54.3)

1 —2rcosa-r2

CONPANCCHHBIM ¢ HUM 30 POM.

Jyis1 Bcero fanbHeiiulero OyneT oueHb Ba)keH TOT dakT, uto sifpo Ilyaccona
npu 0 < r < 1 ecTb N0JOXKuTeNbHAsT BemunHa (Kak u siipo Peitepa). B camom
JeJie, TaK Kak

1—r2>0ul—2r cosa—l—r2=(1—r)2+4rsin2%>0,
To P(r, a) >0 npu 0 <Cr<< 1.
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Bepuemcst k popmyue (54.1). Mmeem

100 = [ 1O PO =0t =5 [10 =5 g v 2t (54

Wurerpan B npaBoit yactu (54.4) HaseiBaercs unmezpaiom ITyaccona.

OueHb Ba)KHO YSICHUTH Cebe reomerpuyeckuit cmeica siipa IlyaccoHa (cm.
puc. 11). C 3T0# nebio BO3bMEM Ha IJI0CKOCTH
KpYT C LIeHTpOM B Hayaje KOOpJAMHAT M pa-
auycom 1; ecnu depe3 TOUKY M C MOJISIPHBIMU
KOOpAMHaTaMu (7, @) IPOBECTU PAAUYC U B3SITh
NepreHuKyIsIp K HeMy, To, 0003Hayast yepes
Q 0JHY M3 TOYEK ero IepeceyeHUsi C OKPYIXK-
HOCTbLIO, Haiiem

MQR=1-—r2,
Eciu P — TOYKa C MNOJISIPHBIMM KOOpPJMHA-
tamu (1, f), TO

MP2 =1 — 2r cos (v —t) + 12,

a IoTomy

1—r2 _ MQ\?
Pue. 71 1 —2rcos(w—1)+r? MP )
Takum 00pa3om, Mel CHOBa BUAMM, YTO sIApo ITyaccoHa eCTb MOJIOXKUTeENIbHAS
BeJIMYMHA, a UHTerpaj Hyaccoua MOJKHO 3anucaTb B BUJE

2

Mg
P dr.

10,0 =5 | 10

Teopemy § 53 Mo)xHO Obl0 OBl BHICKA3aThb TaK: ecnu To4Yka M (r, w) crpe-
MUTCS1 K ToUKe P(1, w), T. e. K TOUKe OKPY)KHOCTH, JieXKallleif Ha OJHOM paauyce
C Hel, TO MOYTH JIs1 BCeX 3HAUEHUH w UMeeM

1, 0)—> (@) npr 11

¥ 3TO BEDHO, B YaCTHOCTH, JUIS1 BCeX TeX w, rje f(w) HenpepuiBHa. Ho MBI X0TUM
TIOKasaTb, YTO MMeeT MeCTO 3HauuTelbHO Oosiee oOmiee npenjodkeHue. K sTomy
cefluac u nmepexoauMm.

§ 55. MoBenenne Hurerpana ITyaccoHa B TOYKaX HeNpepbIBHOCTH QYHKIHH

Jokaxkem cnenyrouyio Teopemy daty (cm. Fatoulll).
Teopema. Ecauf(w) Henpepvigra 6 nexomopoii mouke P (1, w,), mo 042
unmeepaaa Ilyaccona

f(r,w):—};ff(t)P(r,w—l)dt (55.1)
umeem -
f(r, @) — f ()

kai 0ol mouka M(r, w) nu cmpemusace k P (1, wg), auuw Obt ona ocmasasace
6HYympU okpyycHocmu paouyca 1.
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ITpexe Bcero oTMeTHM Cllefyromue ceojictBa simpa IlyaccoHa:
a) P(r,t) >0 npu mobom t 1 0<r < 1.
Mmeem

—%JPUJﬂﬂ:I.

HeiictButensHo, u3 (54.4), nonarast f(f) = 1, Haiinem

1=%jp@pﬁmm=%fpmom. (55.2)
B) Ecmu |f] > 6, To umeem
m(r,0) = max P(r,{)—0 npu r—1. (55.3)
s<ti<n
JlelicTBuTeNBHO,

1 —2rcost+r2>>1—2rcosd 4 r2 npu ot L,

a moToMy
1—r2

0<P [ t)<2(1—2rcosé+r2) ’

YTO M J0Ka3blBaeT Hallle YTBepIKIeHHe.
Orciona u u3 0) cpasy caexyer st i06oro 6 >0

)
r lim 2 [P (r,f)dt=1. (55.4)
0

r—1

HelictBuTeIbHO, B cuily yeTHOCTH P (r, f) umeem u3 0)

é n

1=2[P@nd=2(P,na+ 2[P(,0at,
6 )

0

2
a MOCTeMHUH MHTErpas He NPeBOCXOAUT — m (r, 9).

Tenepb Uil MOKasaTeNbCTBA TeOpPEMbl 3aMeTHM CHayaja, YTo, YMHO)XHB
(55.2) Ha f (w,), umeem

Fo) =+ [f (@) P(r,t —w)dt.
Buiunrast 310 paBeHcTBO u3 (55.1), HaxoaUM
F @) = @) =+ [[1(O) — [ (@)] P (r,t — w)dt. (55.5)

ITycts & > 0 3agano. Beibepem 6 Tak, 4ToOBl

1O — (o) <e  mpn |t —a|<d, (85.6)
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1 pasoObem uHTerpan (55.5) Ha Tpu: nmo uHTepBany w,— 6 <t < wy, + 0 u 10
uHTepBanaM (—m < t << wy — 0) U (@, + 6 < f < x). Fimeem B cuIy N0OJI0IKHUTE b=
HoctH sifpa Ilyaccona, (55.6) u (55.2)

wo+68 wo+38

|2 [ 10 =] Pt — ) at| < % | Pt —w)dt <~ [p(rt—w)dt—e

wy—6 wy—8

Uro jKe KacaeTCsi MHTErpajioB IO OCTaJbHBIM HHTEpBajaM, TO Ha HHX
|t — w| > 6, a notomy B cuiy (55.3) MOXKHO NOOUTHCSI, UTOGbI

P(r,t —w)<e,

€CJIM TOJIbKO 7 B3SITh JOCTaTOYHO 0s1u3Ko K 1. Torpa Ka)<mplit U3 9TUX UHTEIPAJIOB
10 MOAYJIIO He IPEeBOCXOAUT

21101+ 11 @014t

T. €. MOYKeT OBITb CHeslaH KaK YrofHO MaJbiM.
Teopema noKasaHa.

§ 56. IloBenenue uHTerpana IlyaccoHa B oGliem ciydae

Msl y6eaunuch B § 55, uro ecnu f (w) HempepblBHA NPU @ = @, TO UHTErpall
[Tyaccona crpemurcst K f(w,) Kakum Obl myTem Touka M(r, ,) HU CTPEMUIACH K
touke P (1, w,) (0cTaBasicb BHYTPU eIMHUYHON OK-
PYI)KHOCTH).

B cnyuae, xorfa f (w) He sIBJIsIeTCsI HellpepbIBHOM
IpU @ = 0, 1eJ10 00CTOUT cioXKHee. OHAKO U 31eCh
MOYKHO IOJIYYUTb XOPOLINE Pe3YJbTaThl, €CIIU TOJIbKO
ycTpeMisiTh M K P He1o KaKuM YTOJHO, a TOJIbKO 10
HeKacaTeJIbHbIM K OKPY)KHOCTH NYTSIM. DTO 3HAUMT,
YTO Mbl pa3pelaeM ToUKe M IBUraThCst K P, 0cTaBasich
BCE BpeMsI BHYTPU HEKOTOPOTO YIJI1a BeJIMYUHbI 2 < 7
¢ GuccexTpucoit, cosmnapnatoueit ¢ OP (cM. puc. 12).

[Ipexxne uem wu3yyaTb MOBeJeHUME MHTErpana
ITyaccona B ofmem ciydyae, JOKaX<eM OJHY Teo-

Puc. 12 pemy daty, Kacaromyncs oBeeH s YaCTHOH npous-
BOJHOI OT f(r, ) 10 .
Teopema 1. Ecau f(w)umeem ¢ moure P (1, wy) koreuryto npoussoonyro,

mo
D) 1 (@),

ecau mouka M (r, w) — P (1, w,) no awbomy HexacamessHoMy nymu.

Uto0bl yOeIUTHCS1 B 9TOM, NOKa)XKeM CHavasa JieMmy:

Jlemma 1. Iycme f(u) uMeem 02paHuUdeHHY0 npou3goonHy f' (w) Ha Heko-
mopom unmepsase (o', ') u nycms f' (w) HenpepbléHa 6 HeKOMOPOU MoUKe @,
3Moe20 UHMepeaa. To20a

AL s (o),
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koz2oa M (r, ) — P (1, w,) kax y200H0, auus bl 0HQ 0CMAAACL 6HYMPU eOUHUY-
HOU OKpyHcHOCTU.
Me1 umeem u3 (55.1)

of(r,0) _ 1 [, 0P(r,
lod — 1 [ o L= gy, (56.1)
Tak kak
oP(r,u) _ —(1—r¥2rsinu
du [l —2rcosu—+r®’ (56.2)
To —apé;’ “) ecTh HeueTHass (YHKUWS, OTPMUATeNbHAS WIM PABHAs HYJO Ha
[0, =], mpuyem anst moGoro 6 > 0 umeem
Clis (r, u) 2(1—r2)
og(lﬁgu ‘ S [1—2rcosd + r2)2 —0 mpn r—1. (56.3)

Bribepem 6 Tak, uTo0bl (w, — 6, w, | 0) coAepykancss BHyTpu (o', ')

1 paso0Obem uHTerpat (56.1) Ha ABa 1o uHTepBany (w, — 6, ®, + 0) U 10 OCTaB-

wrelicst 4aCTU OKPYIYKHOCTU. Bo BTopoM uHTerpaje npu Jobom & > 0, KaK TOJIbKO
P (r,t —

M craneT 10CTaTOYHO OIM3KOH K P, MHOYKHTEJIb a(—’atwi) B cuny (56.3) craHer

10 MOJYJIO MeHblIe &, a 3HAUMUT, BeCh 3TOT MHTerpaj OyHeT He NpPeBOCXOAUTH

T
e [ |f(t)] dt. Yro e KacaeTcsi MepBOro MHTerpaia, TO, HHTETPUPYsI 10 YacTsIM,
—n

nMeem
_J‘f(t) aP(r,t—w) df — w[f(t)ap(f, w)dt
=——[f(t)P(rt—w)]l + Jf(t)P(rf—w)df

3nech 0OLIHTErpUpPOBaHHBIHA YIeH CTPeMUTCS K HyJII0, Korja M — P, oTomy uro
anpo IMyaccona crpemutcst K O, a f (f) orpaHuyeHa, 4To »Ke KacaeTcst uHTerpasna,
TO €r0 MOXXHO paccMaTpuBaTh KaK uHTerpaj IlyaccoHa OT QYHKUMM, paBHOH
f' (f)Ha (wy — 6, w, + 6) U HyJII0 Ha OCTABIIEHCST YaCTH OKPYYKHOCTH; 9Ta PYHK-
Lysl, 10 INPEarNoJIOXKeH 0, HellpephiBHA NPU @ = @,, a II0TOMY, Ha OCHOBaHHUU
pe3yNLTaToB NpeAbyero naparpaga, SToT UHTerpajl CTpeMuTcs: K f'(w,), Kak
Ol M HU cTpeMujIoOCh K P.

Takum 00pa3om Haule yTBEP)KJAEHHE OTHOCHUTENILHO

u nemMma 1 0KasaHa.

ITepexouM K J0KasaTelbCTBY TeopeMbl 1. CiieoBaTesIbHO, MBI Teleph OTKa-
YKeMCs1 OT I'MIOTe3Hl, UTO f' (w) HenpepbiBHA B @), a OrPaHUYMMCSI TeM, YTO OHa
CYLIECTBYET M KOHEYHa; 3aT0 OyleM paccMaTpUBATh ABMYKEHHUE 10 HeKacaTeJ bHbIM
NyTSM.

Hsst mpoCcToTH paccy)xaeHuit npeanoyoxum w, = 0u f(0) = f' (0) = 0 (ato
He yMeHblIaeT 00MIHOCTH, TaK KaK MOXHO ObUI0 OBl paccMOTpeTb BMecTO f(w)
GyHKUHIO f, (w) = f(w)— f(O) — o [ (0) u u3yuuTh 1JIs1 Hee MOBeJieHIe MHTerpasa
[lyaccoHa).

of (r,o
e ) cIpaBejInBo,
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HWrtak, Mbl J0JDKHBI 10Ka3aTh, uto ecau f(0) = f(0) = 0, To

qto) o, (56.4)
ecnu M (r, w) — P (1, 0) no n11060mMy HeKacaTeJbHOMY MYTH.
[Ipe)kae Bcero 3ameTuM, 4TO B CHJIY HAalIMX YCJIOBMA umeeM lim ! (tt) 0,
t-0
a moTomy st iroboro & > 0 Mo)KHO Haiftu Takoe 6 > 0, uto
10| <& mpu [t] < (56.5)

st nanpHeitmero yno0HO cuuraTh & <~Z—.

Iyctb P (f) = OHa (—46, 8), P () =f(t)na 6 < || <mu ¥ (t+ 2x) = ¥ (I)-
$lcHo Torpa, uTo, 0603Hayasi yepes ¥ (r, w) ee MHTerpan ITyaccona, umeem

o (7, w) w) J f(l‘) BP(r,t— | — o) dt. (56.6)

T o0
JS tI<=

C apyroft cropoHE, Tak KakK ¥ (f) ynoBiaeTBOpsieT yCJIOBMSM JieMMBl 1 Ha
(—96,0)u ¥’ (0) =0, 10 —5 87 (' @) 50 , Korga M (r,w)—P (1,0) kak yrogso. Orciona

CJIelyeT, YTO HHTerpaj B npaBon yactu (56.6) CTpeMUTCs1 K HYJIIO, a TIOTOMY U3
(56.1) cnenyer, uro (56.4) OyneT uMeTb MeCTO, eCJIM Mbl YOefuMCs, UTO MHTerpas

Jf(t) oP(r, t"'w)dt

MoyKeT OwiTh cfenaH MeHple Ce, rie C nocrosinHoe. Ho B cuny (56.5) umeem
é
€ op(r,t — w)
|1|<?{”t—a§—' dt.
—0

MHI ceityac oKa)KeM, YTO BBIpa)KeHHe

L OP(r,{— o)
Q== = (56.7)

oCTaeTcsi OrpaHMYeHHHIM Ha —0 <t < 6, Korga Toyka M (r, w) — P (1, 0) no
n1000My HeKacaTeJlbHOMY MYTH.

Uto0bl yOeUTLCST B 3TOM, 3aMeTUM CHayana, yTo Ha ocHoBaHuHU (56.2)

. |2rsm(t—co)(1——r2)| 2|t||sin(t — )|
T l Q I - l t I ! e r‘euo |2 < I ezt reicolz *
aK KaK
e — ree] = [¢l4=2) — | > sin (t—o),

IIOTOMY 4YTO MOJYJIb KOMITJIEKCHOI'0 YuCJia He MeHblIe MOy ero MHUMOM 4yacrtu,
TO

Q1< 2l
—re'?|’
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Tt .
Kpowme Toro, 3ameTiM, uto 8 < —-, a moromy || < —-|sin #], oTkyna

Q)< s (56.8)

T 7T
ML MO>KeM OTpaHMUMTBCST PACCMOTDEHHEM ClyYast ——- < O < 5, To-

2

cKosbKy M (r, ) — P (1, 0). Puc. 13
BBIIOJIHEH Juisi w > 0, Ho cayvait w <0 1
paccmaTpuBaeTcsl COBEPLIEHHO aHaJso-
TUYHO. , X

Tak xak pedyp Oymer uATH 0 He-
KacaTeJbHBIX MNyTSIX, TO CYIeCTByeT a
yron KPK' ¢ BepumuHoit B P u 0Ouc- p
cexTpucoit OP Takoif, 4yro Touka M
npu csoem npulnwKeHuu K P He w
MO>KeT Bblfith u3 3roro yrua. 0603- o
Havass a = KPy’, rae Py’ napamnens
K ocu Oy, npoxopsumasi 4yepes P, Bu-
AuM, yTo BekTop PM o0pasyer c mo-
JIOXKUTeJIbHBIM HanpaBieHueM ocu ab-

CLuCC yToNl ¢, THe ¢ > —g——{- a (ecnu A

ST

3
@ < 0, To Oynem umets ¢ < 5% — a). Puc. 13
Orciofa siCHO, UTO rei® = 1 4 pe'®, rpe
Q——,II,J'II/IH.’:IBEKTOpaMPH—Z——I— a<¢<—z—n——a,1‘.e. a<¢—% < 7@ —o.
Taxum o0pasom,
i iZ i(p— = , i ,

e’ =peZ?e (,, 2) = ige (w 2) = ige

rre a < ¥ < xw — a. [Toaromy

it __ rela)

I

|
Lt
— 25in%e’<7_¥’>——9’

T
eroe® ge'(%~'*’)_.9

>2isin%sin(—£——‘?) .

V

(56.9)

(3necy cHOBa NOJB3YIOTCSI TeM, YTO MOJYJIb KOMIUIEKCHOTO YMCia He MeHbIIe
MOJyJIsI er0 MHUMOM yYacT.)
Tenepn u3 (56.8) u (56.9) 3axinovaem

Q< t[sintl < 7 )
2 sin—z—-l sin(—z-— ’ i

Ecmn  |t|<a, TO !sin(%—T)!}sin% u TOTja

~
N—

RI<—%,

sin D}
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T. e. Q orpaHuyeHo. Eciu »xe 6 > |t| > a, To mpu M (r, ) — P (1, 0)3HameHaTeNb
B (56.8) orpaHuYeH CHuU3Y, 3HAUT Q[ CHOBa OIPaHMYEHO. JTUM 3aKaHYUBAETCSI
J0Ka3aTeJbCTBO TeopeMsl 1.

[Monb3ysich AOKa3aHHOM TeopeMOH 1, MBI MOYKeM Tenepb NOJYYUTh pe3yibTaT,
KacalIuiicst nmoBeJeHus1 UHTerpajia Ilyaccona s w00l cymmupyemoit GyHk-
uu f(x). MimeHHO MBI JJOKa)KeM CJIEAYIOILYIO TeOpeMy, TaroKe MpUHAIeKalLyIo
Dary:

Teopema 2. Bo ecakoii mouke w,, 20e f(w) Asagemca npou3eo0Hoi om
c60e20 HeonpedenenHo20 uxmezpasa, unmeezpan Ilyaccoria f(w, r) — f(w,), ecau
mouka M (r, w) cmpemumes k mouxe P (1, w,), cae0ya no awobomy HexacamessHOMY
nymu.

g B vacrHocTH, 0TCIOAA ClefyeT, uTo pAad D@ypoe om 000l cymmupyemotl PyHx-
yuu cymmupyemes memooom Ilyaccona x smod PyHryuu noumy 6crooy*).

Uro0bl y0eauTbCsl B 9TOM, IOJI0KUM

F (0) = jf(t) dt.

ViMeeM, MHTErpUpYs 110 YacCTsIM

f(r’w)=

—l—fF(t)%[P(r,t—w)]dt.

OOHIHTErpMPOBAHHEBIA YiIeH CTPEMHUTCS K HyJIo, Korga M — P (1, w,), eciu TOJIbKO
® + —m 1 o+ . UTO KacaeTcsl UHTerpaja, TO ero MOYKHO IepenucaTh B BuJe

- { 71;_[ F(t) P(r,t — o) dt} = 2 F(r, ), (56.10)

a TMOTOMYy Ha OCHOBAaHUM TOJIbKO YTO IIOJIYUEHHOIO pe3ysbTaTa, eciu
M (r, w) — P (1, w,) 10 HeKacaTeJlbHOMY NyTH, TO BhipaxkeHue (56.10) crpemurcst
K F'(w,) Bcrony, rie F’(x) cymecTByeT u KoHeyHa. Clel0BaTelbHO, BO BCSIKON
TOUKe, I'Ie f (w,) = F' (w,), umeeM f(r, ) — f(w,), a 3T0 U TpedOBaJIOCH JOKA3ATh.

Tak kak u3 Teopuu MHTerpajia Jlebera u3BeCTHO, YTO paBeHCTBO F'(w) =
= f(w) uMeeT MeCTO NOUTH BCIOY, TO OTCIOMA, B YACTHOCTH, BBITEKAET, YTO N0YTU
JUIs1 BCeX 3HayeHU# w

f(r, o) —>[ (o),

Korga M (r, ") - P (1, w) no nwo0oMy HekacaTelbHOMY nyTu. Tem 6ojee 3TO
umeer mecro, Korga M (r, w) — P (1, w) npu r — 1, 0OTKyZla BUIHO, YTO Teopema
§ 53 ecTb ciefcTBue Teopembl Party.

Msbi Tenmepb YKa)kKeM Ha poOJib, KOTOPYIO urpaer uHrerpan IlyaccoHa mpu
pelIeHud 3HaMeHUTO! npolnemsbr Jupuxie.

§ 57. IlpoGnema Jupuxie

Jra npobaema Obuia nocrasieHa Jupuxie B ciaenyoolieit gopme: 1aH 3aMKHY-
Thilf KOHTYD U QYHKUuS f(x), HenpepbiBHast Ha HeM. TpeOyeTcst HaiTH GYHKUUIO,
rapMOHMYECKYI0**) BHYTPH 3TOr0 KOHTypau CTpeMsILylocsi K 3aJaHHbIM Ha

*) Bosiee Toro, OH CyMMHUPYeTCS IIOUTH BCIOAY K f (X) Merogom A* (cM. onpepeneHue A*
B § 7 BBomHoro marepuana).
**) To ecTb ynonnemopmomyxo ypaBHeHmd Jlanaca
0*F
ax- + yr C.
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KOHType 3HaueHMsIM, KOIjJa TOYKa JI0OLIM Crocobom CTpeMuTCsl WSHYTPH K
nepudepuu.

Paccmorpum TOT YaCTHBIA ciiyyalf, KOTJa paccmMaTpuBaeMmblii KOHTYp eCThb
OKPY>KHOCTb pajuyca 1 ¢ ueHTpom B Hayajie KOOpAMHAT. Eciu 0003HauuM yepes
X ¥ y JeKapTOBHl KOOpAMHATHI Touku M (r, ), To Oyfem uMeThb

F(,)=10) =%+ 3 (g,cosno+b,sinnw)r,
n=1

rne a,, b, — woadpduumentsl Pyppe s f(x), u, cnerosatensHo, F (X, y) ecTb
JeHCTBUTeNIbHAS YaCTh aHAJIMTUYECKOM BHYTpY Kpyra pajuyca 1 ¢pyHKuuu, onpe-
HejisieMOii CTeleHHBIM PSIIOM

B+ 3 @—ib)z, z=re”.
n=

Ho wusBecTHO, YTO felicTBUTENbHAS (M MHUMasl) YacTb BCSIKOM aHaJMTHYeCKOM
GYHKUMH eCTb QYHKUMA FrapMOHMYeCKasi, 3HaunT, Teopema § 55 103BOJISIET YTBEPIK-
JaTb, 4T0 GyHKUMA F (X, y) AaeT peweHue 3afaun Jupuxie 1js Kpyra.

Ecnu pacmupuTh N0CTaHOBKY 3ajauu Jupuxie, He Tpebys yyKe TOro, UTOGH
3HaueHNs QYHKUMH, 3aJJaHHble HA TpaHulle, ONpe/lelsI HellpephiBHYI0 (YHKUMIO,
HO IIpY 9TOM NO3BOJISATh TOUKE CTPEMHUTLCSI USHYTPH K Nepudepuu JIMilb 110 HeKa-
caTeJIbHBIM NYTAM, TO F (X, y) CTpeMUTcst K f (w) N0YTH BCIORY U, TAKUM 00pa3om,
Haet petueHue 00061meHHON npo0Oiemsl dupuxie.

§ 58. CymmupoBanue metoaom IlyaccoHa npoauddepeHLHpoBaHHOTO

psna Pyphbe
ITycts
o(F)= 2+ 3 A, cosnx + B,sinnx. (58.1)
Mzl 3HaeM, UTO psIR
2 n(B,cosnx — A,sinnx), (58.2)

nonyyeHHslit or nuddepenuuposanus (58.1), BoBce He H0JDKeH OHITL PALOM
Pypbe, TaK KaK ero KoadpuuueHTH

a,=nB, un b,=—nA,

JlaXke He JOJDKHBI CTPEMUTLCS K HYIH0. [TosTomy K pany (58.2) Henb3st IpUMEHSITh
npefaplymuye Teopembl. Ho umeer mecto ciefymomas

Teopema Party. Ecau ¢ Hexomopoti mouke x pynkyua F (xX) umeem
CUMMEMPUUECKYI0 Npou3go0Hyr, pasHyrw uucay l, mo, npoougigepenyuposag pso
o (F), noayaum pso, Komopelid 6 mouxe X cymmupyemcs K qucay | memooom
Iyaccona.

" . x -+ h) — — I
TaK KaK CHMMeTpUUeCKO# TpOU3BOHO Ha3kBaercs lim Fet )2 hF (x ),
h—0

€CJIM 3TOT Mpefiesl CYLeCTBYeT, TO [0 YCJIOBHUIO TeOpeMbl

. F(x+h—F(x—h) _
}ILng o =1. (58.3)

[Tonaras, Kak Bcerja

F(r,x)= % + nzzl (A, cos nx 4+ B, sin nx)r*,
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MOJKeM HalucaTb

6F§;, x) — né'l (B, cos nx — A, sinnx)r". (58.4)

3necy mowieHHoe AuddepeHUpoBaHue 3aKOHHO, TaK Kak npu r << 1 psig (58.4)
CXOJMTCS pPAaBHOMEPHO OTHOCHUTENbHO X. Ham Hafo A0KasaTh, 4To

OF (r,x)
—8x~.-—>l npu r—1.
Ho
oF (r, X) —JF(t) aP(r, —X) df — fF(l‘) oP(r, t— - X) dat, (58.5)
a TaK Kaxa—-(fiu—) ecTb ¢pyHKUUs HeveTHast (cM. (56.2)), To
F(r, 17 oP(r, 1 oP(r,
0 gcx) =— ;fF(x + u)———(—aru—") du = -—;![F(x—l—u)— F(x— u)]————gl")du.

B cuny (56.3) mnst mo0Geix & > 0 u 6 > 0 M0)KHO BhIOpaTh ry, < 1 Tak, yro0bl
' 8P(r u) 1< e g 0 < u<zwury<r<1.ITosromy

oP (r, u)

[

6F(r,x) _%j[p(x_}_u)_p(x_u)] du + I, (58.6)
0

roe

|LI<Z-[|F@)]dt<Ce, (58.7)

rae C — nocrosiHHo. B cuny (58.3) uucnio 6 M0>KHO, Kpome TOr0, NPeANoI0oyKUTh
CTOJIb MaJIblM, YTOOBI

F — F(x —
’ Crw—Fi u)—-l|<e. (58.8)
Torma us (58.6), (58 7) u (58.8)
OF(r,x) __ 1 F (x+u)—F(x—u) oP (r, u)
ox @ 2u 2u du+ 1=

0

F(x+u)—F (x—u) oP (r, u)
[ 2u _1]2 ou du—

1
=IL——

o—10

’j2 PO gy =14+ 1,4+ 1. (589
B cuny (58.8) umeem
é
2 oP (r,
|12|<niﬂu$,du<cle, (58.10)
0

rae C, nocrostHHo. JeiicrBuTenbHo, u3 (56.2) Buaum, 410

oP(r,u | 2usinu P
|w LD || 2L |\ o, o 0<u<LT
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Hns I, I/IHTeI‘pPIpYH [0 YacTsM, HaXoMuM

[
I=—2 uf’P("")d ——3!56P(r,6)—|—%jP(r,u)du—>l. (58.11)
0 0

B cuity Toro, uro P (r, 6) — 0 u popmysl (55.4).
Tenepp u3 (58.7), (58.10) u (58.11) monyyaem
apé;’x)-ﬂ mpu r—1,
1 Teopema NOKasaHa.
3ameyaHue. Tak Kak Hanuuue 0ObIKHOBEHHOM NpPOU3BOMHON B HEKOTO-
poii Touke o0ecreynBaeT CyleCTBOBaHVME CUMMETPUYECKON NMPOM3BOJHOM B Toi
e TOUKE M MX DaBeHCTBO, TO OTCIOJA, B YaCTHOCTH, CIEAyeT:
Ecau ¢ Hexomopoii mouke x np0u3600Haﬂ F’(x) cywecmeyem U KOHeYHa, mo

aFé;’ LN o (x) npu r — 1, m. e. mam, 20e F (X) umeem KoHeuHy10 npousgooHyio,

npoou@ge peryu posaHHbltl psa0 Oy poe CyMMUPYemcsa K IMOLL npou3eo0HOL Memooom
ITyaccona.

B § 56 Mbl, B CymHOCTH, y)Ke IOJYYMJIH ITOT pe3yJbTaT (TOJbKO (op-
MyJIMpOBaly €ro B JAPYTHX TepMMHax). Temepb MbI BUAUM, UTO TpeboBaHue
cymecTBoBaHus F’'(X) MOXXHO 3aMeHUTb Ooyee ciabbim — TpebGoBaHMeM Cy-
I[ECTBOBAHUSI CHUMMETDHUYECKOH INPOM3BOAHON. 3aTO B TeopeMme HACTOSIIETO
naparpada yxe M (r, x,) — P (1, x,) mo paguanpHoMy nyTd, a B § 56 momy-
cxkanocp M (r, x) — P (1, x,) o mobomy HeKacaTeJlbHOMY NYTH.

§ 59 *). Uurerpan INyaccona—CTunrbeca

Bynem HaswBaTh uHmMezpaiom Hyaccona—Cmu/zmwca BLIpaj)<KeHue

u(reiv)= — J P(r,t — 0)d P(t),

-7

rae ¥ (f) — HexoTopast QYHKUMS C OrpaHUYEHHBIM W3MeHeHHeM Ha [—wm, 7).
HTerpupys 1o 4acTtsim, MOJIy4YuM
1 T 1 (ygn 0
u(re'“)z-;P(r,t—w)!P(t)i — o | W) 5 P(r,t —w)dt.

Ecnu @ <+ -+ &, TO 00BIHTeIpUPOBAHHBII UJleH Npu r — 1 cTpeMuTest K HyJio. Uto
KacaeTcsl MHTerpaja, To 1o Teopeme 1 § 56 0H ROJDKeH cTpeMuThest K ¥'(w,) BO
BCSIKOH TOUKe wy, Tle ¥'(w) CywwecTBYeT 1 KOHEYHa, eCJi TOJILKO TouKa M (re')
cTpemuTesl K TouKe P (¢/*0) o no6omy HekacaTeJIbHOMY IYTH.

B uacTHOCTH,

u(re*)—¥(w) mpu r—>1,

ecu ¥'(w) CyuecTByeT U KOHeYHa.

Orciofa B KauecTBe CJEACTBUS Noyyyaem: psa0 @ypse—Cmuamoseca cymmu-
pyem memodom Abeas—IIyaccona nowmnu 6cio0y.

Jns panpHeiimero Ham OyJeT NOJE3HO AOKa3aTb, YTO €CIM @ =+~ + 7 1
¥'(w) = + oo, TO MBl UMeeM

u(re)—>+ oo mpn r—1.

*) 9toT maparpad B NEePBOM UTEHMH MO)KHO IPOIYCTHTb.
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Uro0bl yOeauThCS B 9TOM, B CHJIY TOTO, UTO yKe ObLIO CKa3aHO 00 00bIHTerpuU-
POBaHHOM YJIeHe, IOCTaTOYHO J0Ka3aTb, 4TO

I=—1[®@O) 5 POt —w)dt->+ oo mpu r->1.

D10 Taxoit e mHTerpain, Kax (58.5), mosTomy cpady BuAuMM, UTO AJs1 J1060T0
e>0

é
I=—L#e+n) - ve -] PO =1, 41,
0

rre |I;| < e, ecnu & QUKCMPOBAHO U r B3ATO A0CTaToYyHO Onmskum K 1. Temepn
HpelICTaBI/IM I, B BUpE

I, = — _j[arf(w ) — P(@)] LoD gy

- %f[ﬂ”(w) —Wo—u)] LE0 gy~ p 1, (59.0)
0

[MToxa)kem, uro I; — + oo u I, - + oo. Jl0Ka3aTeNbCTBO MJIst 000MX MHTET-
pajoB coBeplieHHO 0fuHaKoBo. IIpoBenem ero misa I.

Tak Kak P’(x) = + oo, Mbl MOYKeM, ecJii A 3aJaHO0, IIPeATIO0N0KUTL 6 CTOJIb
MaJiblM, YTO

Y(w+u)—¥P(w)y>Au ma 0<Cu<9d.
Vmeem

]
_ 1 ¥Y(et+tw-—-¥Y@][, 0oP(u
Iy = —;;bf i E | du,

=0 (cm. (56.2)), noaromy

I,> A %‘f[— um]du
0

0P (r, u)

HO — U ou

ou

n mul Bugenu (cm. (58.11)), yro

Ef[— u%}du»l npu r—+1,

T

A
0TCIOAA CJIElyeT, YTo IpH I — 1 MOXKHO cienath I; > =, TAe A Hanepej 3afaHo,

U JI0Ka3aTeJIbCTBO 3aKOHYEHO.

3ameuvanue. To, uro panx Pypee—CrunTheca UMM pSA, NOJdyyaio-
wuica nocne gupdepeHuupoBanus psiga Pypbe 0T QYHKUMHM C OTpaHUYEHHBIM
usmMeHeHueM (cM. § 23), Mo)KeT He ObITh psinoM Pypbe, BULHO XOTs OBl U3 TAKOI'0
NPOCTOTO TNpUMepa: psik

“ sin nx
>

ne=1



§60 GEMEPOBCKUE U IIYACCOHOBCKUE CYMMBI 165

Kak Mbl 3HaeM (cm. § 41), ecTb psag Pypbe oT GyHKUMU, MOHOTOHHOHK Ha [0, 27],
M OJHAaKO nocye ero auddepeHUUPOBAHNS TOTyYaeM pPsf

> cosnx,

n=1

KOTOpHIf He ecTh psif Pypbe, MOCKOIBLKY ero Ko3)OUUMEHTH He CTPEeMSITCST K
HYJIIO.

§ 60. deiiepoBcKUe W NMyaCCOHOBCKUE CYyMMBI JUIsl Pa3iMUHBIX
KinaccoB QYyHKuMi

Mel loka)kem ceffuac psif TeopeM, KOTOpble IIOKa3bIBAIOT, KaK MOYKHO CYJUTh
0 CBOMCTBaX QYHKUMH, U3yvyasi MOCJIEL0BATENbHOCTD ee (efiepOBCKUX WM Iyac-
COHOBCKUX CYMM.

Teopema 1. [aa mozo umobbs: mpuzoHomempudeckuil pso 6via paoom
Dypoe om HenpepbieHOU PYHKYUL, HE0OXOOUMO U 00CMAMOYHO, Umobsl nocae008a-
meabHOCMY e20 (PetieposckuX cymm {o,(X)} cxo0uaaco pagHoMepHo.

Heo06xoumocCTpb yC10BHs1 €CTh IPOCTO Teopema d)enepa (cm. § 47). Insa poka-
3aTeNIbCTBA €0 NOCTaTOUHOCTH 3aMETHM, UTO eCJIM 3afaHHbI} TPUTOHOMETPHUYeCKuit
P ecTb

a & .
—2°—|— > a,cos nx + by, sin nx,
n=1

TO
“ k .
g, (x) = 1 — ——|(a, cos kx + b, sin kx), 60.1)
() %( n-l—l)(" k ) (

a noromy ans k<_n

4

(1 — %) a, = % IU” (t) coskt dt,

(60.2)

k4

(1- % l)bk_%t[an(t)sinktdt.

-7

Ecnu nociefoBaTenbHOCTL 6, (X) pABHOMEPHO CXOAMTCS, TO, oyaras f(x) =
= lim ¢, (X), BuauM, uto f (x) HenpepbiBHA. [Ipu n — oo u3 paseHcrs (60.2) myTem

n—-co

nepexofia K Ipefeny nojyyaem

a %[f(t)cosktdt (k=0,1,...),

= [1@snktdt  (k=1,2...),

a 3T0 M Hafo OBUIO NOKa3aTh.

Teopema 2. [Jaa mozo umober mpuzoromempuyeckuii pao 6bia paoom
®ypve om o2panudeHHol FYHKYUU, HE06X00UMO U 00CMAMOYHO, Ymolbl HAWAACH
korncmanma K, 048 xomopoil

o, (x)|<<K (n=12,...;0x<27).
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Heo6x0aMMOCTDb 3TOr0 yCiioBus Obula foKasaHa B § 48. JIis1 foKa3aTenbCTBA
JOCTATOYHOCTH 3aMETUM, UTO €CJIH OHO yJOBJIETBOPEHO, TO

%Jaﬁ (x)dx<2K2
Ho B cuny paBencrsa [Mapceains u3 (60.1) monyuaem
1 2 2 k)2
= JAe@ar =5+ 31— @+ o,

OTciofa ciiefyeT, 4To ecau m mnoboe uesoe, m < 11, TO

2 m
aq g k 2, o o 9
5 +k%1(1 — n+1) (ak + bR <2 K2
yCTpeMJIHH n — oo N OCTABJIASA n IOCTOAHHBIM, 3aKJII0UaeM OTCIOJa, 4TO
a: e
4 4 3@+ <2k
=1

¥ TaK Kak m noboe, T0 psag > ai - b << -+ oo.
3HayuT, paccmaTpuBaeMblii TpUroHomeTpuuecKuil psin ectb psp Pypee or
HeKkoTopo#t ¢yHkuuu f(x) € L2. Ho Tak Kak g, (X) — f(X) moura BCloAy, TO U3
o, (0 < K cnenyer |f (x)| << K, u Teopema J0Ka3aHa.
Teopema 3. [as mozo umobsr mpuzoromempudeckuii pad 0blA padom
Dypoe om f(x) € L? (p > 1), Heobxo0umo u docmamouro, 4mobst
“Gn(x) ”U’<K (n= 1’2)"')) (60'3)

20e K nocmostHo.
Jlns1 noKasaTesbCTBa He0OXOAUMOCTH 3aMeTHM, YTO

0n (%) = [ 1 () Ko (t — %) dt.

-7

IToaTomy, 3ameyasi, UTo —:; j K,(u)du =1 u uro K, (1) >0 u npumeHss jgemmy,

JIOKa3aHHYI0 B § 9 BogHoro maTepuana, cpa3y HaXOAuUM
[l () llee <N £ () 22 (60.4)

Y TaK Kak npaBasi yacThb (60.4) He 3aBUCHUT OT 71, TO AOKA34aTeJILCTBO 3aKOHYEHO.
Jna goKasareinbCTBA HOCTATOYHOCTU PAacCMOTpuM QyHKIMM

F,(x) = | o, (t) dt (60.5)

W JOKa)<eM, YTO OHM PaBHOMEPHO abCOJIOTHO HeNpepbIBHH, T. €. A Jo6oro e
CYILECTBYeT TaKoe 8, UTo IS Mo00ii CHCTeMbl HelepeKphIBaIOIMXCsl HHTEPBAJIOB
(a;, b) ¢ cymmoit 3 (b; — a;) << 6 umeem

Y| F,(b) — Fn(@)|<e. (60.6)
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HeiictBuTenpHO, 0003Hauast depe3 S 3Ty CHCTeMY MHTEpBaJiOB, MMeeM B
cuny (60.3)

X 1F0) = Fa @< 3 flon®ldt = flo, | dt <
1 1

<(Jlon@Fd)” (f10d)7 <87 ||o, <8 K <e,

eciay 6 HOCTaTOYHO MaJo.

Paccy)knas Tak »Ke, BUMM, YTO M NOJIHbIE M3MEHEHHUsI 9TUX QyHKuUui orpa-
HUYeHBl B COBOKYIHOCTHU. [loaTomy 1o Teopeme Xennu (cm. BBOAHBIR MaTepual,
§ 17) ¥3 HUX MOXKHO BBIIEJIUTDH IOANOCIIEA0BATENbHOCTD Fpy(X), CXOMSAIYIOCS B
Ka)KJI0¥ TOUKe K HeKOTOpO# pyHKuuK F (x); o Teopeme XeJUld OHa AOJDKHA UMETh
orpaH1YeHHOe U3MeHeHNe, HO U3 paBHOMEePHOi a6CoJII0THON HeNpephIBHOCTH QYHK-
uui F,(x) cpady ciemyeT, yTo oHa abCOJIIOTHO HellpepbIBHA.

B camom fiexne, ecnu B Gopmyne (60.6) BMECTO n HamucaThb 1; U MEPEHTH K
npejeny Npu j — oo, TO NMOJYYUM

Y| F(b) — F(a)| <e.
[Toxa)kem Temepb, YTO paccMaTpuBaeMbiii psf ecTb o (f), rae f(x) = F’(x).
JeHcTBUTeNBHO, UMeeM
27 27 27 25
{ o, (t) cos ktdt =F, () coskt| + k | F, (f)sinktdt =F, (2m) + k g F, (f)sinkt dt
b 0 0
"
27 25
(o, (t)sinktdt = — kOjF,,(t) cos kt dt .
0

3acTaBisisg N — oo M0 MOCIEA0BATENBHOCTH 11, AT KOTOPOH Fp (X) — F(X),
MBI Tostyyaem u3 Gopmya (60.2)

2n 2:
1 k : k
4= FQ2m)+ ;jF (t)sinktdt, b, = — ;fF(t) cos kt dt
0 0

(mepexoj, K INpefesny Moj 3HAKOM HHTerpana 31ech 3aKOHEH B CHIIY TeOpPeMbl
JleGera (cm. Beomublit MaTepuadn, § 14)).

[Tocne uHTErpUpOBaHMS 10 YACTSIM ABYX NMOCJIEHUX MHTETPAJIOB 3aKJII0UaEM
oTCI0Aa

2% 2n
a = [ @O cosktdt, b= [ f@)sinktdt,
0 0

a 9T0 U Hajo ObLIO AOKA3aTh.
Ocraercst fokasarp, uto f(X) € LP. Ho st 9TOr0 OCTaTOYHO 3aMETUTh, UTO
0, (X) - f(x) mouru BCIORY, TOTHA, NMONL3Ysich HepaBeHcTBaMu (60.3) u yeMMoi
daty (cm. Beopubiit marepuan, § 14), cpady nomnyuaem ||f(x)||r < K.
CnepcrBue. Ecau f(x) € LP, p > 1, mo

jnlf(x)— 2(X)Pdx—0 npu n—>oco. (60.7)

Mul yyxe 3Haem (cm. (60.4)), o ecnu f(x) € LP, To
o () e <) f (%) |22 -
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IMycrb e > 0 3agaHo. Mo)xHO Haiiti (cM. § 28) Takoif TPUTOHOMETPUYECKUIL

noauHoM T (x), uTo
() =T e <e. (60.8)
CrnenoBaTtesnbHo, pu J1t060M 71
on(x, ) = T)ller <o,
“ Opn (X, f) - 0'n(x) T) ”L" <e. (609)

Ho pas T (x) — TpuroHOMeTpuyeCKui MOJMHOM, TO HeNpepbBHas QYHKUUS
o, (x, T) crpemurcsa K T (X) paBHOMEPHO, 1 TeM 6oJee

0.6, T) =T () |ler <& (60.10)

KaK TOJIbKO 71 CTaHeT jocTaTtoyHo Gospiumm. [ostomy u3 (60.8), (60.9) u (60.10)
NMEEM

) — o Dl <N ) =T ) I + [T (x) — 0, (x, T) ||r +
=+ ” Op (x’ T) — Oy (x: f)”L"<3s

€CJIM 11 OCTAaTOYHO BEJIMKO, M TeM caMbiM (60.7) moKasaHo.
HwKe npu nokasaTesnbCTBe TeOpeMbl 4 MBI YBUIMM, UTO 3TO YTBEPIKJAeHMe
ocraercs B cuje u npu p = 1, T. e., eciu f(x) € L, To

27
j |f(x)—0'n(X)]dx—>O npu n—oo.
0

OpHaxo Teopema 3 crpaBefMBa JIMILL IIpu p > 1. B camom fene, ecim p == 1,
T. €. eciu

25
Vleaas< K

TO Mbl He MOYKEM YTBEpP)KJATb, UTO paccMaTpuBaeMulil psif ecTb psif Pypbe (Cm.
HIDKe 3amevaHye K Teopeme 5). Ciryvaii psina Pypbe paccmaTpuBaeTcst B CleRyo-
el Teopeme:

Teopema 4. [aa mozo umobsl mpuzoromempuyeckuil pad 0bla pAOOM
Dypve, HeoOX00UMO U Q0CMAMOYHO, UMOoObL

jtlam(x)-— 2(X)|dx—0 npu m-—>co u n-—>co.
Mui 3Haem (cM. § 47), uro
o () — 109 = % [[fc+) =TI K, @) ar.

[Tosromy, monaras

PO =11 G+0—1@]dx,

UMEEM .
jla(x)—f(x)ldx Iz jlf(x+t> 109Ky at) dx =

—n
=1
T

'P(t) K. (t)dt. (60.11)

Q—"a
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Ecnn o6osHaunte yepes of; (X) deitepoBekyto cymmy s o (¥), 1o

ok (x) = %jﬂ P(t+x) Ka(t)dt,
a noromy u3 (60.11)
J19.00 1091 dx <a2 ).
Ho rak kak ¥ (f) nenpepsiBHa 1 ¥ (0) =0, 10 ¢%(0) -0 mpu n — co u, 3HaYuT,
_j;| 6,(x) — f(x) | dx—0. (60.12)
Orcroma
flffn () = om (N)]dx < YI%(X) — (o) |dx+ YII(X) — 0 (¥)|dx—0

U Heo0XO0IUMOCTL Halliero ycji0BUAA AOKa3aHa.
J1s1 moKa3aTeNnnpCeTBa ero JOCTAaTOYHOCTH 3aMETUM, UTO U3

§n|a,,(x)— m(X)|dx—0 1mpn  m-—>oco, n—>oo
CleflyeT CYLIeCTBOBaHME KOHCTAHTHI K, AJIS KOTOpOii
§n|an(x)ldx<1( (1=1,2,...).
[Tonarasi, kKak B Teopeme 3,
Fa@) = [0, 0,

Mbl, KaK 1 TaM, OyJeM [0KasbiBaTb, YTO I10CJIEA0BATENBbHOCTL QyHKUMi F, (X)
paBHOMepHO abCOJIOTHO HempephiBHA. 3JeCh, COXpaHsAss 0003HayeHus1 Teope-

MBI 3, UMeeM
2| Fa(0) —F, (ai)l<sflﬂn @ |dt. (60.13)

Ho
Jla,,(t)wt ﬂa(t) ak(t)ldt+j|ak(t>|dt

\glan(t)“”k(’)ldt‘l‘gl"k(t)!dt- (60.14)

IMycte ¢ > 0 3agaHo. B cuny yciioBust TeOpEMBI MOYKHO B3ATh K CTOJIb 00JIb-
UM, yto06nl

2n
Jloa® —a@ldt <5 nin n>k. (60.15)
0

dukcupyem Teneph k; Torja, B3sB 6 JOCTATOYHO MaJbiM, MOXKeM IOOUTBCS TOrO,
uroOnl { |op (£)| dt<%npm p < k, Kak Tonpko mS < 6. Ho eciu Tak, To u3
S

(60.14) u (60.15)
3(lan(t)|dt<e

H, cieoBaTenbHo, u3 (60.13)
2| Fn(b) —Fn(a)|<e mpu X (b;—a)<4.
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Tenepn, KaK B TeopeMe 3, Mbl BUJMM, UTO U3 MociefoBaTenabHocTH { F, (%)}
MOYKHO BBIIEJIUTD MOAMOCIEA0BATEIBHOCTD, CXOASILYIOCS K HeKoTOpoii F (X), KOTo-
pasi A0/DKHA OKasaThCsl a0COJIOTHO HeNpephIBHOM M IPUTOM paccMaTpUBaeMBli
psn ectb pax Pypee ot F' (X).

Teopema pokasaHa.

3ameuyaHue. B mpouecce nokasaTenbCTBa Mbl yCTaHOBWJIM, UTO JUIst
Jobo#t f(x) € L umeem

?II(X)_Gn(x)ldx—)O npu n-—»oo. (60.16)

HakoHel, foKa)KeM ele OJHY TeOpeMy.
Teopema 5. [aa moeo umober mpuzoHomempudeckuti pso 0bla paoom
Pypve—Cmuameeca*), Heo0X00UMO U 00CMAMOYHO, 4Mobbl

Jloa@lax<k  (=1,2..),

20e K — nocmosiHHoe.
Heo6x0auMoCTb yCI0BUST BRITEKAET U3 TOTO, UTo Ajisi psita Pyppe—Crui-
TbheCa UMeeM

k44

0, (x) = = [ Ko (t —x)dF (1) (60.17)
(ara Gopmyna BLIBOAUTCS TaK JKe, Kak (47.2)). [Toaromy
l F14
|0 ()| <5 [ Kn(t = %)| dF |,

rae |dF| ecTb He uTo nHoe, KaK dV(f), ecnu nox V(f) OHUMATH N0JIHOE N3MEHeHMe
F(x) Ha 0 < x <(t. Orcrofa, MeHsist MOPSIAOK MHTeTrpUPOBAHUS, MOJIyUUM

27 2

fnlon ) lax< [ {% K. t—x)1dF @) ;} dx =

— Tw(t) | —i—TK (t — x) dx —_-ﬁ dF | =V,
0 0 0

rae V — monHoe usmeHeHue F(x) Ha [0, 2x].

Hrak, Heo0X0AUMOCTL J0Ka3aHa.

Iis pokasaTenbCTBa JAOCTAaTOYHOCTHM MBI CHOBA BBOMMM B pacCMOTpeHue
$ynxuun F,, (x), y)Ke paccMoTpeHHble B Teopemax 3 u 4. IlpaBma, MBI yiKe
He CMO)KeM Jl0Ka3aTb, YTO OHM pPaBHOMepHO a0COJIOTHO HENpEepHLIBHBL, HO BCe
yKe OHM MMEIOT paBHOMEpPHO OTpaHMYeHHble U3MEHEHMs], MTOCKOJIbKY

X§41 2
S Fn(xi40) — Fr(x) |<< S o, @)dt = [0, () |dt K
Xi 0
st moboro pasbueHus orpeska [0, 2z] Toukamu x;. IToaTomy B cuny nepBoii

Teopembl Xeyun (cM. BBogubli marepuan, § 17) cymecTByeT noanocieqoBaTeb-
HOCTb 11; TaKas, 4r0 Fp(x) — F(x) ans mo6oro x us [0, 2x], rae F(x) umeer

*)Cm. § 23, m. 9.
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orpaHuyeHHoe u3MeHeHue. Ocraercst J0KasaTh, YTO JaHHBIA psiy eCTh psif Pypbre—
Crunreeca ot dF.
Jns1 aToro, KaKk NpH I0Ka3aTeJLCTBE TEOPEMEBl 3, MHILEM

27

2n

k 1 Fpn (2 k .

(1= +55) &= [oa(t) cosktar = T -j;!F,, (t) sin kt dt
0

¥ 3aTEM UHTEIPHPOBAHMEM M0 YaCTSIM MOJIyYaeMm

2m

k 1

(1 — m) @, = [ cosktdF,,(1).
0

3aCTaBJ'IHH n CTPEMUTHCS K 0eCKOHEYHOCTH 110 MoAnocCyIe0BaTeIbHOCTHU nj, Haxo-

AUM

2n
a, — %Icos kt dF (1)
0

Y aHaJIOTMYHO s by, (epexo] K npefesny Obll 3aKOHEH B CHJTy BTOPOi TeopeMsl
Xennu, § 17 BeogHoro martepuasna).

Teopema nokasaHa.

3ameuaHue Mb3Haem (cMm. § 59), yro He Besikuit psig Pypbe—Crun-
Theca ecTb psf Pypbe. Takum 00pa3om, ycioBue

Jln@lar<k  @=12..)

He SIBJISIETCS] OCTaTOYHLIM JJIs1 TOro, 4ToObl psif Obl psiiom Pyphe, U ITO NOKa-
3bIBAET, UTO IIpu p = 1 Teopema 3 TepsieT Cuy.

YuuteiBasi, yro psin Pypre—CTunTheCa €CTh pe3ynbTaT RuddepeHIHpoBa-
Hus psaga Pypbe 0T QyHKLUUM C OrpaHUYEeHHBIM M3MeHeHMeM, Mbl I0JIydaem B
KayecTBe CJIEJCTBUSI TeOpeMbl 5 ClefyIoUyI0 Teopemy:

Teopema 6. [uaa mozo umobst mpuzoromempudeckuii pso 0bla pOOM
bepge om PyHKYuU ¢ 02pAHUHEHHBIM U3MEHEHUeM, Heo0X00umo u 00CmamodHo,
amogut

Tlo@la<k  @=12..).

Bce l0KasaHHbIE TeOpeMbl OTHOCHIMCh K PACCMOTPEHHMIO GellepOBCKMX CyMM.
Ecnu BMeCTO HEX MBI PaCCMOTpPHMM IyacCOHOBCKHE CYMMb, T. €.

%)==+ 200 (a, cos nx + b, sin nx)rn
n=1

¥l 3aMeTUM, YTO

f(r,x):iJ?f(t)P(r,t—x)dt,

44
-7

re P (r, u) — sinpo IlyaccoHa, To MOYKHO OyJeT 10Ka3aTh COBEPILEHHO aHalorHy-
HbIE TeopeMbl; JeHCTBUTEIbHO, IPU JOKa3aTeIbCTBE Mbl BCe BpeMs T10JIb30BaJIUCh
BLIpD@)KeHHeM o, (X) B BUe

0u(x) = [ (O Knlt — x)
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¥ OIMPAJIKCh TOJBLKO Ha To, 4To K, (1) >0 u
1 ?
= | Kn@du=1.

-7

Ho mbl Taroxe umeem P (r, u) >0 nu
%fP(r,u)du =1.

[TosTomy Bce pacCyr)kJeHust NpOXOJST CJIOBO B CJI0BO (TO 4T0 7 — 1 He 1o moce-
J0BaTeIbHOCTH, a poberasi Bce 3HayeHus], He UIPaeT POJIK, TaK KaK MOXKHO OblI0
OBl paccmaTpuBaTh IOCIEN0BATENIbHOCTb Iy — 1 IpU k — co M pacCyXaaTb C
saapamu P (ry, u)).

Taxum 00pasom 10JIy4aloTCsl CleAyIOle TeOPeMbl.

Teopemal’. [as mozo umobst mpueoHomempudeckuil pad 0bla psoom
Dypoe om HenpepblgHoll PyHKYuL, HE00X00UMO 1 00CMAMO4HO, Ymolsl €20 nyacco-
Hosckue cymmel f (r, X) cmpemualcs pagHomepHo k npedesy npu r — 1.

Teopema 2. [Jaa mozo umobsl mpueoHomempudeckuti pad 0bin psoom
Dypbe 0m 02paHudeHHOl HyHKYUU, He00X00UMo u 00CMAmo4Ho, umolbst cylujecmeo-
éaaa koncmanma K, 045 komopoii

0<Cr <1,
0<Cx<2m.

Teopema 3. [aa mozo umobst mpuzoHomempuueckuti pad 0sla paoom
®ypoe 044 f(x) € LP (p > 1), Heobxo0umo u docmamouro, 4mobst

11D <K, 0r<1.
Kpome moeo, ecau f(x) € L? (p > 1), mo
11 x eI () Iz (60.18)

10| <K,

Hmeem marnce
25
Oj|f(x)—f(r,x)\”dx—>0 npu r—1, (60.19)

npudem Imo cnpagedauso kax npu p > 1, max u npu p = 1.
Teopema 4. [Jaa mozo umobet mpuzoHomempuyeckuii pao Ovia padom
Dypoe, Heo0X00UMO U 00CMAmModHo, 4rmoobl

npu r—1

Jien—ienie—0 T

Hnst cnyvast psapa Pyppe—CTunTneca pacCy)kjeHne HeCKOJIBKO CII0XKHee.
Mpl He GyzneM ero nNpoBOJUTL M OTpaHUYMMCS HOPMYJIMPOBKOI TeOpeMbl, aHaJO~
T'MYHOU Teopeme 5, a MMEHHO

Teopema 5. [Jaa mozo umobst mpueorHomempudeckuii pad 6bia paoom
®ypse—Cmuamseca, Heo0X00UMO U 00CMAMOYHO, 4mMobl

27
Jenlae<K, o<r<1.
Otmerum eute, yro B rnase VIII (§ 14 u § 20) BmecTo deiiepoBCKUX MM nyac-

COHOBCKMX CyMM psiia Pypne Mbl OyeM u3ydaTh ero 4yacTHbIe CyMMbI S, (X) U 1ist
HUX paccMaTpUBaThL BONPOC 0 moBefeHun |[S, || ¥ ||f — S,||.» npu p > 1.



§61 OBILIUE TPUTOHOMETPUYECKUE PAAbl. TEOPEMA JIV3UHA-JAHX>KVYA 173

§ 61. OOume TpuroHomeTpHueckue psabl. Teopema Jly3una— [lankya

o cux mop Mbl u3yvanu psiapl Pypoe. Temeps Ml OyaemM paccmaTpuBaTh
TPUTOHOMETPUYECKHE PSIiBl CaMOro 00mmero Buaa U JOKa)KeM OTHOCHUTENILHO HUX
Psill OYeHb NPOCTLIX, HO Ba)KHHIX TeopeM. HauHeMm ¢ pacCMOTpeHHs BOIIPOCa O TOM,
KOTJIa TPUIOHOMETPUYECKHUH DS CXOAMTCS abCOJIIOTHO Ha MHOYKECTBE IMOJIOMKH-
TeNbHOM Mepel. 371eCh UMEET MeCTO TeopeMma, JoKa3aHHasi 0OJHOBPEMEeHHO U He3a-
Bucumo H. H. Jlysunbiv B1 u A. lawkya (cm. Denjoy!2]).

Teopema Jlysuna—Jlanxya. Ecwu mpueonomempuueckuii psao

i’z&-i-éancos nx + b, sin nx (61.1)

cxooumea abcoaromo. Ha mMHoxcecmee E, mE > 0, mo
2lan| + 16, <+ oo

OGosHauuM o, = J/a2 + b2 (n= 1,2, ...) 1 TOJOKHM
a0=0,£22=90’ a, = 0,C08a,, bn =QnSinan (n=1;27~")'

Torpa psan (61.1) npuHuMaeT BUI

4 8

0, €08 (Nx — a,). (61.2)

n=0

A6conoTHast cxoaumocTh psifa (61.2) Ha E o3Havaert, 4To
%incos(nx—an)|<+oo w xCE. (61.3)

ITo Teopeme EropoBa Mo)<HO HaiiTi CoBepiueHHOe MHOYKecTBO P C E, mP > 0,
Ha KotopoMm psn (61.3) cxomurcsi paBHOMepHO. ITycTs S (X) — ero cymma Ha P,
TOrJla B CUJy paBHOMepHOH cxomumocTu (61.3)

©

{Sx)dx= Y o, {|cos(nx —a,)|dx.
P P

n=0

Ho
{lcos (nx — a,)| dx > [ cos? (nx — a,) dx =
P P
= %J[l + cos 2(nx — a,)] dx = é—mP + %fcos2(nx —a,)dx.
P P
Ecnn 0603HauuTh uepes f(x) ¢yHKUMIO, paBHYI0 1 Ha P U HYJII0 BHE €ro, To
{ cos 2 (nx — a,)dx = f f(x) cos 2 (nx — o) dx =
P —
— c0s2a, | f(x) cos 2nxdx +sin2a, | f(x)sin2nxdx,  (61.4)
a NoToMy

{cos2(nx —a)dx—0 npu n-—>oco,
P

TaK KaK MHTerpaiasl B NpaBoil yactu (61.4) OTIMYAOTCA JNMIIL OrPaHMYEHHBIM
MHOYXHUTeJIEM 0T K03pduuuenToB dypre s f(x).
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U3 3Toro BuITeKaer, 4To

jlcos(nx—a,,)ldx>—i—mP
it

TIPH 11 JOCTATOYHO O0JIBIIOM, a 3HAYUT CXOAUMOCTD psifa (61.3) Baeyer CX0UMOCTh
psina > e, OTKyJa ClelyeT u

2la;| <Aoo, by <Heo.
Teopema goKasaHa.

§ 62. Teopema Kantopa—IJleOera

Paccmorpum Temepb BOIPOC 0 TOM, YTO MOYKHO CKasaTb 0 Ko3pduumeHTax
TPUTOHOMETPHYECKOT'0 PSifia, €CJIM OH yr)Ke He abCOJII0THO, a MPOCTO CXOAUTCS Ha
MHO)KeCTBe Mepbi 00JIbIlle HyJIs.

3lech MMeeT MecTo

Teopema Kanropa-—Jlebera. Ecau mpuzonomemputeckuii pao
cxooumes nHa mroncecmee E, mE > 0, mo e20 koaduyueHmbl cmpemamces k Hyai0.

B camom nene, ecnu

2 o, cos(nx — a,) (62.1)
cxopurcst Ha E, mE > 0, T0O umeeM

lim g,cos(nx —a,) =0 ana x€E.
n—» o

Ecnu HaiieTcst TaKasi NOCJIe0BATENbHOCTD 1y, My, . . ., Iy, « o sy JJIST KOTOPOH

On, =>0>0, (62.2)
TO UMEEM O0UYEBUIAHO

,lcimcos(nkx—ank)zO, x€E.

IToKa)kem, UTO 3TOro He MO)KeT ObITh. [lelicTBUTeNbHO, TOTAA U
,lcim cos?(nx —an,)=0, x€E.
[To Teopeme JleGera 0 3aKOHHOCTH Iepexojia K Ipejiesy MOJ 3HAKOM HHTer-

pana s ciydyasi, KOrjia pedn WeT o (yHKUMSX, OrpaHUYeHHBIX B CBOE COBO-
KYIHOCTH, UMeeM, MHTETPUPYS 10 MHOXKECTBY E

,lcmg cos? (mx — an) = 0.

Ho Tak Kak, paccy)jasi, Kak B § 61, Mbl umeeM

. 1
,lcxm jcos2 (mex — an,) dx = 5 mE,
E

a mE > 0, To Mpl IPUXOJUM K IPOTUBODEUHIO.
CrefoBaTebHO, HeNp3sl ObU10 NpefnonaraTh (62.2), mosromy

lirr(} 0,=0, (62.3)

1 Teopema JIoKasaHa.
3ameuaHune. Haspanue 310t Teopembl o0bsicHseTCA TeM, yro Kanrop
JoKasaj ee JJISL Ciiyyasi, KOrHAa DS CXOMUTCS Ha HEKOTOPOM OTpeske [a, b], a
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JleGer 00o0wmun Ha ciyvait 11060T0 MHOYKECTBA MOJIOXKUTEILHOM Mepbl. Ml cum-
Taem Leecoo0pasHbiM MPUBECTH 3/IeChb OTHEIbHO XOKA3aTelhCTBO Teopembl KaH-
TOpa, TaK KaK 0HO Ja)ke He TpeOyeT 3HaKOMCTBa ¢ uHTerpasjom JleGera.

Hrak, nycrs pap (62.1) cxonurcst Ha HeKOTOpOM OTpesKe [, b]. [lepenuiiem
ero st yRo0cTBa B BUIe

2 o,cosn(x —a). (62.4)

Hapo noxasath, 4to g, — 0. [lolyCTUM, 4TO 3TO HEBepHO; TOTAA Haiilercss Takoe
6 >0, uro

0, >0 (62.5)

17151 0eCKOHEUHOr0 MHOYKECTBa 3HaueHuit n.

OGosnaumm yepes d mniuHy otpeska [a, b]. Korma x mpoGeraer [a, b],
TO X — a, Npoferaer oTpe3oK To# >Ke MuHBL d. B3sB Takoe 1, [ist KOTOPOIo
myd > 2m, Mbl BHIMM, 4YTO COS 1, (X — a,) ycmeBaeT IpofekaTb BCe CBOM
3HayeHus, Moka X mpoberaer [a, b], 3HauuT, MOXXHO HaHTH TaKoi OTPe30K

[a;, b;] BHYTPH [a, b], THe 3TOT KOCHHYC >% . Ecnu npu arom n BribpaHo Ta-
KUM, YTO JUI1 Hero ynoBjerBopeHo (62.5), To

[
g,,‘cosnl(X—an,)>§, a1<x<b1'

[Monoxum d; = b, — a,. Paccy)xpass aHaJOruyHo NpelbILyeMy, MOXeM
BIOpaTh 1, TaK, YroObl JUIT Hero yAoBJeTBOPsUIOCh (62.5) u uToObl nyd;, > 2m,
aTorfa B oTpesKe[a,, by | HaliIeTCs OTPE3OK [ay, by ], ATIST KOTOPOTO COS 11y (X—a,,,) >

>§, a mnoromy
6
O, COS Ty (X — an) >, Ay < X< b,

ITOT MpoIlecC MOXKHO NPOJOJDKUTbL HeOrpaHUYeHHO, TaK KaK Yucen n, yao-
BJIETBOPSIIOINUX HepaBeHCTBY (62.5), umeercst 6eCKOHEYHOe MHO)KeCTBO. MBI Ios1y=-
YaeM I0CJIeJJ0BaTeIbHOCTb OTPE3KOB [ay, by ], BJIO)KEHHBIX APYT B Apyra, Npuyem

(4
@ng COS 1y (X — ) > (62.6)

CymecrByer TouKa §&, NpHHajJe)kalas BCeM 3THM OTPe3KaM OJHOBPEMeHHO.
B rtaxoil Touke & HepaBeHCTBO (62.6) BhNOJHeHO A BceX k (k= 1,2, ...),
a noTomy

limg,cosn (x —a,) 50,

n— o

a 3HauuT pAf Y o, Cos n(X — a,) AOJDKEH pacXOAUTLCSI B ToukKe &. Mexxay Tem
& ne>xut B OTpesKe [a, b], rhe psf CXOMUTCS, U MBI NIPUIUIA K NPOTHBOPEYHUIO.

§ 63. IIpumep BCIOAY pacXosLLErocst psga ¢ KodpdHUHEHTaMH,
CTPEMSAILUMHCS K HYJIO

BosHuKaeT BOIpOC, JOJDKEH JIM TPUTOHOMeTPHYECKHU psjx ¢ KoadduHuen-
TaMH, CTPEMAIMMUCS K HYJII0, CXOMUTHCS Ha MHO)KECTBE IOJIOYKHUTEJILHOM Mep bl.
Jror Bonpoc Ob1 nocraBned Paty (Fatoulll) u mepshiit oTeer Ha Hero Gbul JaH
H.H. Jlysunsm(*. Fimenno H.H. JlysuH nocTpous mpumep TPUIrOHOMETPHYECKOTO
psifia ¢ KoapULMEeHTaMH, CTPEMSILIUMKCS K HYJII0, B PAaCXOJSIErocst I0YTH BCIOLY
(mompobuee 06 srom cM. §§ 1 u 2 rnase VII). 3atem Ilreitnrays (Steinhausitl)
Jaj NPUMEp TPUTOHOMETPUUYECKOIo psifia ¢ Ko3duImeHTaMu, CTpeMSIUMUCH K
HYJII0, ¥ PaCXOMSLIErocs B Ka)XKION TOUKeE.
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M1 3nech u3noykum npumep lltelinraysa u3 ero 0osiee mo3smHeit paboThl
(Steinhaus!®}).
Paccmorpum psin

< Cosk (x —Inlnk)
k% Tk - (63.1)
ITonoxum [, = [In k], v, =Inln k n
n+1 cos k (x — vi) | . &1
gn(x) P n+l Ink ’ gn - e Ink
Ilpe)kne Bcero 3ameTum, uTo
. X — Vi
n+l, n+l, sin? k( 5 )
gn—gn(x) = 2 lnk [1— cosk(x—v,‘)]=2k=%'rl 7 ,
OTKyJia
1 n+-ly,
O<gn - gn(x)< 21nn 2 k2(x_vk)2,
k=n+1

TaK Kak |.in u| < |u|. Iycts v, <X < Vy+q (12> 3); Torga st n + 1< k<
< n -1, umeeM B CIITy MOHOTOHHOTO BO3PACTaHHUS UUCET Vj:

vn< Vi < Vattw
a ToTomMy
[ X — Ve [ <Vt - V.

IpuMeHsIst K PasHOCTH V, .y, — V, = Inln(n + 1) —In In nn Teopemy o cpeanem

3HayeHun, HaxXoaIuM
1

l
X =Vl <G <o

a motomy st v, < X < Vp4q
In
— 8. () < g 1< (14 2 (63.2)

IIpaBasi yacThb HepaBeHCTBa (63.2) CTpeMUTCST K % IPU N —> oo; NI03TOMY JUIsT
11000r0 & MOYKHO Halitu Takoe N, 4TO
1
0<g— &M<+ ma n>N. (63.3)
C npyroii CTOpOHHI,
l
gn>m§"+ 1 mpn n—oo,

g.>1—¢ pgna n>N, (63.4)

I03TOMY

ecan N JOCTaTOUHO BeJMKO. Eciu B3STH & < —g, T0 u3 (63.3) u (63.4)

gn(x)>%—28>—i— s V, < X< Vay1 U n>N. (63.5)

[Tycrs Tenepp X — nobast Touka orpeska [0, 2z]. [Toka)kem, 4To Haiifercs

1
0ecKoHeuHoe MHOYKECTBO TaKMX 3HAUEHMH 1, U1 KOTOPHIX ¢, (X) > . B camom
neie, eCiM MBI OTMETHM Ha ocH abCLuMCC TOYKU Vg, Vy, ..., V,, ..., TO OHU CTpe-
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MSTCSI MOHOTOHHO K 0€CKOHEYHOCTH, 3HaUMT, OTPEe3KH [V,, V,41] (7 > 3) NOKpbI-
BaloT BCIO 0Ch abcuuce.

CrepoBaTenbHO, KayKAast TOUKa BUAA X + p - 27 HelIPeMeHHO JIE)KHUT B HEKO-
TOPOM MHTepBase BUAA [V, V,41]; HO Z,(X + p - 27) = g,(X), a NOTOMY B TOUKe
X YIOBNeTBOpeHo HepaBeHCTBO (63.5), ecnu n > N.

Ho s pocratoyHo 6oJibIUMX p HepaBeHCTBO X + p - 2w < V,4; Tpelyer,
9TOOBI 11 OBUIO IOCTATOYHO BEJIMKO, NMO3TOMY IS GECKOHEYHOI'0 MHO)KeCTBa 3Ha-

yeHuit n > N pelicTBUTeNbHO Oynem uMeTh g, (x) > % . 3HauuT, B paccMaTpuBae-
MoM psifie (63.1) umeercss GecKoHeYHOe MHOYKECTBO «KYCKOBY, ¥ KOTOPBIX CyMMa
YJIEHOB UMeEET BeJINUMHY, NPeBOCXOASAILYI0 % ,a NoToMy psx pacxonaurcs. Pas aro
IoKasaHo 1is1 aoboro x Ha [0, 2], TO PN pacXoAUTCST B KaXKA0H TouKe.

§ 64. UsyueHHe CXOXMMOCTH OJHOI'0 KJacca TPHTOHOMETPHUECKHX PAIOB

dary (Fatoul!l) noxasas Lenblii psifi Ba)KHBIX TeOpeM, KacaloluXCsi psijioB,
y KOTOPBIX

a,,=0(~’11—) 1 bn=o(—,11—). (64.1)

Ho OKa3bIBa€TCsI, UTO MHOT'AE M3 ITUX TEOPEM COXPaHAIOT CHJIY, €CJIA yAOBJIET-
BOPSAETCS MEHEe CHIIbHOE TpeﬁOBaHHe, a MMEHHO

™) = X k(@] +]6) =0(n). (642)

slcuo, uro u3 (64.1) cnemyer (64.2), Ho oOpaTHoe, BooOue ToBOpS, He
nMeeT MecCTa.

TpuroHoMerpuyeckue psibl, Ko3QOULMEHTH KOTOPLIX YAOBJIETBOPSIOT YCII0-
BUIO (64.2), 06nafatoT LeJbIM PSAOM MHTEpECHBIX CBOMCTB. OHM MOIYT He ObiThb
psnamu Pypre (cm. rnaBa VI, § 3), HO UMeeT MeCTO TaKasl Teopema:

Teopema 1. Ecau pao

M

a .
7" + X a,cosnx + b, sinnx

n=1

¢ koapguyuenmamu, yooéaemsopsrowumu (64.2), ecms pao0 @ypee, mo oH cxo-
Oumcs nournu 6cto0y ; ecau o o (f), 20e f (x) Henpepbisra, mo amom psod cxodumcs
PagHOMe pHO.

B camoMm Jene, u3BeCTHO, YTO €CJIM JJIsi TPUTOHOMETPUUECKOro psja S, (x) —
YaCTHHIE, a 0,(X) — (eliepoBCKUE CYMMEI, TO

|Sp(x) —0,(x)| = n+1 Zk(akcoskx-l—bksmkx)

<n+ %k(laklﬂbkl)—()(l) (64.3)

B cuny (64.2). Ioatomy S, (x) — o, (x) — O paBHOMepHO B cuuy (64.3). Ho ans
moboro psga Pypee o, (X) — f(x) nourn Bcioay, nosromy u S, (x) — f(x) nouru
Bcroay. Ecnuxe f(x) HempeprIBHa, TO o, (X) — f(X) paBHOMepHO, a ToTAA U S, (X) —
— f(x) paBHOMepHO, U Teopema J0Ka3aHa.
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B KauecTBe CJIe[CTBUS BHIBEJIEM TeOpeMy
Teopema 2 (Pary). Ecau mpueoromempuueckuii pad umeem KoI-

puyuenmot suda . 1
a, = 0(7) u bnzo(ﬁ),

mo 0H cX00umcs noumu 6cto0y.

Ecau on, xpome mozo, ecms psad Dypse om Henpepbl6HOl GYHKYUU, MO OH
CX00UMCS PABHOMEPHO.

JedcTBUTeNbHO, NIPEXKe BCero SICHO, UTo Hall psif ecTb psif Pypbe, TaK
Kak 3 aj + bi< + oo. Kpome Toro, Kak Mbl y>Ke ropopuny, us (64.1) cienpyer
(64.3) m, 3HAuUWT, MBl HaXONMMCSI B YCJOBHUSAX NPUMEHMMOCTH NpeablnyIel
TeopeMHl.

3aMmeyaHue. I'mnoresa OTHOCUTEIBLHO HENPEPHLIBHOCTH SIBJISIETCS JOIOJI-
HUTEJIbHBIM TpeGoBaHMeM, a He BhiTeKaeT u3 (64.1). Mo)KHO MOKa3aTh, 4TO Cylie-
CTBYIOT (DYHKIHUH, Y KOTOPHIX Ko3(pduuueHThl Pypbe YHOBIETBOPSIOT YCIOBHIO
(64.1) u, ogHaKo, OHM HeorpaHMYeHbl Ha JIOOOM MHTepBajie §, Jie)KalleM Ha
[, 7] (cm. rnaBa VIII, § 13).

§ 65. JlakyHapHble MOCJeA0BaTeIbHOCTH H JAaKyHapHbie PsAbI

BriBefiem eme HEKOTOpPLIE CleJCTBUST u3 TeopeMbl 1 § 64. Iins aToro Hamlom-
HUM, uTO B § 4 BBOHOr0 MaTepuasa Mbl YCIOBUIMCh Ha3bBATDb I0CIEN0BATE b=
HOCTb HaTypaJIbHBIX uucen {7} YNOBJIETBOpsOLIEH ycnosuio (L), ecnn

S <t oo

k=1

< 1 1
ITocnenoBarenbHocTh {11,} Oblla HasBaHa JIaKyHapHOH, eClM CYIECTBYeT TaKoe
A>1, uro

%}>z>1 k=1,2,...). (65.1)

HaxoHell, 6bl710 I0Ka3aHo, YTo BCsIKasl JlaKyHapHast N0CJIe10BaTelbHOCTh yI0B-
JIeTBOpsieT ycnoBumo (L).

Tenepp BBefieM ONpefiesieHHe JaKyHapHOTO psija.

Onpenenenue. Pan

da,cosn x + b, sinn, x (65.2)

Ha3bIBAETCS AQKYHAPHBIM, €CIIA HATypasbHble Yucna {1, } 00pasyior JaKyHapHYI0
NIOCJIEI0BATENIbHOCTD (T. €. YIOBJIETBODPSIOT yCaoBHIO (65.1)).

Ecnn nocnenosatenbHoCTb {17,} yROBiIeTBopsieT ycaoBuio (L), To Mbl Oynem
rOBOPUTB, uTO psif (65.2) ectb (L)-psn (TaKuM 00pa3soM, BCAKUMN JJaKyHapHbI# ANt
ecTb (L)-psift, Ho 00paTHoOe, BooOle, He MMeeT MecTa).

Hoxaxkem, uto ecnu KoapduuueHTH (L)-psifia CTpeMATCs K HyJI0, TO OH
BXOJIUT B KJIacC PsI0B, U3yueHHHIX B § 64. [leiicTBurenbHo, QyHKUHMSA T (77), onpe-
neneHHas B § 64 (cm. (64.2)), B JaHHOM ciiyyae IpUHUMaeT BUJ

7 (1) =n£nnk(lak|+lbkl)-

IMoxa)kem, uTo 7 (11)=o0(n), Torga Mol 6yfem HaXomuTbCs B ycnoBusax § 64. Tax
Kak a, -0 u B, — 0, To 11s moboro & > 0 Haiiiercs Takoe p, 4T0 (@] < ¢ H
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|bi] <& npu k> p. Ecnn n, — Haubonpluee u3 umces IOCIE0BATENbLHOCTH
{n,}, He mpeBoOCXOJsALIEE 11, TO

f(”)zkém; ’1zc(l‘11c|‘|'lbkl)<’é‘1 nk(lakl"“bkl)‘l‘zekgpgk- (65.3)

Tak KakK IlepBoe ciaraemoe npaBoift yactu (65.3) He 3aBUCHUT OT 1, TO MOMCHO
B3SITb M, CTOJIbL 00JIbIIMM, YTOOH 9TO Ciaraemoe OBUIO MeHblUe en IS N _> N,
Torna

z(n) 2¢

n

m
et —— X m<cee (usnz>n),
m k=p+1

TJle ¢ HOCTOSIHHO, OTOMY UTO JUIsl IOCNeloBaTesIbHOCTell {11}, YAOBIETBOPSIOIUX
ycnoBuwo (L), umeem

m
ké; n,=0 (nm)
(cm. BBoaHblf matepuad, § 4).
Hrak,
T(n)<ce,,
a TaK KaK & KaK yrojHo Majo, To
T(n) =o0(n)

M Hallle yTBep)KJeHHe N0Ka3aHo.

3 10Ka3aHHOTO yTBep)KIEHHS M TeopeMbl 1 § 64 cpa3y nonyuyaem

CnencrtBue 1. Ecau (L)-psad ecms psa0 @ypve, mo oH cxo00umea noumu
6ct00y ; ecau o1 pad Dypve om HenpepvlgHOl HYHKYUL, MO CXOOUMCA PABHOMEPHO.

V3 crenaHAOro BhIlIe 3aMeYaHKs O TOM, YTO BCSIKas JJaKyHapHast mocJjieoBa-
TEJBLHOCTh YHOBJIETBOPsieT ycioBuio (L) M U3 CJeJCTBUA 1 MosiyuaeM Teopemy
Koamoropogal®l.

Ecau aaxynaprbtii pad ecme pad @ypse, mo oH cxo0umes noaumu 6crooy.

KpoMme Toro, u3 cieAcTBUsl 1 TaK)Ke Cpady MojydaeM: ecAu AQKYHAPHBIL pai
ecmy psi0 Dypve 0m HenpepbleHOL HYHKYUU, MO OH CXOOUMCS PAHOMEPHO.

B rnase XI, § 6 Oyner noKasaHo Goyiee CHJIbHOe IpeUIO)KeHUe, a MMEHHO,
YTO B YKa3aHHBIX YCJIOBHUAX DS AOJDKEH CXOMUTbCS U abCOIIOTHO.

VYKa)KeM ele 0fHy TeOpeMy, Kacarolycs 1ocieoBaTelbHOCTel, YI0BIeT-
BOPAIOIUX ycnoBuw (L).

Teopema. ITycms {n,} — nocaedosamensHocms, y008A€MBO PAOWAA YCAO-
euto (L), u f(x) — Pynxyus ¢ unmezpupyemvim xeadpamom. Toz20a

Sn(x)—f(x) noumu écto0y npu k— oo,

HoxkasartenbcTBo. Ilycrs
a, .
7°-|— >a,cosnx + b,sinnx

— psig Pypee ot f(x), S, (xX) 4 o, (X) —ero yactHbie 1 deitepoBckue cymmbl Tak
KaK o, (x) = f(x) n1pu n — co NOYTH BCIOAY, TO JIOCTaTOYHO YOERUTLCS, UTO
Sni (X) — om,, (x) = 0 mouru BCIORY.

Mpnl moka)kem, 4ToO

© k4

é f[cn,, (x) — S ()P dx < o0, (65:3")
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Torga no teopeme JleGera (cm. Beoaumiil marepua, § 14) Oyner umers mecTo cxo-
AUMOCTDb TOYTHU BCIOAY psifia

2on () =S ],

a cjefoBaTebHO, ¥ CTPeMJIeHMe K HYJII0 ero o0uiero 4ieHa.
Wrak, ocraercst foKasaTb CXOmUMOCTb psifa (65.3"). Kak u3BecTHo,

S, (x) —o,(x) = n—1+1 Zn‘ m(a,, cosmx + b, sin mx).
m=0

Tlosromy B cmuy paseHcTBa IlapceBans

J [Gnk (x) Snk (x)]2 dx (nk + 1)2 ZmZ (am + b )

—a

OueHum cymmy IepBBIX p wieHoB psija (65.3'); umeem

1 P
j [Sns (x)—0n, ()P dx = (nk+ 1)2 2 m2 (a3, + b%) <

_1 o

<> < 2m2(a2 + b%). (65.4)

=1 k m=0

Jns1 coKpallleHUs1 3anucu BBejleM 0003HayeHue
m = m2(a, + b%).

Hmeem
| i n P 1, P . 1
N V= >V — + 2"/«2 .+ 2 Ve— . (65.5)
k=1 "k nm=o k=1 m=1 "m o ¥1 m=2 k=np—y+1 P

Ho mnocnepoBarensHocTs {n,} yroBierBopsier yciosuwo (L), moaromy u {ni}
TaroKe (cMm. BBomHBIM MaTepuan, § 4), a motomy

| 1
> <Co (65.6)

rie C — nocrosinHoe. Ho Torna, monarasi n, = 0, Haxonum u3 (65.5) u (65.6)

Vs
?M,

;1%: Vi <02(vnh+1+ +vnk)
k

I

Haxoney, u3 onpeneneHust v,, siCHO, 4TO

[ZVENTE S S \‘ (az, + b2) (65.7)

nb——1+l
H, cliefoBaTesbHo, U3 (65.5) u (65.7)
P Fd
2 21) <c} 2 (az +b2)=c 2‘((12 +02)<c [ f2(x)dx
= ko =t mt —7

npu mobom p. Orcioa ciiefyeT CX0UMOCTb psifia B NpaBoii yactu (65.4), u aTUM
3aKaHYMBAETCST JOKA3aTelbCTBO TEOPEMBI.
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CnenctBue 2. V3 n0KasaHHOIo NpeUI0OXKeHUsT BuITeKaeT Teopema Koo-
moropoBalel,
Ecau {n,} ecmo aaxynapnas nocaedosamesrocms u f(x) € L?, mo

Sm(¥)—f(x) noumu ecro0y.

§ 66. I'magkue dyHKUUM

Jns panpHeiillero MsyyeHusl psiioB, KOTOpble MBI Y)Ke paccMaTpHUBajM B
§ 64, a TalOKe 1 BO MHOTHMX JIPYTUX BONIPOCaX, HaM Oy/eT N0JIe3HO BBECTH NOHSITHE
IaiKoit GYHKLMM.

Onpepnenenue. PyHkuusa F(x) HasbBaeTCsl 24a0K0l 8 mMouke X, €CIM

F(x+h)+ F(x—h)—2F (x)
h

-0 npu h — O. (66.1)

O6o03Hauast 1y KPaTKOCTH
M F=F(x+h+F(x—h—2F(x),
MOXXeM CKasaTh, YTO I'JIafKOCTh F (X) XapaKTepu3yeTcsl paBeHCTBOM
A3 F =o(h).

Ecnn paBeHcTBO (66.1) BBINOJHEHO PaBHOMEPHO OTHOCHUTEJILHO X Ha HEKOTO-
pom oTpesKe [a, b], To MBI 6y1eM FOBOPUTD, uTO F (X) pasHomepHO 2Aa0Kast Ha STOM
OTpe3Ke.

CnoBo «rnaaKasiy Obl0, MO-BUAMMOMY, BBENEHO /ISl TOTO, UTOOBI BBIpasHTh
TaKyl0 MBICJIb: eciau F(x) IJIafikasi B HEKOTOPOil TOUKe, TO 3Ta TOUYKA He MOKeT
ObITh yrioBoii. HeiicTButenbHo, ecnu A5 F = o(h) B TouKe X, TO

F(x—l—h)+F(x—l1)—2F(x)=F(x+h)—F(x)__F(x—h)—F(x)=0(l)
h h —h ’

T. €. eCJIX CYILeCTBYeT IPOU3BOJIHASI CIpaBa B TOUKE X, TO B Hell I0JKHA CyLIecTBO-
BaTb M NPOM3BOJHAS ClieBa U OHM JNOJDKHBI ObITh paBHBI MeXAY coGoi. Maso
TOT0, €CJIM B HEKOTOPO# Touke F(X) riajkasl, T0O B 3TOH TOUKe

D*F=D-F=DF u D,F=D_F=DF,

rae D*F u D—F 03HayaloT BepxHee NpaBOe M BepxHee JieBOe IPOM3BOJHbLIE
yucna, DF — BepXHIOI0 NPOM3BOJHYI0 (KOTHA OHM PaBHBI), M aHAJOTMYHO JJI5
JIeBbIX NPOM3BOJHBIX YKCesl.

3ameTuMm, 4TO ecny f(x) HelmpepblBHA B TOUKE X, MM XOTS GBI TOJILKO «CUM-
MeTpHUEeCKY HelpepbiBHaAY, T. €.

f(xo+h)—f(o—h)—0 npu h—0,

TO nmpumuTuBHAsE F(X) OT f(X) YHOBJIETBOpSIeT YCJOBMIO TJAaJKOCTH B ITOMH
TOUKe, TaK KaK

F<x0+h)+F(xo—h)—2F<xo)=0f[f<xo+t)——f(xo~t)]dt=o(h)

npu h— 0.

Onnako rnagkue QyHKLUMHY, HECMOTDPSI Ha CBOE HasBaHHMe, BOBCE He JI0JDKHbI
¥MeTb MOYTK BCIOAY NPOM3BOJHYIO; 60jiee TOro, OHM MOTYT ObITh JIMLIEHLI IIPOU3-
BOJIHO} IOUTH BCIOAY, KaK MBI YBUAMM Aajbiie (cM. r1aBy X1, § 4). OnHaxo umeer
MeCTO Teopema.
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Teopema 1. Ecau F (X)—HenpepbisHaa u 2Aa0Kas HQ HEKOMOPOM UHITIED-
éase (a, b), mo ona umeem npous3eoOnyto F'(x) na mromcecmee E mowynocmu xon-
munyyma 6 aobom unmepsase (a, p), Aencawjem euympt (a, b).

UYroOel 0Ka3aTh 3T0, PeXKJie BCero 3aMeTUM, 4To, ecnu GyHKuus F (x) umeer
B HEKOTOpOii BHYTpPeHHell ‘TOUKe X, OTpe3Ka [a, b] MaKCUMyM WJIM MHUHUMYM, TO
F'(x,) cyiecTByeT 1 paBHa Hym0. B camom Jene, umeem

Fxo+ )+ Fleo—0)—2F() _ Fath=F()  Fla—hH—F()
5 o DT (66.2)

Ho B TouKe makcumyMa (M1 MUHEMYyMa) o0a 4iieHa npaBoit yactu (66.2) He moJto-
JKUTeIbHBI NpU h >> 0 [0CTAaTOYHO MayioM (COOTBETCTBEHHO HEeOTPHLATeJNbHbI).
[TosTromy 13 CTpemJieHHsT K HYJII0 UX CYMMBbl CJIeflyeT, UTO Ka)K/blif U3 HUX CTpe-
MUTCS K HyJIO, a Torfa F'(X,) CyLeCTByeT U paBHa HYJIIO.

[Tycrs Teneps [a, B] — m00oii oTpe3ok BHyTPH (4, b), u L (X) = mx + n —
nuHelHast QyHKUMS, coBnajamwas ¢ F (X) 1iust X = a u x = f. PasHocTb ¢g(X) =
= F(x) — L(x) ecTp rnaaxast dyHKuus, obpaianiascsi B HyJb B KOHIAX a 1 f.
3uauuT, g(x) umMeeT abCOIIOTHBIA MAKCUMYM MJIM MUHMMYM B HEKOTOPOM TOUKe X,
BHYTpH (a, B). Iloaromy g’ (x,) = O, 3Hauut, F’(X,) CyLIeCTByeT M paBHa m.
Orcrofa, B 4aCTHOCTH, BolTEKAeT, UTO JJIsI HelpPephIBHBIX U IVIAAKUX (PYyHKUu
crpaBejUIMBa Teopema Jlarpas)Ka 0 KOHeYHOM IIpHpalleHuy, T. e.

FO)—F@=0—-aF (&), al&b.

Mer ybenunucs, 4ro B m00om [a, 8] BHYyTpH (a, b) ecTb ToUKM, Iie F’(X)
cyuiectByeT. Ho M0)kHO noKasaTth 1 00Jblie, IMEHHO, YTO MHOXKECTBO STHX TOUEK
MMeeT MOIHOCTh KOHTHHYYMa. JeACTBUTENIbHO, IYCTh y TAKOBO, UTO a < y < f.
Haiinercs Touka x, B (a, ), rie F’ (X,) CyLIeCTBYeT 1 paBHa TAHTeHCY yTIJja HaKJIo-
Ha XOpJpl coemuHsOWeN Touku (a, F (a)) u (y, F(y)). Ecnu Haki0Hbl, 0TBeYato-
1ye pasHbIM 7y, Pa3lIMUHBI, TO ¥ COOTBETCTBYIOLIME TOUYKH X, pa3nnyHel. Ho eciu
KpuBasi y = F (x) He siBisieTCs1 NpsIMOJIMHENHbIM OTpe3KoM Ha (a, f) (a B aTOM
ciyyae Teopema YrKke J0OKasaHa), TO TOIJa BeJMYMHAl TAHI'€HCOB 3THX HAKJIOHOB
00pasyIoT UHTepBaJl, T. €. UX MHOYKEeCTBO UMeeT MOILHOCTb KOHTHHYYMA, a IOTOMY
u ToueK Juddepenuupyemoctu F (X) uMeeTCss MHOYKeCTBO MOIHOCTU KOHTHHYyMa
BO BCSIKOM MHTepBajie. Teopema J0Ka3aHa.

T panbHeimero BBefileM TaKoe OINpejesieHue.

Onpepenenune. Bynem roBoputb, uro ynryus f(x) obaadaem ceoii-
cmeom D Ha Hexomopom mHomcecmee E, ecny st no0bIx IBYX a € E u BEE
u juist moboro uncna C, sakioyeHHOro Mexxny f (a) u f (B), HalineTcss Takast TOUKa
y € E, nexxamas mexxuay a u f, uro f(y) = C.

Byxsa D npoucxopur ot umenu JapOy, TaK KaK 0H OTMETHJI, UTO 3TUM CBOJi-
CTBOM 0071aJa10T He TOJIbKO QyHKUMY, HenpepbiBHble Ha HEKOTOPOM OTpe3Ke, HO
M HEeKOTOpble pPa3pbiBHBIE; B YACTHOCTH, eCiH f(X) eCTb TOUHasl NPOUSBONHAS,
T. €. €M CyuecTByeT Takasi F (X), uro f (x) = F’ (X) B Ka)KI0# TOYKe HEKOTOPOro
0Tpe3Ka, TO OHa obyiafiaeT cBOiicTBOM D Ha 3TOM OTpe3Ke.

Joxa)kem Teopemy.

Teopema 2. Ecau F(x)— HenpepbleHas U 2A00Kas HA HEKOMOPOM UHMep-
sase (a, b), mo ee npousgoonan F' (x) o6aaoaem ceoticnéom D na mromcecmee E mex
mouex, 20e oOHa cyujecmeyen.

9T0 MHOKECTBO E, KaK MBI BUJMM, 1O TeopeMme 1, He TOJILKO He MyCTO, HO
MMeeT MOIIHOCTb KOHTMHYYMa B Ka)KIOM OoTpe3ke [a, 8] BHyTpH (g, b).

Mycre a € E, BEE

A =F'(a), B=F(p)

1 nycTb C 3aKnioyeHo Mexay A u B; Hanpumep, 1Jis1 onpepenennocty, A < C <
< B. Mul J0DKHBI 0Ka3aThb CYLIECTBOBAHME TAKOIO X, a < X< fB, X, € E,
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yto F’ (x,) = C. Ecau Bbiuectb Cx u3 F (x), To MO)XHO npunsite C = 0, a Torna
A< 0<B.
[Mono)xum npu GUKCUPOBAHHOM /1

F h—F
g (x) = (x+l)l ®)

Bri6epem h Tak, yro0bl O << h < b — B 1, KpOMe TOr0, NPeJINoJI0X 1M ero A0CTa
TOYHO MaJIBIM JUISI TOTO, YTOOBI

2@ <0, g(g)>0,FA=FC=N~ ¢

Tak Kak g (X) HenpepblBHa Ha [a, B], To Ha 3TOM OTpe3Ke [a, 8] eCTb TOUKH, TNie
oHa obpaiaercsi B HyJb. [1ycTh y — Camas jeBast U3 TaKuX Toyex. U

F h)y— F
g(7)=-(y+,z (V)ZO

cienyer F (y + h) = F(y). Ecin x, ectb Touka Ha (y, y + h), rne F (X) nocru-
raeT MaKCUMyMa WIM MUHUMYMA, TO F’(x,) = 0 = C. Ho TaK Kak

g(@)<0 u g(B—h) ziﬁ:_hl‘"_(é.—_h)>0
B CWJY CHeJaHHOro Bui6opa h, TO
aly<Bp—nh

¥, 3HauuT, (p, y 4+ h) ne>xur BHyTpH [a, B], n03TOMY M X BHYTPH [a, B]. Kpome
TOro, pa3 F’ (X,) CyimecTByer, T0 X, € E. Utak, Mbl Halum TOUKY X, € E, rne
F’"(x,) = C, 1 10Ka3aTelbCTBO 3aKOHYEHO.

[Tpuno)X¥m NoJydeHHble Pe3yJibTaThl K U3YUYEHHMIO NMOBENEHUS] CyMMBbl TpU-
TOHOMETPHYECKOr0 psifia, pacCMOTPeHHOro B § 64. IIpexxzie BCero JoKa)kKeM TaKylo
Teopemy:

Teopema 3. Ecau xosppuyuenmst psoa

3+ Y a, cos nx + b, sin nx (66.3)
y006.1eme0pstom Y0610
o(m) =2 K | @ | + b [) = o(n), (66.4)

mo cymma 00blHmezpuposanHo20 psada

F(x) _ %x +C— j bn COS nX — ansin nx (66.5)

n
n=1

ecme (PyHKYUA HenpepbleHad U pasHomepHo 2aadkaA Ha [0, 2x]. Pao (66.3) cxo-

oumca 6 mex u moAbko mex mouxax, 20e F'(x) cywecmsyem u npumom, ecau

1
N = [—h—] , MO umeerm mecmo pQaeeHcmneo

N
1.7-("4"”)2—11{" (x—”)_[-‘;l—l—éakcoskx—}—bksinkx]—»o npu h—~0  (66.6)

pastomepHo omrocumeasto x Ha [0, 2x].
JLyis1 TOro yTo0bl MMETh NIPaBO FOBOPHUTHL O CyMMe 00bIHTErpUPOBAHHOIO PSIfa,
HaJo y0eauTbCst, YTO OH CXOAMTCS. HO MOCKOIbKY

] + [0 = O =E=D gm0,
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TO psR (66.5) MayKOpUpyeTcs: psIIoM

©

V< S0 — i) =0 3

k=1

o | ak b 2, (k) — Tk —
2! !;{"lkl=2 (k) — (
k=1 k=1
(mbl 3mech npumeHuan npeoOpasoBanue Alenst). Orcioga sicHO, uto psif (66.5)
cxozuTest abcomoTHO M paBHOMeEpPHO. ITycTh F(X) — ero cymma, Cief0oBaTesbHO,
OHa HellpepbiBHa Ha [0, 2x].

Tenepp 1S J0OKa3aTeIbCTBA TEOPEMbI MOJIOMKIM

<too

A, = a,cos kx + b, sinkx, B, = b, coskx — a,sinkx .
Torpa

Fatn_Fe=h) _ g (x)— 2Ak(———s‘“"” )+ S A" =P+Q.

2h o kh

TaK Kak B OKpeCTHOCTH TOUKM u = O uMeem

sy _1}=0(u2)<0|u1,

TO
|PI<Clr] S (la] + b k< Cgr ) =o(),

S \ak|+!bk! X 2 SR S
IQKITIk.%H <lh1 2 ”‘(kz <k+1)2)“

=ﬁk§;1"(l) e (7) =

1 TakuM o0pasom (66.6) KelCTBUTENLHO BHIIIOJIHEHO M IIPUTOM PaBHOMEpPHO OTHO=
cutesnpHO X Ha [0, 2x].
AHanoruyHo uMeem

F (x+2h)+ F(x —2h) — 2 F () ‘23 m%h_
’ =

4 h
N sin? kh - sm kh
= By, kh ~ By =P+ Q.
k=1 k=N+1
Tak Kak |sin 1] < |u| TO

N
Py B 2 1Bl K< 1LS (Ll + (5] = hley =0 (1),

@<, =, = =,

KaK Mbl y)Ke BUJIENIM NIPU OLleHKe Q; N03TOMY
F(x+2h)+F(x—2h) —2F(x)=o0(h),

T. e. F(x) paBHOMepHO rynajkas Ha [0, 2x].
Hakosel, u3 (66.6) sicHo, uto psix (66.3) CXOAUTCS B TeX M TOJbKO B TeX TOY-
Kax, IJie CYIeCTBYyeT CUMMeTpuyecKast pousBofHasi ot F (x), T. e.

. F(Xx+h)— F(x—h)

1 cymma S(X) 3TOro psiia paBHa 3TOi CHMMeTPHYECKO NPOU3BORHOM.
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Ho Taxk xak s raagkux (QYHKLMH, rje ecTb CUMMeTpHuecKasi IIpOu3-
BOJHAsl, TaM eCTb M O0ObiYHasi, TO M IOCJefHee YTBEP)KIEHHE TeOpeMbl J0-
Ka3aHo.

3ameuyaHue. [lokasaHHasi Teopema CHpaBeIMBAa JJIsI JIAKYHApHBIX
PSIOB ¢ KO3 dMLMEHTaMHy, CTPeMSIIMMUCS K HYJIIO, TaK KaK JUIS HUX BbITOJIHS=
ercst ycioBue Teopemsl 3 (cM. § 65).

CnencrBue 1. Ecau 041 mpueoHomempuyecko2o paoa binoAHEHO yCcao-
eue meopemvl 3, mo pAO cxX00UMCA HA MHONCECITIBE MOWHOCTIL KOHMUHYYMQ 60
écakom unmepease (a, b) € [0, 2=] u eeo cymma S(x) obaaoaem ceoticmeom D Ha
MHOMCECTIBe MeX MmoYek, 20e 0Ha cyujecimeyen.

B uyacrHoCTH, 3TMM CBOiiCTBOM 00JlafiaeT BCSIKMII JIaKyHapHblil psij, eciau
TOJIbKO ero Koa()GHLMEHTb CTPeMSITCST K HYJIIO.

JleACTBUTENIbHO, B CUJTY TeopeMbl 3 S (X) CYLIECTBYET TaM U TOJIBKO TaM, rje
cywectByer F’ (x) s raaaxoit ynkuuu F (x), onpenessiemoii paBeHCTBOM (66.5)
1 npuToM S (x) = F’(X); 0CTaeTcsl COCNaThCsl HAa TeOpeMy 2 M JIOKa3aTesbCTEO
3aKOHYEHO.

Cnencreue 2. Ecau kosfduyuenmsl mpuz0HoMempudecKozo paoa
Y006/1eMEOPAIOM YCAOBUIO MeOpemsl 3, MO €20 CYyMMA He MOMCeln UMEMb Modex
paspuwisa 1-20 pooa.

JeiCTBUTeNBHO, B OKPECTHOCTH TOUKM paspbiBa He ObUI0 Obl BBINOJHEHO
cBoiicTBO D.

Hnsa caydasi, korga Ko3hduLeHTb YIOBJIETBOPSIIOT GoJjiee CUILHOMY Tpe-
00BaHuIO

anzo(l), bnzo(—l—), (66.7)

n n

aHaJIOrMYHBIH pe3yspTaT Hamu Obl yiKe MojydeH (cMm. § 42).

3ameyanue 1. V3 Teopembl 3 MOYKHO NOJYYNTH HOBOE JOKA3aTEILCTBO
Teopemel dary (cM. § 64) 0 ToM, UTO PAX ¢ KoIPPuyuenmamu, y006.4emeopaIOWUML
(66.7), cxooumca noumu 6cro0y. JleliCTBUTeNbHO, TaK KaK u3 (66.7) ciexyer
S ak 4 b << 4 oo, TO pan F (x) ectb psip Pypoe. [Toaromy cymma F (X) 00biH-
TerpupoOBaHHOIO psifia eCTb abCOMOTHO HenpepbiBHast GyHKuMs (cm. § 40) u, cie-
JoBaTeNIbHO, F' (X) MOUTH BCIOAY CylIeCTBYyeT. A TOrja B CUJIY Teopembl 3 psift
(66.3) cxomuTcst NOUTU BCIOLY.

3amedaHue 2. Eciu BbOJHEHO TOJbKO ycioBue (66.4), HO He BbINOJI-
HeHO ycnoBue (66.7), To psia (66.3) MOYKeT fa)ke NOUTH BCIOAY pacxomuThest. [Ipu-
MepBbl 3TOr0 poja Mbl BCTpetum B § 3 raasbl XI.

§ 67. Bropasa npousBoanas IlBapua

Msyyennoe namu B § 66 nonsiTue raaaxoit pyHkuuu 6yaer urpats 60JIbLIYIO
POJIb B laJIbHEHIEM: HO TP e Jie YeM IepeX0oUTh K ero NpuJIoKeHusIM, HaM HaJio
BBECTH ellle 0HO HOBOE IOHSITHE.

Onpenenenune. Ilycts pynkuus F (x) onpefieseHa B HEeKOTOPO# OKpecT-
HOCTH TOUKM X; €CJIM CYILEeCTBYeT Npefiesl OTHOILEHUST

F h F(x— h) — 2F
x4+ h)+ h(zx ) (x) (671)

npu h — 0, To roBopAT, uTo F (X) MMeeT B TOUKe X 6mopyw npoussodnyw Llsapya
1 NAYT

D*F (x) = lim F&ED T FC= 1) = 2F () (67.2)

h—0
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Ecnu oTHowmeHue (67.1) He cTpemuTcst K npepeny npu h — 0, To yucna

DZF(x)—lm F(x+ h)+F(x—h)—2F(x)

F (x+ h)+ F (x — h) — 2F (x)
h2

D*F(x)=1m

Th>0

O

HasLIBAIOT COOTBETCTBEHHO 8epXxHell U HumcHell npouseoonoil Hlsapya 6 mouke Xx.
[Toka)xem, uto ecnu F (X) umeeT OOBIKHOBEHHYH BTOPYI0O IPOM3BOJHYIO
F"" (x) B Touke X, T0 D? F (X) Cyl1eCTBYeT U

D*F (x) = F” (x). (67.3)

HeiictBuTenbHo, ecnu F''(X) CylecTByeT B TOUKe X, TO F’ (x) HenpephlBHA B
TOUKe X U NoTOMy F’ (i) orpaHuyeHa B OKPEeCTHOCTH TOUKHU X. FICHO, UTO

SEF = F(x+hy+ F (x— h)— 2F () = ( [F"(x +-1) — F’(x — )] dt. (67.4)
OTcrona 0

A”—F—F”(X)'—U F'(x+t);tF’(x~t)_F»»(x)]dt’<

F(x+t)— F (x—1%)

< max 57

1E(0,h)

—F”(x)|—>0 npu h—0,

T. e. (67.3) IoKa3aHo.

C nmpyroii cropoHbl sicHO, uTo D? F (X) MOYKET CyiiecTBOBaTh 0e3 TOro, 4ro-
Ob1 F'' (x)cylecTBoBaja; Halpumep, ecnu F (x) — HelpepblBHast HedeTHast PyHK-
1usi, TO B TouKe X = O umeem

F(x+h)+ F(x—h) —2F(x)=F )+ F(—h) =0

IJs1 Beex h, 3Haunt, ¥ D2F = O npu x = 0, Torja kax F’’ (0) M0o>KeT 1 He CYILeCTBO-
BaTh, eCau Mbl Tpebyem OT F (X) TOJILKO HellpepbIBHOCTH ¥ HEYeTHOCTH.

Wrak, Bropast npoussofHas [lIBapua siBisiercs npsimbim 06001eHnem 06 bru-
HOI BTOPO# NpOU3BOIHOIA.

3ameTuM Telepb, YTO, KaK U B cilyyae 00 bIMHOM BTOPOI NPOM3BOHOM, MMeeM:
ecIM X eCTb TOYKAa MaKcumyma M B Heit D? F(x) cywecrByer, To D? F(x) < 0,
a B TOuKe MuHMMyMa D2F (x) >>0. 3TO HeNOCpeACTBEHHO CJefyeT M3 TOrO,
uT0 AR F (x) < Onlpy A0CTaTOYHO MajoM h B TOUKe MaKcumyma u AzF (x) >0 B
TOYKe MUHUMYMa.

AHanorusi ujier eule fanbie. VIMeHHO MMeeT MeCTO Teopema.

Teopema. Ecau F(x) Henpepoisna Ha [a, b] u D*F (x)=0 na a << x < b,
mo F (X) AuHeiiHa Ha 3moM ompe3ske.

Uro0bl I0Ka3aTh 3T0, BO3bMeM J1t00oe ¢ >>0 1 pacCMOTpUM BCIIOMOTraTeIbHYIO
GYHKUMIO

v =F@—F@-"O"FOu o)1 ex—a)x—0).

SlcHo, uto ¢ (@) = ¢ (b) = 0. [Toka)kem, YTO OHA He MOYKeT IIPUHUMATb NOJIOXKU-
TeJIbHBIX 3HayeHuit Ha [a, b]. HelicTBuTesnbHO, eciyu Obl 9T0 ObLIO HEBEPHO, TO B
CUJy HeNpepblBHOCTU @ (X) OHa jocturana Obl CBOEr0 MaKCHMyMa IJie-TO BHYTDH
[a, b], T.e. Hamnacy Obl TaKasl TOYKa X, BHYTPU 3TOTO OTpe3Ka, IJie 3aBel0MO
umenn Obi D2 g (X,) <C 0. Ho, ¢ apyroit cTopoHbl,

D2 g (xo) = D*F (xo) + 2¢,
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TaK KaK BTOpas Npou3BojHasi [lIBapLa 0T CyMMbl paBHa CyMMe BTOPBIX IPOM3BOA-
Hbix [lIBapua, a y cinaraemoro e(x —a) (x — b) ecTb 06bIUHAsI BTOpasi NPOU3BOJI-
Hasl, paBHas 2¢, 3HauuT, U BTOpasi NpousBojHasi [lIBapua umMeeT Ty »Ke BeJINUKMHY.
Ho D2 (x,) <L 0, D?*F (x,) = O, 1 MbI nostydaem e <_0, UTO NPOTHUBOPEUHUT
BEIOODY e.
Hrak, ¢ (x) < O Bcrony Ha [a, b], T. e.

F@—F@—"O"F@ _gyCex—a)o—n<eo— ap.

Ecnn 6bl B Boipa)KeHnHU JUIS @ (X) Mbl B3SIJIM NIepeJ] ¢ 3HaK —, Mbl Obl JIOKa-
3aJM COBEpIIEHHO TaK jKe, 4To ¢ (X) >0 BCloOAy, T. e.

F)—F@— 0@ ¢ > ex—a)0—x>—2@0— ap.

IToaTomy
!F W—F@— FO-F@ g i Le(b—ay. (67.5)

Ho ¢ coBepiieHHO IPOKU3BOJILHO, [103TOMY JleBasi 4aCTb HepaBeHCTBa (67.5) Jo/mKHa
ObITb paBHa HYJIO, OTKyJa

F)=F(@)+FO-F@ g,
a 9TO ¥ 3HauuT, yto F (X) nuHeiiHa. Teopema HOKasaHa.

Mol Teneph npuMeHMM NOHSATHE BTOpOH NpousBojHoil llIBapua K omHOMY
MeTOJy CYMMMpPOBAHUS TPUTOHOMETPHUECKUX PSIOB.

§ 68. Meron cymmupoBanuss Pumana
PaccmoTpum TpUTrOHOMETpHUECKUH psIf

LIt > a, cosnx + b, sinnx, (68.1)
n=1

KO3 (PULMEHTbl KOTOPOT0 CTPEMSITCS K HYJIIO (MJIM XOTST Obl TOJILKO OrpaHUYeHBl).
Tornma, uHTerpupys ero NouwieHHO [Ba pasa, NOJy4YuM

N X 4 b
%gxz-l-CX—I—D—-—n; an €08 nx + bn sin nx

n2?

SlcHo, 4To 3TOT psAN cX0AUTCS a6COTIOTHO U PABHOMEPHO (B CUJTY OTPaHNYEHHOCTH
a, n b,); 0603Haunm yepe3 F(x) ero cymmy. 910 HelpepblBHAsA QYHKUHUS, KOTOPYIO
Mbl OyJiemM HasblBaTbh (pyHKyuel Pumana 1Jjsi TpUroOHOMeTpHuyeckoro psiga (68.1).
Urtak,

F(x):-t;ixz—}—Cx—}—D—;: an oS8 nx -+ bp sin nx ) (68.2)

n2

JlonycTum, 9To B HEKOTOPO# TouKe X, pyHKLus F (x) umeer [lIBapueBy npous-
BOHYI0 D?F (X,). Toraa mul yClI0BUMCSI TOBOPUTD, uTo psd (68.1) cymmupyemes
6 MouKe Xy Memo0oM Pumana v ero puMaHOBCKasi cymma paBHa D2F (X).

Js1 TOro uTo0bI OIIpaBAAThL 3TO ONpejiesieHne, Mbl JOKa)Kem Teopemy PumaHa:

Teopema 1. Ecau mpuzonomempuseckuil pso ¢ Kodpduyuenmanmi, cmpe-
MAGUMUCA K HYAH0, CXO0UMCS 6 MOUYKe Xy K YUucAy S, MO OH CYMMUpyemcs ¢ Imoti
mouxe memooom Pumana k momy nce qucay S.
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s moKasaTenbCTBA Mbl NPE@XJe BCero 3amerum, yro us dopmyist (68.2)
I0CJIe 9J1eMeHTapHBIX TPUTOHOMeTPHUYECKUX NpeoOpa3oBaHuii cpa3y ciefyer

EGat 20+ Flo—20=2F () _ & | 2((1 C0S %Xy -+ by, smnxo)(

sin nh )

(68.3)
[Tono)Kum a1 KpaTKOCTH

a .
A0=——2L’An=anCOSnx0+bnslnnxO.

Vi3 opmybl (68. 3) HenocpeACTBEHHO BUHO, UTO JUIsi CYMMUpYeMocTH psia (68.1)
MeToJIoM PumaHa B TOuke X, K unciay S Heo0X0AuMO M JOCTaTOYHO, YTOObI

hm[Ao—i-ZA (sm"h) ]=S.

h—0

Taxkum o0Opa3om, Teopema 1 OyleT JoKa3aHa, KaK TOJBKO MBI JOKa)KeMm
Teopemy 2:

Teopema 2. ITycmo psao A, + S‘ A, cxooumea u S — e20 cymma;
n=1

mozoa
lim [Ao +2 A, (S"‘"") ]: S. (68.4)
[Tepexoum K HOKa3aTeJbCTBY 3TOTO NOCIENHEro yTBepykaeHus. [10g0Kum
Rn = Z Ak~
k=n+1

M3 cxomumoctu psifa 3 A, ciefyerT, uTo misi J1060ro ¢ > 0 MOXKHO HaliTH TaKoe
N, 410

IR,|]<<e¢ mpu n_>N. (68.5)
Hanuiem Temnepb

A0+2A (smnh) —Ao—l—ZA (smnh) + ZA (smnh) (68.6)

Ecnn n puxcupoBano, a i — 0, T0 s"; :h — 1, a mOTOMY IIp¥ OCTATOYHO MaJIOM 1
.A0+2A (S0 — (A + Ay + Ay <e. (68.7)
n=1 !
Kpome Toro,
N

is-_ S A= |Ry| < e (68.8)

B cuny (68.5), a motomy u3 (68.7) u (68.8)
A0+2A ) ~si<2s, (68.9)

KaK TOJIbKO /i CTaHeT A0CTaTOYHO MaJibIM.
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Taxum o0pasom Juisi H0Ka3aTenbcTBa (68.4) 10CTaTOYHO yOERUTHCS, YTO U
nocjefiHee cjaraemoe B npaBoit yact popmyinl (68.6) MOXKeT ObITH ClleJlaHO KaK
yrogHo mansmm npu h — 0. Ho mbt umeem A, = R, _; — R,,, 3HauuT,

2‘4 (smnh) é(Rn—l . n)(smnh)

=Ry (i) N% Ra() = (a5 @810

(ymorpebuieHHOe 31ech npeo6pasoBanye AGessi 3aKOHHO, TaK KaK NPY N — oo U
1 2
h mo6om R, (sm "h) —0. Ho B cuny (68.5) u3 (68.10) nonyuaem

nh
”An sin nh ' < | (sinnh sin (n + 1) b2
= ("”). +e >[5 J' = Cann)
w | (1+Dh
—cte l ___(smt) dt!<
Nt1]|

nh

d d (sint\2 ; d (sint)2

<ete | |7 (F) f‘?(—t )
(N+1)h 0

M OCTaeTCsl JOKa3aTb, YTO NOCHEJHMH MHTerpaj KOHeYeH, TOrJa BCs IpaBasi
yacTpb (68.11) menbuie Ce, rae C NOCTOSTHHO, U TaK KaK 3TO BepHO Npu Jobdom h,
TO BepHO U npu h — 0. Tak Kak

(68.11)

_d_(sint)”_2 sint tcost— sint
dt t - t 2 ’

TO B OKpecTHOCTH { = O NOJbIHTerpajibHasi QYHKUMSI OTpaHMYeHa, KpoMe TOTO,
npu t — co UMeeM
d sint}2 t41 _
(] <2 o),

tS
a nmoTomy uHTerpas B opmyne (68.11) neficTBUTeIbHO MMeeT CMBICH M JOKas3a-
TeJIbCTBO 3aKOHYEHO.
3ameuanue. IIpu r0Ka3aTenbCTBE TeOpeMbl 2 Mbl paccMaTpHUBaIN PSI

_SJOA,, KaK 4iCJI0OBOM psijl, He MHTePeCYsICh TeM, KaK OH MOJYUMIICS] 13 3aaHHOTO
n=

TPUTOHOMeTpUYeCKOro. MO>KHO BOOOIe TOBOPUTD, UTO ulCA080L psi0 > U, cyM-
n=0
mupyem memodom Pumana x uucay S, ecau

. e in nh\2
limju,+ Yu (Sm” ) =S.
hoo |0 = " nh
B Takom cinyuae Teopema 2 eCTb yTBep)KJeHHMe, UTO Memo0 Pumana pezyaspet.

Tenepb yCJIOBUMCSI TOBOPHUTb, UTO (PYHKYUOHAAbHOIE pad > U (X) cymmu-
pyemca memooom Pumana pasromepro k S(x) Ha mromcecmee E, ecau

tim [1) + 30,0 (5] | = 569

PAasHOMepHO OMHOCUNENbHO X HA E.
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/3 nokasaTesbCTBa TeOpeMbl 2 Cpa3y BHUJHO, UTO PaBHOMepHAasi CXOMMMOCTD
> u,(x) Ha E Kk S(x) ByeveT ero paBHOMEPHYI0O CYMMUPYeMOCTb MeTOOM Pumana
K S(x) Ha E.

Iro 3aMeyaHue OyfeT CyIeCTBeHHO MCIIOJIbL30BaHO B § 71.

BepHemcst Tenepb K u3yueHuio QyHkuuu Pumana F(X) u JOKaKeM elne
ofiHy TeopeMy Pumana.

Teopema 3. Ecau xosfduyuenmsl mpu20HoMempuuecko2o psoa cmpe-
MAMCA K Hyao, mo e20 PyHxyua Pumana s6a5emca pasHomepHO 2400KO Ha
—, T .

[ bTé]l TeopeMa sIBJISIETCS HeMe/lJIeHHBIM CJIeJICTBIEM pe3yJbTaToB § 66. IeiicTBu-
TeJIbHO, eCJIM Mbl IIDOMHTeIpUpYyeM Psif

%— + X a, cos nx + b, sinnx, (68.12)

rae a, -0, b, - 0, To nony4um psix ¢ Ko3hduurenTamu nopsiAKa o (%)

%x_‘_c_zbncosnx;ansinnx’ (68.13)
WuTterpupys psi (68.13), monyuum no Teopeme § 66 TaKoit psia, cymma KOTOpOro
noJDKHA ObiTh paBHOMEPHO ryajikoil. Ho aTa cymma F(x) ecTb cymma psifia, oJty-
Yalollerocst OT IBYKpaTHOro uHTerpuposanus (68.12), a notomy 1o u ecTb QyHK-
uus Pumana nnst psina (68.12), u Teopema moka3aHa.

10} Teopemoil MbI BOCIIOJIL3yeMesl B § 70, a MOKa pacCMOTPUM NpUMeHeHue
meroja Pumana x psagam ®ypoe.

§ 69. Ilpuio)kenue mMerofa cymmupoBanusi Pumana K psiiam ®ypbe

Merop Pumana, kak n merojbl Peliepa u AGensi—IIyaccoHa, B NPUI0YKEHUH
K psifam Pypbe faeT Clefyoluil pe3yisTaT:

Teopema. Pad @ypve om moboii cymmupyemoii gynxyuu f(x) cymmu-
pyemca memoOom Pumana noumu 6co0y K smoii yHKyuu.

JelicTBUTENIbHO, NTYCTh

f(x)N_"zi+§‘ancosnx+bnsinnx. (69.1)
n=1

Vmeem a,, -0 u b, — 0, Tak Kak 9710 KoapuumenTsl Pypre. I1o Teopeme § 40
psii, Pypbe MOXKHO T0YJIEHHO MHTErpUPOBaTh; UHAYE TOBOPS, €CIIH
X

F) =i,

TO

F(x)zc+%.,x_z‘”,bncosnx-ansinnx’ (69.2)

n
=1

npudyem B cuiny abcoyrTHOM HenpepuiBHOCTH F (X) psij (69.2) BCIomy cxomuTcsi
K Heil ¥ Jla)ke paBHOMepHO Ha [—m, =], Hanee, ecnu @ (x) — HeonpeneeHHbIH
uHTerpan ot F (x), TO

ds(x):%xz—}—Cx-}-D_Z”a"COSnx-l-bnsinnx

n*

n=1

", ciefoBaTenbHO, pyHKuust Pumana @ (x) mis psina (69.1) ectb pesysbrar ABY-
KpaTHOro uHTerpupoBanus f(x). Ho Tak kak F (x) HenpepniBHa, T0 @’ (X) = F (x)
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B Ka)KJI0# TouKe; fanee F’ (x) = f(x)nouru BCoRy, Takum o6pasom @’ (x) = f(x)
NOYTH BCIOAY, HO TaK KaK D? @ (x) = D" (x) Tam, rae D"’ (x) cymecrByer (§ 67),
To D? @ (x) = f(x)mouTu BCIOAY, a noToMy psij (69.1) CyMMUpYyeTCs IOUTH BCIOLY
K f(x) merogom PumaHa.

Teopema noKasaHa.

Temnepb Mbl HAUHEM IIpuJlaraTh MeToj, PuMaHa yr)ke K 00muM TpUroHOMETpHU-
YeCKUM psifiaM, U, B YaCTHOCTH, K O0YeHb Ba)KHOMY BOIPOCY O eIMHCTBEHHOCTH
pasnoyKeHus1 PYHKLUMU B TPUTOHOMETpUUECKUIT pAn.

§ 70. Teopema eguHcTBeHHOCTH KaHTopa

[Mosb3ysiCh METOIOM CYMMUPOBaHUs1 PUMaHa, Mbl MOYKeM peliuTh Clleyouii
Ba)KHblif BONIPOC: MOYKET JIi CYL1eCTBOBATh [ABa Pas3jIMUHbIX TPUIOHOMETPUUECKUX
psifia, CXOASIMXCS B KOKI0M TOUKe K 0JHO# 1 Toit e dyHKuuy f (x)? OTBeT Ha
9TOT BONPOC SIBJISIETCS OTpHUUATeNbHbM. UTo0bl y0eauThCst B 3TOM, JOKaXKeM
CJICYIOIYIO Ba)KHYIO TEOpEMY:

Teopema KaHTopa¥*). Ecau mpueonomempuueckuii pso

> + 3 a,cos nx + by, sin nx (70.1)

cxooumesa k Hya0 6 Kaucoold mouxe x Ha [0, 2z], mo 6éce e20 KoaPuyuenmet
pastivl HYA10.

ITo Teopeme Kantopa Koadduuuentsr psiga (70.1) cTpeMaTcst K HYJI0 (3/1eCh
MO>KHO ONUpaThCs JaXke He Ha Teopemy KanTopa — JleGera, a Ha Teopemy Camoro
Kantopa — cm. § 62, 3amevanue). Ctpoum ¢yHKumioo PumaHa F (X) gnia psga
(70.1), ona HempepblBHa Ha BCeil GeckoHeuHoit mpsivoii. ITo Teopeme § 68 psig
(70.1) moyKeH CYyMMUDPOBATBCSI K HYJIIO B Ka)KJ0H TOUKe, T. €.

DF(x)=0 —alx<am.

Torpga mo Teopeme § 67 umeem

F(x)=Ax+ B. (70.2)
Ho, ¢ apyroit cropoHsl, pa3 F (x) ecTb QyHKUMsA Pumana ms paga (70.1), To
a <+ Qn COS NX + bn sin nx
F(x)=—4°—x2+Cx+D——n%] o . (70.3)
Mz (70.2) u (70.3) monydaem
© bn .
%x2+A1x+Bl=2ancosnx;‘; smnx’ (70.4)

n=1

rme A; u B, — HoBble KOHcTaHThl. Ho npaBasi dacts (70.4) umeer mepuop 2w,
3HAUMT U JIeBasi TOXKe, a 3TO BO3MOXKHO TOJIbKO NpPH

6,=0 u A =0. (70.5)
Tenepb MmeeM
B, — 2" an €08 nxr—l{; bn sin nx ) (70.6)

Psp (70.6) cxoauTcst paBHOMEPHO; NO3TOMY (CM. § 12) ero KoadduuueHT B SBNS-

*) Cantor [1],
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107Tcs1 KodgduuuenTamu Pypne 0T ero CyMMbl, HO OHa eCTb [IOCTOSIHHGE 4ucio B,
a ToToMYy
an bn
—n—2—=?=0 (n=1,2,...),
OTKYA2
a,=b,=0 (n=12..)). (70.7)

M3 (70.5) u (70.7) cnenyer, yro psf (70.6) umeeT BCe Koda(hPULIMEHTb paBHBIMU
HyJ110 1 TakuM 00pa3om Teopema KaHTopa mokasaHa. OH cpasy e 0000mui Ty
TEOpeMy, N0Ka3aB CJefylouee MpeasoyeHue:

Ecau mpuzonomempudeckuil psd cxodumcs K Hyaw 6cto0y, Kpome, Ovimo
MOMCem, KOHEYHO20 YUCAQ MOYeK, Mo 6ce e20 KOIPPUYLeHbL pasHbL HYH0.

B camom fene, paccy)xiasi, Kak Ipu A0Ka3aTeJbCTBE NpeblyLieil Teopemsl,
Mbl BUJIAM, 4TO paccCMaTpUBaeMblii psfl UMeeT KO3DOULMEHThbI, CTpeMsIIuecs: K
HyI0, ¥ ero ¢yHKUMs PumaHa F(x) momkHa ObITh JTMHEHHON Ha Ka)KIOM MHTEp-
BaJie, Iie psiJ CXOAMTCS K HYJIIO, TaK KakK TaM D2F (x)=0. Ho F (x) mo;mxHa 6biTh
TJajiIkoi B cuy Teopembl 3 § 68. [To3ToMy 0Ha He MOYKET UMEThb YIJIOBBIX TOYEK.
CrienoBaTesibHO, 0HA HE MOYKET COCTOSITh U3 Pa3IMYHbIX IPSIMOJIMHEHHBIX OTP e3KOB,
a JI0JHKHa ObITh IPOCTO JIMHEeHOM. A eciiy TaK,To 10Ka3aTeJIbCTBO 3aKaHUNUBAETCSI,
KaK B Npefbliylieii Teopeme, T.e. JOKa3blBaeM, YT0 BCe KO3(QOULMEHTb psja
PaBHBbI HYJIIO.

3ameyaHnue. Teopemy KaHTopa MOXKHO BbICKa3aTh B clemyloweii 6osee
obmelt opme: ecau mpuzoHomempudeckull pso ¢ Kodduyuenmamu, crmpems-
WuMuca K HYA0, Cymmupyemca K Hyato memooom Pumana 6ctody, kpome, Obims
MOYCEM, KOHEUH020 YUCAQ MOYeK, Mo 6ce e20 KOIPPUYUeHMbl pasHbl HYAH0.

JeicTBUTENBHO, TIPH J0Ka3aTeNbCTBe Te0peMbl Mbl OITMPAJIUCh TOJIBKO Ha TO,
4T0 KO3(pPUUUEHT B psiia cTpeMsiTcst K Hyso u D?F (x) = O Bciofy, Kpome, ObiTh
MOJKeT, KOHEYHOI'0 YMCJia TOUeK.

CnepcrBue. ITycms f(x) — @PyHKyua ¢ nepuodom 2m KOHEIHAS 8 KAHCOOLL
moyke [0, 2r]. To20a He cywecmeyem 06yX pa3AUYHbBIX MPUOHOMEMPUYECKUX
pA008, Kancoblii u3z komopbix cxodumcs Kk f(x) 6cro0y Ha [0, 2r], xpome, Gbime
MOyCem, KOHEYH020 JUCAQ MOYeK.

JeAcTBUTEeIbHO, JOMYCTUM, YTO CYIeCTBOBAJIM OBl JBAa TAKUX TPUTOHOMETPH-
4eCKUX psja; TOTAa MX PasHOCTb eCTh PSNt

321 + él‘ a, cos nx -+ b, sin nx, (70.8)

y KOTOpOro He BCe KO0I(GHMLMEHTH PaBHBH HYJIO, W, 0JHAKO, OH CXOJUTCS K
HYJII0 BCIONY, Kpome, ObITb MOXKeT, KOHEYHOro 4ucya Toyek. Ho mul yxe Bu-
JieJIM, YTO 3TO HEBO3MOYKHO.

3nech, KOHEYHO, TO yKe TpeOoBaHMe CXOMMMOCTH MOYKHO 3aMEHUTb Ha CyMMU-
pyemocTts MeToaom PumaHa (Ho mpu 9TOM 3apaHee noTpe6oBaTh, uTo0bl K03pdu-
LIMEHTbl CTPEeMHMJIUCh K HYJIIO).

TeopeMa 0 eJMHCTBEHHOCTH Pas3yOXKeHUss QYHKUUM B TPUTOHOMETPUUECKUI
psf JONycKaeT 3HauuTeN bHbie 0600meHuss. Mpl IOCBSTHM 3TOMY BOIIPOCY IJIaBY
X1V, 3nech ke orpaHndumcst GOpMYyIUPOBKOIT Haubosiee BayKHBIX pe3yJIbTaTOB.
J171s1 9TOTO BBEEM OIpefesIeHue.

Onpepenenue. MuoxecrBo E, nexaee Ha [—w, 7], Ha3oBeM M-mHo-
CeCmeom, eClu CYIeCTBYeT TPUTOHOMeTPUYeCKUH psil

a, < .
-+ gancosnx + b, sinnx,

y KOTOpPOIo He BCe K03((GULMEHTH paBHBI HYJIIO, CXOASIKUNACA K HYJIIO BCIOAY Ha
[, 7] BHe MHOXKecTBa E.
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Ecau mromcecmso E He ecmo M-mHOMcecmeo, mo Mbl 6y0em e20 Ha3viéame
U -mtomcecmeom *).

IMpuHAB 3T0 OmpejesieHHe, MBI MOXXeM Telephb ABE INpeblIyLIUe TeopeMbl
chopmynupoBaTh Tak: ecau E ecme nycmoe uau xoHeutoe MHOMCECTIB0, MO OHO
U-mroxcecmeo.

Cam KaHTop foKasaj eule, YTO BCSIKOE NIPUBOAMMOE MHOXKECTBO (T. €. TaKoe,
y KOTOpPOI0 MpPOU3BOAHOE MHOYKECTBO SIBJISIETCS] KOHEYHBIM WJIM CYETHBIM) €CTb
onate U-mHoxkectso. Bmocnenctsum IOHr (Young (1) pokasan, uro nioGoe
CYeTHOE MHOYKecTBO ecTb U-MHO)KeCcTBO (cM. § 5 rnasml XIV).

Hanpotus, jerko pnokasaTb, 4YTo Jt060e mHomcecmso E, mE > 0, ecrmp
M-mtomncecmeo. B camoM Jesie, BO3bMEM COBepleHHOe MHOXecTBO P € E, mP >0,
1 nonoxum f(x) =1 Ha P u f(x) = 0 BHe P. B cuny npuHuuna JIOKaJIu3aLinH
(cm. § 33) psan o (f) cxomuTcss K HYJIO Ha KaKIOM CMeXHOM K P uHTepBane, a
NI03TOMY ¥ BCIORY BHe E. Takum 00pa3oM, CYIECTBYeT TPUTOHOMETPUYECKHUIT psif,
CXOOAILMICST K HYJIIO BCIOAY BHe P, HO C OTJIMYHBIMU OT HYJS KoadQuuueHTaMu
- (Hampumep

=~ ff (x)dx = —mP).

CrnepoBaresbHo, E ectb M-MHO)KECTRO.

B TeuyeHune A0Nroro BpemMeHu CyuiecTBOBasa TUIOTe3a, YT0, HalpOTUB, J00oe
MHO>KeCTBO Mepbl HyJIb (2 He TOJIbKO KOHEYHbIe U CYeTHLIE) N0JDKHO ObiTh U-MHO-
»KecTBOM. JTa runoresa Obuia onposepruyTa [l. E. MeHbios sm ) nocrpousLinm
NepBLIA NpUMEp COBepILIeHHOTro M-MHOYKeCTBa Mepbl HYJb (CM. H0Ka3aTesbCTBO
B § 12 rnasel XIV).

§ 71. Npunuun JNokanu3auud Pumana ajs oOwmx
TPHrOHOMETPHYECKUX PANOB

Beepennas B paccmorpenune Pumanom QyHKUMs F(x) urpaet BaXKHYIO poJib
He TOJIbKO B BOIIPOCE 0 e€JMHCTBEHHOCTH pasnioyKeHust QYHKLHUU B TPUTOHOMETpPHU-
YeCKuit psifi. HO U NPU U3yUYEHHH BOIPOCA O €r0 CXOJMMOCTH MJIM PACXOAUMOCTH.

Hanomuum, uro ans psagoB Pypee Obina A0KasaHa ciefylomasi Teopema
(cm. § 33): cXOAMMOCTbL MJIM PACXOAUMOCTb Psifia o (f) B TOUKE X 3aBUCHUT TOJILKO
0T noBejeHus1 QyHKUMHU f(X) B OKPECTHOCTH TOYKH X.

JonycTum Tenepn, 4T0 paccMaTpuBaeTcst yyke He psan Pypbe, a IPOU3BOIbL-
HBll TpUTrOHOMeTpUUYecKUi psif. OKasblBaeTCsi, YTO TOIJAa MOXKHO CYAUTBL O €ro
CX0AMMOCTH, u3ydast pyHKuMI0 Pumana. FimeHHO uMeeT MeCTo Teopema, KOTOPYIO
0 aHAJIOTMK C MpPERbIAYLIMM, MOXKHO BbICKAa3aTb B TaKoit ¢opme:

Has mobo2o mpuzoHomempuyeckoeo psida ¢ kKodpduyuenmamu, cmpemauyu-
MUCSL K HYI0, CXO0UMOCIIb UAU pAcX00UMOCMb pada 6 HEKOMOpOIl moyke X 3aeucum
moasko om nosedeHus Pumariosoti fynkyuu F(x) 6 oKpecmuocmu moyxu X.

ITa HeCKOJIbKO paclibiBYatasi opMynupoBKa OynmeT majnee yTodHeHa (CM.
crp. 198). PumaH joKasan 3T0 yTBep)KAEHHE TaK: OH CTpPoua QyHKUMIO A(X),
paBHYI0 efuHulle Ha [a, 8], paBHYI0 HYyJI0 BHe (@, b) 1 umeromyto Ha [0, 27] He-
npepbiBHbIE NPOU3BOJAHBIE A0 4-T0 MOpsIKa BKIIIYATENbHO. Ilocie 3TOro OH 10-
KasblBaJl, YTO PasHOCTb

o n . 1 b 2
%—I—é(akcoskx—]-bksmkx)—; IF(t)l(t)Edt—g-Dn(t—x)dt (71.1)

*) U3 onpeneneHust cpasy BBITEKaeT, YTO BCsIKas 4acTb U-mHOXKeCTBA eCcTh U-MHOXKECTBO!
HaNpoOTUB, MHOYKECTBO, CoAepKaiee JVM-MHOXKECTBO, €CTb €amo /M-MHOYKECTBO.
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CTPEMHUTCsT K HYJII0 PaBHOMEPHO Ha [a, f] 1 0TCIONA y)Ke NPUXOJUI K HYXKHOMY
3aKJIIOYEHMUIO.

B nacrosiiee Bpemsi njiess BBeJieHus1 GYHKIMU A (X) NOJIHOCTBIO COXPAHsIeTCsl,
HO J0Ka3aTeJbCTBO TeopeMbl Pumana 00biYHO NPOBOAAT, MOJIL3YSICh Teopueit
Popmanptiozo yMHONCEHUA pAO0E *),; KCTaTH, 9TA TEOPUsT IaeT U MHOTHE Apyrue
NoJie3Hble Pe3YJIbTaTh, B YeM Mbl y0enumcs: B rinase XIV.

UraK, cHayasia BBeJieM NOHATHe HOPMAJILHOTO NPOU3BEJEHHUST IBYX TPUIOHO-
MeTpUYeCKUX psijioB. st yno6cerea ussoyKeHus: Oylem 3anuCbiBaTL TPUTOHOMET-
pUUECKHUl psil B KOMIUJIEKCHO (opme

n=-+ow

S et (c_,=2¢p).

nN=—o

PaccmoTpum /Ba TPUTOHOMETPHUYECKUX psifia

n=-+ow
> ¢, einx (71.2)
, =
n=+ow .
2 Yne€™. (71.3)
YcnoBumesi Ha3bIBaTL UX PopmasbHBIM NpoU3sedeHLIEM psan
n=-+4 o R
S K,em, (71.4)
n=—o
rae
p=+e
Kn:pg_ Cp¥n-p (71.5)

B NIpeAnoJioyKeHuu, yro Bee psaanl (71.5), onpenensomue K, cxopsires (n = 0,
:t 1) :l: 2} .. -)°

Bo Bcem nanbHedimem Hac Oyfer uHTepecoBaTh TOT Clydaif, Korja
2| ynl < 4 oo. Ilpu a1UX yenoBusix psin (71.3) cxoaurcst aGCOIIOTHO ¥ PaBHO-
MepHO Ha [—m, n] u sBAsAerca psigom Pypbe 0T HekoTOpol PyHKUMHU A (X). Uro
Kacaercs psifa (71.2), o on Oyner yno0bim**), nuub Obl

¢,—>0 npu n—>-4 oo,

Jloxka)kem cienymomue e JeMmbl PalixmaHa:
Jlemma 1. Ecau ¢, —0 npu n— 4 oo u ecau pao 3 | y,| cxooumes, mo
6ce K,,, onpeoeasempie opmyaoti (71.5), umerom cmvica u K, — 0 npu n — + oo.

*) Ora Teopus 6buta cosgaHa Paitxmanom (cm. Raichman [11) em. taroxe Zygmund [121),
**) Flosie3Ho 31eCh e 0TMEeTHTD, YT0 ecid psif (71.2) ABisiercs psinon Pypoe 0T HEKOTOPOi
byHkuuy f (), T0 GopmansHOE MpousBeneHHe TIpeBpamaercs B pag Pypoe ot f (x) 4 (x). defict-
BUTEJIbHO, €ClIM 0003HauuTh depe3 Kn KospduuueHtsl Pypue oT f (X) 4 (x), TO
e L ey
Kn=—- J f@e=inta) dt = — f fe=int 3 ppeitdt —
—n -7

g=—o

g=+ qg=+ @ p=+o

kg
1 —itn—
= 2 ngg [105 V= 3 = 3 o
gq=—c a

g=— =— 00

3A€eCh MOWIEHHOE MHTErPUPOBaHMe ObLI0 3aKOHHO, TAK KaK Mbl NMPENIOTIONKUIA ¥ |yn| < + oo,
a motomy psg o(A) PaBHOMEPHO CXONUTCS.
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B camom jene, ecnmu M = max |c,|, TO Ipu n — -+ oo
Il

[Kal <M 3 el b maxiel 3 (n,l<

p<ly]  p=|3)H

© g=-+ o
<M X ]7q|+maj(lcplq£ [741->0 npu n-—+co

n
q=n— [Q P>15

¥ aHAJOTUYHO TPOBOAMTCS JOKa3aTeIbCTBO MJIsI 11 — — oo. Jlemma 1 nokasana.
VYenoBumesi TOBOpUTh, uto psif (71.3) Ovicmpo cxooumces Kk S, eCd OH CXO-
JIUTCST K S U eCJIM CXORUTCS Psilt

Iy+T,+...4T,+...,
rmue

Pn =k§nl ykl‘

Tak, Hanpumep, ecnun KodppuuueHTbl psifa (71.3) umMeroT nopsiaoK O (is) ,

Tol, =0 ( ] n, cienoBaTenbHo, psaf(71.3) ObicTpo cxoauTes. BnocneacTBuu Mul

Oyznem yacrto OpaTh B KauectBe psifia (71.3) pan o (1), rae A(x) — QyHKUUA, UMero-
asi TpU HempepbIBHBIX NPOU3BOAHBIX. Torna KoagduuueHTsl psaa o () Oynyr

AMETb NopsioK O (—r: é—} (cM. § 24) u o (A) Oyzer OBICTPO CXOMUTHLCA K 4 (X).

[Tepexofum K NOKa3aTeNbCTBY CIEAYIOIIEH JeMMBbl.

Jlemma 2. Ecau ¢, — 0 npu n — + oo u pao (71.3) 6bicmpo cxooumcest k
HYA10 HA HeKomopom mHOucecmee E, mo gopmarsoe npousseoenue (71.4) cxooumes
K HYA10 pagHoMepHO Ha MHOMmcecmee E.

B camom pene, nycTb X, € E u

Ri(x) = 2; V€.
n=
Hmeem 11 k>0

|R-(x0) | =] Zvnem™| =] PR o] = | Rips(¥0) | <T'ks (71.6)

¥, 3HAUUT, SNt

k=4 o
kZS [Ri(x) |
CXOJUTCST PaBHOMEPHO I X € E.
Torpa
n=+m n=+m pP=+w
i i al
Qm (xo) =n=2_'m Kn elXo — n=2_'melnxop=2-’-w cp yn_p =
p=+ . n=-+m .
= 2 c eipxe Z' '}/n__p e’(n_P)xo =
= — n=-—m
p=+c =4 .
___pZ' ¢ eszo_zm 2,, eig%o —_pz C eipxo R—m-—p(xo) _2‘_ cp eip% Rm—p+1(xo)-
IMoaromy

p=tw p=to
Q< 3161 [ Rommplio) | 4 316 | Rnmpms)]
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1 IpMHKUMAasl BO BHMMaHue HepaBeHCTBa (71.6), Mbl TeMH )Ke pacCy)KIeHUsIMH, KaK
B JiemMme 1, yOerxmaemest, uto Q,(%,) — O Ipu m — co ¥ NPUTOM paBHOMEPHO JUIsT
X € E, TaK KaK oLeHKa Ry (x,) uepe3 I', wnu Iy, CpaBenBa 1uist Beex X € E.
VI3 9TuX JBYX JleMM MO)YKHO BBIBECTH TeOpeMY:
Teopema 1. Ecau pao (71.3) Gbicmpo cxodumcs K Hekomopoii (yHKyuu
A(x), a ¢, =0, mo pao

n=+ o . n=+ow ) n=+ow .
2 [Ki=2@) e ]em= 3 Kyem™—i(x) 3 c,e™ (7L.7)
nN=—o n=-— o n=-—awx
€X00Umcs K HYA0 PAGHOMEPHO HA [—m, 7].
UTo0Bl yOEMHTLCS B 9TOM, MOJIOYKUM

7327’0—3(@:
Vh = "n ans n=0

1 cocTaBUM (opmanbHoe NpousBeleHue 3 Kje™ psimoB 3 c,e™ u 3 yqe™™.
[lpaBma, y mocneiHero psiia y, He eCTb NOCTOSIHHASsl BeJMYMHA, HO HeTPYAHO
y0eIuThCs1, YTO AOKa3aTeIbCTBO JIEeMMBI 2 He U3MEHMIOCh Obl, ecnu Obl Ipeanosio-
YKUTb 7y, OTPAHNUYEHHOH (YHKLMel 0T X, YTO UMeeT MeCTO B Haliem ciydae. ITo-
STOMY MBI MOYKEM NPUMEHUTDb JIEMMY 2, TaK KaK psifl Y y.e™ GbICTPO CXOAUTCS K
HYJIIO Ha [—m, ] ¥ MBI HaiijieM, 4to 3 K e'™ OBICTPO CXOAUTCS K HYJIO paBHO-
MepHO Ha [—m, «r]. Ho

p=+c

K;': = 2" cp Vt?—p =, ['Vo" Z.(X)] Jf‘p%:: cp Yn—p = Kn - }‘(x) Chs

p=—o
a I03TOM
y 2 Kn ez‘nx . 2 (x) 2 c,n einx

CXOIUTCS K HYJII0 paBHOMEDHO Ha [—m, ], u Teopema 1 noKa3aHa.

CoeauHsis 1eMMY 2 U TOJIbKO UTO NOKA3aHHYIO TeopeMy 1, Mbl MOYKeM BbICKa-
3aTh TaKoe NpeUIoyKeHre, KOTOPbIM 4acTo Oyem MO0JIb30BaThCs B AajibHeiIeM.

Cnenpctsue 1. ITycms A(x) — Pynxyus, y komopoii psad Pypve Gbicmpo
cxooumes u 3 c.e™ — psd ¢ koappuyuenmanu ¢, -0 npu n — 4 eo. To20a
opmansroe npoussederue paoa X c ™ u paoa Pypee 04a A (X) cX00UMC K HYAH0
6ct00y, 20e A(x) =0 (0amce ecau psad 3 c,e™ pacxooumcs). B mex uce moukax,
20e A(x) =+ 0, ono pacxodumcs, ecau pacxooumcsa pad 3 c.e™ u cxooumcs K
A(x0) S (%), ecau 3 c.e™ cxooumea k S (x,).

3ameuanue 1. OTMeTHM, YTO 3TO YTBEP/KAEHHE MOMHO YCHIIUTb.
MmenHo, ecnu npeanonoxutb A(x) == 0 B HEKOTOPOH TOYKeE,.TO

1im Q,, (xo) = 4 (xp) im S, (x,) ,

npu A (x,)>0
Iim Qn (%0) = 4(x0) im S, (o)

m Qn (XO) =42 (xo)m Sn (xo) ’
1im Q, (xo) = 4 (%) lim S, (x,)

3to0 HeNoCpeaCTBEHHO BBITEKAET U3 PACCMOTPEHUs YACTHBIX CyMM Dsifia
2 Kn el — l(x)z ¢, einx’

KOTOprﬁ, KaK Mbl BPIIleJIHL_CXOJIHTCﬂ K Hy.IIIO. HOBTOMY, B YaCTHOCTH, €CJIN
i |S, ()] = + 00,70 1 1im |Q, (%) = + oo

npu 4 (xp)<<0.



§71 MPUHLINII JIOKAJIU3ALIUU PUMAHA 197

10T pesynbraT OyJAeT HaMH CYI[ECTBEHHO UCIOJIL30BaH B riase XIV.

V3 Teopembl 1 HEMOCPEACTBEHHO BHITEKAET elile ,

CnepcrBue 2. Ecau pad @ypve 041 A(xX) 6bicmpo cxooumes u > ¢ e
pastomepro cxooumca Ha E xk S(x), mo gopmasvroe npouseederiue pagHomepHo
cxooumes Ha E K 2(x) S (X). Ecau na mroncecmee F umeem |2 (x)| > a >0, mo
pasHomepHas cxo0umocms BopmarsHozo npouseedenus Ha E eaedem pasHomepHyio
cxodumocms 3 ¢, e™ Ha HeM.

3amevanue 2. B cnenctBusx 1 u 2 c10Ba «CXOMMMOCTbY WM «PaBHO-
MepHast CXOJMMOCTBY MOTYT OBITb 3aMeHEHBl Ha «CYMMHUPYEeMOCTb» WJIM «pPaBHO-
MepHasi CyMMUPYeMOCTb» MeToloMm Pumana. B camom pene, mo Teopeme 1

+ow
3 [Kn— A e, e

CXOJIUTCS K HYJII0O PaBHOMEPHO Ha [—m, =]. B cuny 3ameuanust K Teopeme 2 § 68
OTCIOJIa CJIENYeT, UTO ITOT Psil pABHOMEPHO CYMMHUpYyeM K HYJII0o MeToJom Pumana
Ha [—, =], a 9TO 3HAUUT, YTO Pa3HOCTL PSIJIOB

27 Kn ey A (X) 2‘ ¢, einx

paBHOMEDHO CYMMMPYeTCs K HYJII0 MeTofoM Pumana Ha [—m, n]. Orciofia cpasy
U BBHITEKAeT HY)KHOE 3aKJIIUeHue.

; |
i i
! ! . .
1= &  « 8 b s
Puc. 74

Mbi umeem Temepb BO3MOXHOCTb JI0Ka3aTb CIEAYIOIYI0 Ba)KHYIO TEOpeMy:

Teopema 2. Ecau mpuzonomempuueckuli pad ¢ Kodfguyuenmamu,
CMPeMAYUMUCA K HY A0, CYMMUDYEMCs Memo0om Pumata k HYA10 8 kanc0oli mouke
Hexomopozo unmepeasa (a, b), mo ox cxo0umcs K HY0 6 Kaucool mouke (a, b) u
Npuimom pasHOMepHO HA 6CAKOM OMpesKe, YeauxKom sexcawjem euympu (a, b).

ITyctb 4 (x) = 1 Ha [a, B], A(x)=0BHe (a, b) 1 A (X) MHTEPIOJUDPYETCH MEXKLY
[a, a] u [b, B] Kak yrogHo, nuiub Obl OHAa MMeJIA HeNpephbIBHbLIe IPOM3BOJHEIE 10
3-T0 MOpsiika BKIIIOUMTENbHO (CM. puc. 14). Mel y)Ke roOBOpWJIH, 4TO B TaKuUX
ycinoBusiX psift ¢ (4) 6eictpo cxopuresi. Ilycts

o (A) = ype.

CocraBum (popmanbHoe npouspenenue (71.4) sagaHHoro psina u psifa o (4). Tax
KaK 4(x) = 0 BHe (, b), To B cuny cieactsusi 1 psin (71.4) cXomuTest K HyIIo BHe
(a, b) u, 3Hauut, cymmupyercst BHe (@, b) K HyJo MeTo0oM Pumana. Kpome Toro,
B cuity cieactBusi 1 u 3amevanust 2 o cymmupyemoctu psif (71.4) cymmupyercs
K HyJ0 MeToJoM Pumana B Ka)Kmo# Touke (@, b), NMOCKOJBKY MBI IpeImno-
JI0)Kuy, 4To 3T0 UMeeT MecTo s psina (71.2) na (a, b). Utak, psg (71.4) cymmu-
pyercst MeTolom PumaHa K HyJI0 B Ka)K10it Touke Ha [—am, x]. Eciu TaK, To no
Teopeme § 70 (cm. 3amMeyaHue K Heif) OH uMeeT Bce KOI(QMUMEHTH PaBHBIMU HYJIIO.
Ho no Teopeme 1 Hacrosimero naparpaga psin

2 Kn einx __ 2 (x) Z C, einx
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CXOJMTCSI K HYJII0 paBHOMepHO Ha [—w, =]. Pa3 Bce k,, = O, TO 3T0 3Ha4uT, 4T0
A(x) Y c e

CXOAMTCS pPaBHOMepHO K Hyno Ha [—w, m]. Ho A(x) =1 Ha [a, 8], moaTomy
3 ¢, CXOAUTCST PaBHOMEPHO K HYJIO Ha [a, 8], 1 A0Ka3aTeJILCTBO TeOpeMbl 2
3aKOHYEHO.

Tenepb Mbl MOXKEM BBIPa3UTb B TOYHOH (OpMe U 0Ka3aTh TeOpeMy, KOTopast
HeCKoJIbKo 00pasHo Obula copmyiMpoBaHa B Hayase 3T0oro naparpaga. VimeHHO
MBI MMeeM CJIefyIOLIyI0 TeopeMy, U3BeCTHYIO I0J, Ha3BaHMeM NpPUHLMIA JOKaJIH-
3auuu PumaHa.

MpuHuun nokanusdauuu Pumawna. Ilycms F, (X) u Fy(x) PyHK-
yuu Pumana 045 08yX MpPU20HOMeMpUdecKUX pa0os, ¢ Kodadduyuenmamu, cmpemsa-
WUMUCA K HYI0; ecAu Imu YHKYUL pagHbl HA Hekomopom uxHmepease (a, b) uau,
Xoms Obl, ecau ux pasHocmy ecme AuHeliHaa (PyHxyus Ha (a, b), mo pasrocms
OQHHbIX MPUOHOMEMPULECKUX DPAO0E ecmb pad, CX00AYULica K HYM0 6cH00Y HQ
(a, b) u npumom pasHomepHo 60 6caKom ompesxe [a, B], Yeaukom aexncaiyem
suympu (a, b).

Jns1 loKasaTeibCTBa TEOPEMBl PaCCMOTPMM JiBa TPUIOHOMETPHYECKUX psifia
¢ Koa(pduumreHTamu, crpemsamumucs K Hymw. ITycts (71.2) ecTb pa3HOCTb 3TUX
psinoB, a F, (x) ¥ F,(x) X pumaHoBbl pyHKIMK. TOraa No yCJI0BHIO TEOfeMbl pHU-
MaHoBa cymMMa F (x) wist psifa (71.2) ectsb nuHeiiHasi GyHKumst Ha (@, b). Ecnutax

D*F(x)=0 mna (ab).

T0 CnenosatenbHo, psax (71.2) cymmupyercss K Hymo MeTofioM PumaHa B Ka-
JIOH TOuKe MHTEpBana (@, b) U 0CTaeTCsl IPUMEHUTb TeOpeMy 2.

M3 npuHnuna joxaiusauuu PumaHa cpasy ciefyer cnpaBeJIMBOCTb BBICKA-
3aHHOI0 B Havajle 9TOro maparpada YTBep)KIEHHsI: CXOAMMOCTb UJIM paCXOAu-
MOCTb psifia ¢ KoauupeHTaMu, CTPEMSILIMMHUCS K HYJII0, 3aBUCKT JIKIIb OT II0Be-
IeHds1 QyHKuuu PumaHa.

JHeitcTBUTeNBHO, €CIM VIS ABYX PSANOB ¢ KO3QduLeHTaMu, CTPeMSILIUMUCS K
HyJ10, UMeeM F, (x) = F,(x)Ha (a, b), TO CXOAMMOCTb WIM PaCXOAUMOCTb 000X
psinoB B J060f TOUYKe X € (@, b) MOXKET MMETb MeCTO TOJbKO OJZHOBPEMEHHO
(¥ IpUTOM eCJIM OHM CXOJATCSl, TO MMEIT OJMHAKOBYI0 cymmy). VIMeHHO B 3TOM
CMbICJIe ¥ HaJ0 MOHMMATb, YTO CXOJMMOCTb MJIH PACXOAMMOCTb 3aBHCHT TOJIBKO
OT nosefeHust GyHKUuM PumaHa.

ITone3Ho emle OTMETUTb, UTO AOKa3aHHBIHA 31ech 00U NPUHIKMI J0KaIu3a-
Iy PuMaHa COAEP)KUT KaK YaCTHBIH Ciydyail MPUHLMN JOKajausaluu PumaHa
Wist psafoB Pypee (cM. § 33). [lelicTBUTENIbHO, eCiy [ABa 3alaHHBIX psifia sIBJISTIOTCS
psinamu ®ypbe 0T f, (X) U f, (X), TO QyHKLUU F, (X) 1 F, (X) N0J1y4aloTCsl B pe3yib-
TaTe ABYKPAaTHOI0 MHTerpupoBaHus f,(x) u f,(x) (cm. § 70), a noromy, eciu
L (x) = fs (x) Ha (a, b), TO F,(x) — F,(x) Oymer nuHeiiHO! Ha 3TOM MHTepBae,
1 ecny o0muii MPUHUMI JIOKaJIM3aLliM Yy)Ke J0Ka3aH, TO MOXXHO YTBEPIKIaTh,
ut0 0o (f;) — o (f,) cXoauTCs1 KHYIIO Ha (@, b) BCIOLY ¥ NPUTOM PAaBHOMEPHO Ha
[a, 8], nexxamem BHYTPH (a, b).

B rnase XIV Mbl yBUIUM TY POJib, KOTOPYIO UTDaeT YCTaHOBJIEHHBIH 31eCh
NPpUHLMI JOKanu3auuu PumaHa.

§ 72. Teopema a0 Bya-Peiimona

[Mycts f (xX)—OyHKUKS, KOHEYHAs1 B Ka)XKI0i1 Touke [—, 7 ]. MBI yoKe Bupenu
(cm. § 70), 4TO He MOJKeT CYILECTBOBATb ABYX Pa3IMYHBIX TPUTOHOMETPUYECKUX
PSM0B, CXOAAIMXCS K Hell BCloAy Ha [—m, ]. Ho eciu cymecTByeT 0auH TaKkoit
psill, DOJDKeH JiM OH OBITh ee psinom dypbe?
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Bompoc, pasymeercsi, umeeT CMbICI TOJILKO AJIsI CyMMUpPYeMoii f (X), Tak KaK
uHaue psapn Pypbe NpocTo Henp3st ObUI0 ObI HanucaTh (MBI BCerja rOBOPUM JIAIIb
o psagax Pypoe — Jlebera).

3aMeTHM, YTO CXOAMMOCTb TPUIOHOMETPMYECKOIO psiia B KaXKA0H TOuKe
BOBCE He BjledeT TOro, uyroObl OH Obul psagom Pypbe. [lelicTBuTenbHO, Hanpu-
mep, psik

o

2 sin nx

7= Inn

CXOMTCSl BCIOAY, TaK KaK 3T0 psAjJ N0 CHHycaM C MOHOTOHHO YOwIBao-
wumMn  Koapduumentamu (cm. § 30); ogHako OH He siBasieTcst psigoM Dypbe
(cm. § 40).

IToaTomy BonpoC eCTeCTBEHHO INOCTaBUTb TaK: NYCTb f (X) KOHeYHa B KayKI0H
TOYKE U CyMMupyeMa. [TyCTb CyumecTByeT TPUTOHOMETPUIECKUH Psil, CXOAsIIuMitcs
K Helt Bcloay Ha [—m, =]. Byner ju a1oT psin ee psiaom Pypbe?

Mbl 31ech JaAuM Ha 3TOT BONPOC MOJI0YKUTENIbHBIT 0TBeT B TOM Clyyae, KOIa
f (x) orpanuyeHHasi GYHKUMS; UMEHHO B TaKOM BUJe Teopema Obula JOKa3aHa
JleGerom, 0000muMBIIMM TNepBOHayvalbHbIA pesynabpTaT A1 Bya-Pelimona*). Ho
NpeXXJae 4Yem [0Ka3biBaThb 3Ty TEOpeMY, Mbl JODKHBL y0eauTbcsi B chpa-
BEJUIMBOCTU CJIEAYIOILEH JIEeMMBI:

Jlemma. Ecau F (x) nHenpepoiéna Ha [a, b] u

m<D*F(x)M Ha (ab),

mo 04 m00bix X, u h makux, 4mo a <_ Xy — 2h < X, + 2h < b, umeem

m< F(x0+2h)+Fix;;2—2h)—2F(xo) <M.

UroObl y0eauTbCsl B 3TOM, PAaCCMOTPUM BCIOMOTATeNbHYI0 (QYHKIHIO

W (1) = F (xg) + (x — xp) T T 2N - F =20

4 X=X F X+ 20 + F (= 21) — 2 Fx,)
2 an® :

Slcuo, yro ¥ (x) ecTb MHOTOWJIEH BTOPOi CTeNeHn OTHOCHUTENILHO X, IPAYEM
¥ (xo + 2h) = F (xo 4+ 2h), W (x,) = F (%) u ¥ (xo — 2h) = F (x, — 2h),
T. €. pa3HOCTb
r(x)=F(x)—¥(x)
oOpamaercst B HyJIb IpH X = X, — 2h, Xo U Xy + 2h. Kpome T0T0, r(X) HenpepriBHa
Ha [a,b] u

D2r(x) =D*F (x) —

F (%o + 2h) + F(x, — 2h) — 2F (xo)
an .

TaK KaK r(X) MUMeeT MUHUMYM U MAKCUMYM I'Jie-T0 BHYTpH (X, — 2h, X, + 2h),
NyCTh B KAKUX-TO TOYKAX X; U X,, U B HUX 3aBeaomo D?r(x;) >0 u D?r(x,) <0, 10

*) Oio Bya-Peiimon (du Bois-Reymond [2] )pacemarpuBan e Ciiy4aii orpaHuyeHHbIX
DYHKUMII, MHTErpUpyeMbIX B cMbicie Pumana.
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OTCIOa Cpasy SICHO, UTO

DAF () < BT I 20 < poF (),

OTKyJla U Clie[lyeT CIpaBe/UIMBOCTb JIEMMEI.
MBI Tenepb MOYKeM 10Ka3aTb TeOpeMYy:

Teopema g Bya-Peiimona—Jle6era. Ecuu f(x) oepanuyera
Ha [—n, m] u cywecmsyem mpuzoHoMempuyeckuii pao

—azi—l—Zlan cos nx + b, sinnx, (72.1)

=

cxo0syuiica K Heil 6C00y HA IMOM ompesKe, Mo Imom paod ecmv ee pid Dypobe.
IMpe>kpe Bcero sameTum, yTo U3 cxomumocrtu psna (72.1) cnenyer a, -0 u

b, — 0 (cm. § 62). IToaTOMy MOYKHO NOCTPOUTH GYHKUMIO PUMaHa U NOJyYUTb, KAaK

B § 68

F(xo+2h) + F(x,—2h) — 2F(x,) _ a °° . sin nh \2
2 Yo 2 _7"-|—’%(ancosnxo—{—bnsmnxo)(m—nh )

(72.2)

B cuny Teopemsl Pumana (cm. § 68, Teopema 1) nMeeM B KajkO# Touke
D?F (x) =f (x). (72.3)
Ho f(x) no ycnosuio orpaHnyeHa; 3Ha4uT, 10 NMpebIAyeil gemme

F 2h) 4 F (x — 2h) — 2F !
(x+2n) + ‘(:;2 ) (x)!<M, (724)

rae M mocrosinHoe (4 910 Ui JIOOBIX h M mo0bIX X, —n < x < 7). Hanee
3aMeTHM, 4TO f(X), KaK CyMMa BCIONLYy CXOJASILEroCs psiia HempepbiBHBIX
Qyuxuumit, msmepuma, a 3HauuT, Oylyuyun HU3MepMMON M OTpaHWYEHHOH, OHa
CyMMHpYyeMa.

U3 paBHoMepHO# cxomumoctu (72.2) ciefyer, 4TO OH SIBJISIETCSI PSIIOM
®ypbe 0T GYHKLMK, CTOsIILEN B JIeBOI YaCTH PaBeHCTBa, T. €.

a, (sin nh)2 . }1{ j F (x +2h) + F (x — 2h) — 2F (x) cos nx dx (72.5)

nh - 4h2

U aHaJIOTUYHO

b (Sizlyh)z - ?1{ j Fet™+ FS,: 2 =2F®) innxdx (72.6)
Ho -
D2 F(x) = lim F(x+2h)+F‘(:;2— 2h) —2F (x)
h—0

[Mosromy B cuny (72.3)

fim F(x+2h)+F‘(:;2—2h)-2F(x) ).
h—0

Ecin mbl Tenepn 3ameTum, 4to B cuiy (72.4) nojiblHTEIpasibHbIE BHIPAYKeHMUsI
B uHTerpanax (72.5) u (72.6) orpaHuyeHsl Npu JIOOBIX X MU h ONHUM M TeM
JKe uucsiom M (9T0 BepHO JUIst BCSAKOTO 1), TO MOYKHO COBEPIUMTb IpeJesbHbIi
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nepexon nojx SHaKOM HMHTerpasa, a nmoromy

sin nh
—1,:";“ () =

¢ F(x 1 2h) 4+ F (x — 2h) — 2F ()

iR cosnxdx =

= llm

>0 T
—T

= -91?_[ f(x) cos nxdx

U daHAJIOT'HYHO

n
= -31?_[ f(x)sin nx dx,
—_—n

a 310 M TpedoBaNoCh A0Ka3aTh.

dameuanue. Mb npeanonoxunu f(x) orpaHu4YeHHOH, HO YKa3aHHast
TeOpeMa A0NYCKaeT 3HauuTeNbHble 00001eHus1. MO)KHO TaroKe He TpedoBaTh CX0-
JMMOCTH psifia B Ka)knoit Toure [0, 2] (cm. 06 aTom rnasy X1V, § 4).



