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110	 Chapter 3  Determinants

3.1	 The Determinant of a Matrix

	 Find the determinant of a 2 × 2 matrix.

	 Find the minors and cofactors of a matrix.

	 Use expansion by cofactors to find the determinant of a matrix.

	 Find the determinant of a triangular matrix.

The Determinant of a 2 × 2 Matrix

Every square matrix can be associated with a real number called its determinant. 
Historically, the use of determinants arose from the recognition of special patterns that 
occur in the solutions of systems of linear equations. For example, the system

a11x1

a21x1

+
+

a12x2

a22x2

=
=

b1

b2

has the solution

x1 =
b1a22 − b2a12

a11a22 − a21a12
  and  x2 =

b2a11 − b1a21

a11a22 − a21a12

when a11a22 − a21a12 ≠ 0. (See Exercise 53.) Note that both fractions have the same 
denominator, a11a22 − a21a12. This quantity is the determinant of the coefficient matrix 
of the system.

Definition of the Determinant of a 2 × 2 Matrix

The determinant of the matrix

A = [a11

a21

a12

a22
]

is det(A) = ∣A∣ = a11a22 − a21a12.

The diagram below shows a convenient method for remembering the formula for 
the determinant of a 2 × 2 matrix.

∣A∣ = ∣a11

a21

a12

a22∣ = a11a22 − a21a12

The determinant is the difference of the products of the two diagonals of the matrix. 
Note that the order of the products is important.

	 Determinants of Matrices of Order 2

a.  For A = [2
1

−3
2], ∣A∣ = ∣21 −3

2∣ = 2(2) − 1(−3) = 4 + 3 = 7.

b.  For B = [2
4

1
2], ∣B∣ = ∣24 1

2∣ = 2(2) − 4(1) = 4 − 4 = 0.

c.  For C = [0
2

3
2

4], ∣C∣ = ∣02 3
2

4∣ = 0(4) − 2(3
2) = 0 − 3 = −3.	

REMARK
In this text, det(A) and ∣A∣  
are used interchangeably to 
represent the determinant of A. 
Although vertical bars are also 
used to denote the absolute 
value of a real number, the 
context will show which use  
is intended. Furthermore, it is 
common practice to delete the 
matrix brackets and write

∣a11

a21

a12

a22∣
instead of

∣[a11

a21

a12

a22
]∣.

REMARK
Notice that the determinant of  
a matrix can be positive, zero, 
or negative.
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	 3.1  The Determinant of a Matrix� 111

Delete row 2 and column 1. Delete row 2 and column 2.

Minors and Cofactors

To define the determinant of a square matrix of order higher than 2, it is convenient to 
use minors and cofactors.

Minors and Cofactors of a Square Matrix

If A is a square matrix, then the minor Mij of the entry aij is the determinant of 
the matrix obtained by deleting the ith row and jth column of A. The cofactor Cij 
of the entry aij is Cij = (−1)i+ jMij.

For example, if A is a 3 × 3 matrix, then the minors and cofactors of a21 and a22 
are as shown below.

	 Minor of a21	 Minor of a22

[
a11

a21

a31

a12

a22

a32

a13

a23

a33
],  M21 = ∣a12

a32

a13

a33∣    [
a11

a21

a31

a12

a22

a32

a13

a23

a33
],  M22 = ∣a11

a31

a13

a33∣
	 Cofactor of a21	 Cofactor of a22

	 C21 = (−1)2+1M21 = −M21	 C22 = (−1)2+2M22 = M22

The minors and cofactors of a matrix can differ only in sign. To obtain the cofactors of 
a matrix, first find the minors and then apply the checkerboard pattern of +’s and −’s 
shown at the left. Note that odd positions (where i + j is odd) have negative signs, and 
even positions (where i + j is even) have positive signs.

	M inors and Cofactors of a Matrix

Find all the minors and cofactors of

A = [
0
3
4

2
−1

0

1
2
1].

solution

�To find the minor M11, delete the first row and first column of A and evaluate the  
determinant of the resulting matrix.

[
0
3
4

2
−1

0

1
2
1],  M11 = ∣−1

0
2
1∣ = −1(1) − 0(2) = −1

Verify that the minors are 

M11

M21

M31

=
=
=

−1
2
5
  

M12

M22

M32

=
=
=

−5
−4
−3

  
M13

M23

M33

=
=
=

4
−8
−6.

Now, to find the cofactors, combine these minors with the checkerboard pattern of 
signs for a 3 × 3 matrix shown above.

C11

C21

C31

=
=
=

−1
−2

5
  

C12

C22

C32

=
=
=

5
−4

3
  

C13

C23

C33

=
=
=

4
8

−6
	

Sign Pattern for Cofactors

[
+
−
+

−
+
−

+
−
+ ]

3 × 3 matrix

[
+
−
+
−

−
+
−
+

+
−
+
−

−
+
−
+

]
4 × 4 matrix

[
+
−
+
−
+
⋮  

−
+
−
+
−
⋮  

+
−
+
−
+
⋮  

−
+
−
+
−
⋮  

+
−
+
−
+
⋮  

.  .  .

.  .  .

.  .  .

.  .  .

.  .  .]
n × n matrix
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112	 Chapter 3  Determinants

The Determinant of a Square Matrix

The definition below is inductive because it uses the determinant of a square matrix of 
order n − 1 to define the determinant of a square matrix of order n.

Definition of the Determinant of a Square Matrix

If A is a square matrix of order n ≥ 2, then the determinant of A is the sum of 
the entries in the first row of A multiplied by their respective cofactors. That is,

det(A) = ∣A∣ = ∑
n

j=1
a1jC1j = a11C11 + a12C12 + .  .  . + a1nC1n.

Confirm that, for 2 × 2 matrices, this definition yields 

∣A∣ = a11a22 − a21a12 

as previously defined.
When you use this definition to evaluate a determinant, you are expanding by 

cofactors in the first row. Example 3 demonstrates this procedure.

	 The Determinant of a Matrix of Order 3

Find the determinant of

A = [
0
3
4

2
−1

0

1
2
1].

solution

�This is the same matrix as in Example 2. There you found the cofactors of the entries 
in the first row to be

C11 = −1,  C12 = 5,  C13 = 4.

So, by the definition of a determinant, you have

 ∣A∣ = a11C11 + a12C12 + a13C13	 First row expansion

 = 0(−1) + 2(5) + 1(4)
 = 14.	

Although the determinant is defined as an expansion by the cofactors in the first row, 
it can be shown that the determinant can be evaluated by expanding in any row or column. 
For instance, you could expand the matrix in Example 3 in the second row to obtain

 ∣A∣ = a21C21 + a22C22 + a23C23 	 Second row expansion

 = 3(−2) + (−1)(−4) + 2(8)
 = 14

or in the first column to obtain

 ∣A∣ = a11C11 + a21C21 + a31C31	 First column expansion

 = 0(−1) + 3(−2) + 4(5)
 = 14.

Try other possibilities to confirm that the determinant of A can be evaluated by  
expanding in any row or column. The theorem on the next page states this, and is 
known as Laplace’s Expansion of a Determinant, after the French mathematician Pierre 
Simon de Laplace (1749–1827).

REMARK
The determinant of a matrix  
of order 1 is simply the entry 
of the matrix. For example, if 
A = [−2], then

det(A) = −2.
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	 3.1  The Determinant of a Matrix� 113

When expanding by cofactors, you do not need to find cofactors of zero entries, 
because zero times its cofactor is zero.

 aijCij = (0)Cij

 = 0

The row (or column) containing the most zeros is usually the best choice for expansion 
by cofactors. The next example demonstrates this.

	 The Determinant of a Matrix of Order 4

Find the determinant of

A = [
1

−1
0
3

−2
1
2
4

3
0
0
0

0
2
3

−2
].

solution

Notice that three of the entries in the third column are zeros. So, to eliminate some of 
the work in the expansion, use the third column.

∣A∣ = 3(C13) + 0(C23) + 0(C33) + 0(C43)

The cofactors C23, C33, and C43 have zero coefficients, so you need only find the  
cofactor C13. To do this, delete the first row and third column of A and evaluate the 
determinant of the resulting matrix.

 C13 = (−1)1+3∣−1
0
3

1
2
4

2
3

−2∣	 Delete 1st row and 3rd column.

 = ∣−1
0
3

1
2
4

2
3

−2∣	 Simplify.

Expanding by cofactors in the second row yields

 C13 = (0)(−1)2+1∣14 2
−2∣ + (2)(−1)2+2∣−1

3
2

−2∣ + (3)(−1)2+3∣−1
3

1
4∣

 = 0 + 2(1)(−4) + 3(−1)(−7)
 = 13.

You obtain 

 ∣A∣ = 3(13)
 = 39.	

Theorem 3.1 E xpansion by Cofactors

Let A be a square matrix of order n. Then the determinant of A is

det(A) = ∣A∣ = ∑
n

j=1
aijCij = ai1Ci1 + ai2Ci2 + .  .  . + ainCin

or

det(A) = ∣A∣ = ∑
n

i=1
aijCij = a1jC1j + a2jC2j + .  .  . + anjCnj.

ith row  
expansion

jth column  
expansion

technology
Many graphing utilities and 
software programs can  
find the determinant of  
a square matrix. If you use  
a graphing utility, then you may 
see something similar to the 
screen below for Example 4. 
The Technology Guide at 
CengageBrain.com can help 
you use technology to find a 
determinant.

39

[[1  -2 3 0 ]
[-1 1  0 2 ]

A

det A

[0  2  0 3 ]
[3  4  0  -2]]
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114 Chapter 3 Determinants

Add these three products.

Subtract these three products.

magnetix/Shutterstock.com

linear
algeBra
applieD

Recall that a tetrahedron is a polyhedron consisting of four 
triangular faces. One practical application of determinants is 
in finding the volume of a tetrahedron in a coordinate plane. 
If the vertices of a tetrahedron are (x1, y1, z1), (x2, y2, z2), 
(x3, y3, z3), and (x4, y4, z4), then the volume is

Volume = ±1
6det[

x1

x2

x3

x4

y1

y2

y3

y4

z1

z2

z3

z4

1
1
1
1
].

You will study this and other applications of determinants 
in Section 3.4.

An alternative method is commonly used to evaluate the determinant of a 3 × 3
matrix A. To apply this method, copy the first and second columns of A to form fourth 
and fifth columns. Then obtain the determinant of A by adding (or subtracting) the 
products of the six diagonals, as shown in the diagram below.

a11

a21

a31

a12

a22

a32

a13

a23

a33

a11

a21

a31

a12

a22

a32

Confirm that the determinant of A is

∣A∣ = a11a22a33 + a12a23a31 + a13a21a32 − a31a22a13 − a32a23a11 − a33a21a12.

 The Determinant of a matrix of order 3

See LarsonLinearAlgebra.com for an interactive version of this type of example.

Find the determinant of

A = [
0
3
4

2
−1
−4

1
2
1].

soluTion

Begin by copying the first two columns and then computing the six diagonal products 
as shown below.

 −4 0 6 Subtract these products.

0
3
4

2
−1
−4

1
2
1

0
3
4

2
−1
−4

 0 16 −12 Add these products.

Now, by adding the lower three products and subtracting the upper three products, you 
can find the determinant of A to be 

∣A∣ = 0 + 16 + (−12) − (−4) − 0 − 6 = 2. 

The diagonal process illustrated in Example 5 is valid only for matrices of order 3. 
For matrices of higher order, you must use another method.
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	 3.1  The Determinant of a Matrix� 115

Triangular Matrices

Recall from Section 2.4 that a square matrix is upper triangular when it has all zero 
entries below its main diagonal, and lower triangular when it has all zero entries above 
its main diagonal, as shown in the diagram at the left. A matrix that is both upper and 
lower triangular is a diagonal matrix. That is, a diagonal matrix is one in which all 
entries above and below the main diagonal are zero.

To find the determinant of a triangular matrix, simply form the product of the 
entries on the main diagonal. It should be easy to see that this procedure is valid for 
triangular matrices of order 2 or 3. For example, to find the determinant of 

A = [
2
0
0

3
−1

0

−1
2
3]

expand in the third row to obtain

 ∣A∣ = 0(−1)3+1∣ 3
−1

−1
2∣ + 0(−1)3+2∣20 −1

2∣ + 3(−1)3+3∣20 3
−1∣

 = 3(1)(−2)
 = −6

which is the product of the entries on the main diagonal.

proof

Use mathematical induction* to prove this theorem for the case in which A is an upper 
triangular matrix. The proof of the case in which A is lower triangular is similar. If A 
has order 1, then A = [a11] and the determinant is ∣A∣ = a11. Assuming the theorem  
is true for any upper triangular matrix of order k − 1, consider an upper triangular 
matrix A of order k. Expanding in the kth row, you obtain

∣A∣ = 0Ck1 + 0Ck2 + .  .  . + 0Ck(k−1) + akkCkk = akkCkk.

Now, note that Ckk = (−1)2kMkk = Mkk, where Mkk is the determinant of the upper  
triangular matrix formed by deleting the kth row and kth column of A. This matrix is of 
order k − 1, so apply the induction assumption to write

∣A∣ = akkMkk = akk(a11a22a33 .  .  . ak−1, k−1) = a11a22a33 .  .  . akk.	

	 The Determinant of a Triangular Matrix

The determinant of the lower triangular matrix

A = [
2
4

−5
1

0
−2

6
5

0
0
1
3

0
0
0
3
]

is ∣A∣ = (2)(−2)(1)(3) = −12.	

*See Appendix for a discussion of mathematical induction.

Upper Triangular Matrix

[
a11

0
0

⋮
0

a12

a22

0

⋮
0

a13

a23

a33

⋮
0

.  .  .

.  .  .

.  .  .

.  .  .

a1n

a2n

a3n

⋮
ann

]
Lower Triangular Matrix

[
a11

a21

a31

⋮
an1

0
a22

a32

⋮
an2

0
0

a33

⋮
an3

.  .  .

.  .  .

.  .  .

.  .  .

0
0
0

⋮
ann

]

Theorem 3.2  Determinant of a Triangular Matrix

If A is a triangular matrix of order n, then its determinant is the product of the 
entries on the main diagonal. That is,

det(A) = ∣A∣ = a11a22a33 .  .  . ann.
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116	 Chapter 3  Determinants

3.1  Exercises    See CalcChat.com for worked-out solutions to odd-numbered exercises.

The Determinant of a Matrix  In Exercises 1–12, find 
the determinant of the matrix.

  1.	 [1]		    2.	 [−3]

  3.	 [2
3

1
4]	   4.  [−3

5
1
2]

  5.	 [ 5
−6

2
3]	   6.	 [2

4
−2

3]
  7.	 [−7

1
2

6
3]	   8.	 [

1
3

4
5

−9]
  9.	 [0

0
8
4]	 10.	 [ 2

−6
−3

9]
11.	 [λ − 3

4
2

λ − 1]	 12.	 [λ − 2
4

  0
        λ − 4]

Finding the Minors and Cofactors of a Matrix  In 
Exercises 13–16, find all (a) minors and (b) cofactors of 
the matrix.

13.	 [1
3

2
4]	 14.	 [−5

1
6
0]

15.	 [
−3

4
2

2
5

−3

1
6
1]	 16.	 [

−3
6
4

4
3

−7

2
1

−8]
17.	 �Find the determinant of the matrix in Exercise 15  

using the method of expansion by cofactors. Use (a) the  
second row and (b) the second column.

18.	 �Find the determinant of the matrix in Exercise 16 using 
the method of expansion by cofactors. Use (a) the third 
row and (b) the first column.

Finding a Determinant  In Exercises 19–32, use 
expansion by cofactors to find the determinant of  
the matrix.

19.	 [
1
3

−1

4
2
4

−2
0
3]	 20.	 [

3
4

−2

−1
1
0

2
4
1]

21.	 [
2
0
0

4
3
0

6
1

−5]	 22.	 [
−3

7
1

0
11
2

0
0
2]

23.	 [
−0.4

0.2
0.3

0.4
0.2
0.2

0.3
0.2
0.2]	 24.	 [

0.1
−0.3

0.5

0.2
0.2
0.4

0.3
0.2
0.4]

25.	 [
x
3
1

y
2
1

−1
0
1]	 26.	 [

x
−2

1

y
−2

5

1
1
1]

27.	 [
5
4
0
0

3
6
2
1

0
4

−3
−2

6
12
4
2
]	 28.	 [

3
2
4
1

0
6
1
5

7
11

−1
2

0
12
2

10
]

29.	 [
w

21
−10
−40

x
−15

24
22

y
24

−32
32

z
30
18

−35
]

30.	 [
w

10
−30

30

x
15
20
35

y
−25
−15
−25

z
30

−10
−40

]
31.	 [

5
0
0
0
0

2
1
0
0
0

0
4
2
3
0

0
3
6
4
0

−2
2
3
1
2
]

32.	 [
−4

1
−6

0
1

3
−2

2
0

−4

2
7

−5
0

−2

−1
−13
−6

0
0

−2
−12
−7

0
−9

]
Finding a Determinant  In Exercises 33 and 34, use  
the method demonstrated in Example 5 to find the  
determinant of the matrix.

33.	 [
3

−2
1

0
4

−3

4
1
1]	 34.	 [

3
0
8

8
−5

1

−7
4
6]

Finding a Determinant  In Exercises 35–38, use a 
software program or a graphing utility to find the  
determinant of the matrix.

35.	 [
0.1
0.7
0.1

0.6
−0.1

0.3

−0.3
0.1

−0.8]	 36.	 [
4
1

−3
6

3
6
2
1

2
−1

4
3

5
2
5

−2
]

37.	 [
1
0
0
1

2
1
3
2

−1
2
2
0

4
−2
−1
−2

]
38.	 [

8
−1

0
1
2

5
0
8
2
6

1
7
6
5

−2

−2
1
5

−8
0

0
6

−3
4
6
]
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Finding the Determinant of a Triangular Matrix  In 
Exercises 39–42, find the determinant of the triangular 
matrix.

39.	 [
−2

4
−3

0
6
7

0
0
2]	 40.	 [

4
0
0

0
7
0

0
0

−2]
41.	 [

5
0
0
0

8
0
0
0

−4
6
2
0

2
0
2

−1
]	 42.	 [

4
−1

3
−8

0
1
2

5
7

0
0
3
0

0
0
0

−2
]

True or False?  In Exercises 43 and 44, determine 
whether each statement is true or false. If a statement 
is true, give a reason or cite an appropriate statement 
from the text. If a statement is false, provide an example 
that shows the statement is not true in all cases or cite an 
appropriate statement from the text.

43.	 (a)	� The determinant of a 2 × 2 matrix A is 
a21a12 − a11a22.

	 (b)	� The determinant of a matrix of order 1 is the entry 
of the matrix.

	 (c)	� The ij-cofactor of a square matrix A is the matrix 
obtained by deleting the ith row and jth column of A.

44. (a) �To find the determinant of a triangular matrix, add 
the entries on the main diagonal.

	 (b) �To find the determinant of a matrix, expand by 
cofactors in any row or column.

	 (c) �When expanding by cofactors, you need not  
evaluate the cofactors of zero entries.

Solving an Equation  In Exercises 45–48, solve for x.

45.	 ∣x + 3
1

2
x + 2∣ = 0	 46.  ∣x − 6

−2
3

x + 1∣ = 0

47.	 ∣x − 1
3

2
x − 2∣ = 0	 48.  ∣x + 3

−4
1

x − 1∣ = 0

Solving an Equation  In Exercises 49–52, find the  
values of λ for which the determinant is zero.

49.	 ∣λ + 2
1

2
λ∣	 50.	 ∣λ − 5

1
3

λ − 5∣
51.	 ∣λ      

0      
0      

2
      λ + 1

  1

0
2
λ∣	 52.	 ∣λ02 0

λ
2

1
3

λ − 2∣
53.	 Show that the system of linear equations

a11x1

a21x1

+
+

a12x2

a22x2

=
=

b1

b2

	 has the solution

x1 =
b1a22 − b2a12

a11a22 − a21a12
  and  x2 =

b2a11 − b1a21

a11a22 − a21a12

	 when a11a22 − a21a12 ≠ 0.

54.	 �CAPSTONE  For an n × n matrix A, explain 
how to find each value.

(a)  The minor Mij of the entry aij

(b)  The cofactor Cij of the entry aij

(c)  The determinant of A

Entries Involving Expressions  In Exercises 55–62, 
evaluate the determinant, in which the entries are  
functions. Determinants of this type occur when changes 
of variables are made in calculus.

55.	 ∣ 6u
−1

−1
3v∣	 56.  ∣3x2

1
−3y2

1∣
57.	 ∣ e2x

2e2x

e3x

3e3x∣	 58.  ∣ e−x

−e−x

xe−x

(1 − x)e−x∣
59.	 ∣x

1
ln x
1�x∣	 60.  ∣x

1
x ln x

1 + ln x∣
61.	 ∣cos θ

sin θ
0

−r sin θ 
r cos θ 

0 

0
0
1∣	 62.  ∣ 1 − v

v(1 − w)
vw

−u
u(1 − w)

uw

0
−uv

uv∣
Verifying an Equation  In Exercises 63–68, evaluate 
the determinants to verify the equation.

63.	 ∣wy x
z∣ = −∣ y

w
z
x∣

64.	 ∣wy cx
cz∣ = c∣wy x

z∣
65.	 ∣wy x

z∣ = ∣wy x + cw
z + cy∣

66.	 ∣ w
cw

x
cx∣ = 0

67.	 ∣111 x
y
z

x2

y2

z2∣ = (y − x)(z − x)(z − y)

68.	 ∣ 1
a

a3

1
b

b3

1
c

c3∣ = (a − b)(b − c)(c − a)(a + b + c)

69.	 You are given the equation

∣ x
−1

0

0
x

−1

c
b
a∣ = ax2 + bx + c.

	 (a)  Verify the equation.

	 (b) � Use the equation as a model to find a determinant 
that is equal to ax3 + bx2 + cx + d.

70.	� The determinant of a 2 × 2 matrix involves two  
products. The determinant of a 3 × 3 matrix involves 
six triple products. Show that the determinant of a  
4 × 4 matrix involves 24 quadruple products.
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3.2	 Determinants and Elementary Operations

	 Use elementary row operations to evaluate a determinant.

	 Use elementary column operations to evaluate a determinant.

	 Recognize conditions that yield zero determinants.

Determinants and Elementary Row Operations

Which of the determinants below is easier to evaluate?

∣A∣ = ∣ 1
4

−2
3

−2
−6

4
−6

3
3

−9
9

1
2

−3
2∣  or  ∣B∣ = ∣1000 −2

2
0
0

3
−9
−3

0

1
−2
−1
−1∣

Given what you know about the determinant of a triangular matrix, it should be clear 
that the second determinant is much easier to evaluate. Its determinant is simply the 
product of the entries on the main diagonal. That is, ∣B∣ = (1)(2)(−3)(−1) = 6. 
Using expansion by cofactors (the only technique discussed so far) to evaluate the first  
determinant is messy. For example, when you expand by cofactors in the first row, you have

∣A∣ = 1∣−6
4

−6

3
−9

9

2
−3

2∣ + 2∣ 4
−2

3

3
−9

9

2
−3

2∣ + 3∣ 4
−2

3

−6
4

−6

2
−3

2∣ − 1∣ 4
−2

3

−6
4

−6

3
−9

9∣.
Evaluating the determinants of these four 3 × 3 matrices produces

∣A∣ = (1)(−60) + (2)(39) + (3)(−10) − (1)(−18) = 6.

Note that ∣A∣ and ∣B∣ have the same value. Also note that you can obtain matrix B from 
matrix A by adding multiples of the first row to the second, third, and fourth rows. 
(Verify this.) In this section, you will see the effects of elementary row (and column) 
operations on the value of a determinant.

	�T he Effects of Elementary Row  
Operations on a Determinant

a.  The matrix B is obtained from A by interchanging the rows of A.

∣A∣ = ∣21 −3
4∣ = 11  and  ∣B∣ = ∣12 4

−3∣ = −11

b.  �The matrix B is obtained from A by adding −2 times the first row of A to the second 
row of A.

∣A∣ = ∣12 −3
−4∣ = 2  and  ∣B∣ = ∣10 −3

2∣ = 2

c.  The matrix B is obtained from A by multiplying the first row of A by 12.

∣A∣ = ∣ 2
−2

−8
9∣ = 2  and  ∣B∣ = ∣ 1

−2
−4

9∣ = 1	

In Example 1, notice that interchanging the two rows of A changes the sign of its 
determinant, adding −2 times the first row of A to the second row does not change its 
determinant, and multiplying the first row of A by 12 multiplies its determinant by 12. The 
next theorem generalizes these observations.
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prOOf

 The proof of the first property is below. The proofs of the other two properties are left as 
exercises. (See Exercises 47 and 48.) Assume that A and B are 2 × 2 matrices

A = [a11

a21

a12

a22
] and B = [a21

a11

a22

a12
].

Then, you have ∣A∣ = a11a22 − a21a12 and ∣B∣ = a21a12 − a11a22. So ∣B∣ = −∣A∣.
Using mathematical induction, assume the property is true for matrices of order (n − 1).
Let A be an n × n matrix such that B is obtained from A by interchanging two rows of 
A. Then, to find ∣A∣ and ∣B∣, expand in a row other than the two interchanged rows. By 
the induction assumption, the cofactors of B will be the negatives of the cofactors of A 
because the corresponding (n − 1) × (n − 1) matrices have two rows interchanged. 
Finally, ∣B∣ = −∣A∣ and the proof is complete. 

Theorem 3.3 provides a practical way to evaluate determinants. To find the 
determinant of a matrix A, you can use elementary row operations to obtain a 
triangular matrix B that is row-equivalent to A. For each step in the elimination process, use 
Theorem 3.3 to determine the effect of the elementary row operation on the determinant. 
Finally, find the determinant of B by multiplying the entries on its main diagonal. 

  finding a Determinant using 
Elementary row Operations

Find the determinant of

A = [
0
1
0

−7
2
3

14
−2
−8].

sOlutiOn

Using elementary row operations, rewrite A in triangular form as shown below.

 ∣010 −7
2
3

14
−2
−8∣ = −∣100 2

−7
3

−2
14

−8∣  Interchange the first two rows.

 = 7∣100 2
1
3

−2
−2
−8∣  Factor −7 out of the second row.

 = 7∣100 2
1
0

−2
−2
−2∣

The above matrix is triangular, so the determinant is

∣A∣ = 7(1)(1)(−2) = −14. 

tHEOrEm 3.3 Elementary row Operations and Determinants

Let A and B be square matrices.

1.  When B is obtained from A by interchanging two rows of A, det(B) = −det(A). 
2.  When B is obtained from A by adding a multiple of a row of A to another 

row of A, det(B) = det(A).
3.  When B is obtained from A by multiplying a row of A by a nonzero constant c,

det(B) = c det(A).

rEmarK
Note that the third property 
enables you to divide a row 
by the common factor. For 
example,

∣21 4
3∣ = 2∣11 2

3∣.   
Factor 2 
out of 
first row.

augustin-louis cauchy
(1789–1857)

Cauchy’s contributions to 
the study of mathematics 
were revolutionary, and
he is often credited with
bringing rigor to modern 
mathematics. For instance,
he was the first to 
rigorously define limits, 
continuity, and the 
convergence of an infinite 
series. In addition to being
known for his work in 
complex analysis, he 
contributed to the theories 
of determinants and 
differential equations. 
It is interesting to note 
that Cauchy’s work on 
determinants
preceded 
Cayley’s 
development 
of matrices.

Add −3 times the second row to the 
third row to produce a new third row.

SSPL/Getty Images
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120 Chapter 3 Determinants

DEtErminants anD ElEmEntary cOlumn OpEratiOns

Although Theorem 3.3 is stated in terms of elementary row operations, the therem 
remains valid when the word “column” replaces the word “row.” Operations 
performed on the columns (rather than on the rows) of a matrix are elementary column 
operations, and two matrices are column-equivalent when one can be obtained from 
the other by elementary column operations. Here are illustrations of the column versions
of Theorem 3.3 Properties 1 and 3.

∣240 1
0
0

−3
1
2∣ = −∣100 2

4
0

−3
1
2∣

∣ 2
4

−2

3
1
4

−5
0

−3∣ = 2∣ 1
2

−1

3
1
4

−5
0

−3∣
In evaluating a determinant, it is occasionally convenient to use elementary column 
operations, as shown in Example 3.

  finding a Determinant using Elementary 
column Operations

See LarsonLinearAlgebra.com for an interactive version of this type of example.

Find the determinant of A = [
−1

3
5

2
−6

−10

2
4

−3].

sOlutiOn

The first two columns of A are multiples of each other, so you can obtain a column of 
zeros by adding 2 times the first column to the second column, as shown below.

∣−1
3
5

2
−6

−10

2
4

−3∣ = ∣−1
3
5

0
0
0

2
4

−3∣
At this point, you do not need to rewrite the matrix in triangular form, because there is 
an entire column of zeros. Simply conclude that the determinant is zero. The validity 
of this conclusion follows from Theorem 3.1. Specifically, by expanding by cofactors 
in the second column, you have

∣A∣ = (0)C12 + (0)C22 + (0)C32 = 0. 

Interchange the first two columns.

Factor 2 out of the first column.

iStockphoto.com/jirkaejc

linEar
alGEBra
appliED

In a Sudoku puzzle, the object is to fill out a partially 
completed 9 × 9 grid of boxes with numbers from 1 to 9 
so that each column, row, and 3 × 3 sub-grid contains each 
number once. For a completed Sudoku grid to be valid, no 
two rows (or columns) will have the numbers in the same 
order. If this should happen, then the determinant of the 
9 × 9 matrix formed by the numbers will be zero. This is a 
direct result of condition 2 of Theorem 3.4 on the next page. 
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The third column is a 
multiple of the first column.

The first and third 
rows are the same.

The first row 
has all zeros.

Matrices and Zero Determinants

Example 3 shows that when two columns of a matrix are scalar multiples of each  
other, the determinant of the matrix is zero. This is one of three conditions that yield  
a determinant of zero.

THEOREM 3.4 C onditions That Yield a Zero Determinant

If A is a square matrix and any one of the conditions below is true, then det(A) = 0.

1.  An entire row (or an entire column) consists of zeros.
2.  Two rows (or columns) are equal.
3.  One row (or column) is a multiple of another row (or column).

proof

�Verify each part of this theorem by using elementary row operations and expansion by 
cofactors. For instance, if an entire row or column consists of zeros, then each cofactor 
in the expansion is multiplied by zero. When condition 2 or 3 is true, use elementary
row or column operations to create an entire row or column of zeros.	

Recognizing the conditions listed in Theorem 3.4 can make evaluating a  
determinant much easier. For example,

∣023 0
4

−5

0
−5

2∣ = 0,  ∣101 −2
1

−2

4
2
4∣ = 0,  ∣ 1

2
−2

2
−1

0

−3
−6

6∣ = 0.

Do not conclude, however, that Theorem 3.4 gives the only conditions that produce 
a zero determinant. This theorem is often used indirectly. That is, you may begin with a 
matrix that does not satisfy any of the conditions of Theorem 3.4 and, through elementary 
row or column operations, obtain a matrix that does satisfy one of the conditions. 
Example 4 demonstrates this.

	A  Matrix with a Zero Determinant

Find the determinant of

A = [
1
2
0

4
−1
18

1
0
4].

solution

Adding −2 times the first row to the second row produces

 ∣A∣ = ∣ 1
2 + (−2)(1)

0

4
−1 + (−2)(4)

18

1
0 + (−2)(1)

4∣
 = ∣100 4

−9
18

1
−2

4∣.
The second and third rows are multiples of each other, so the determinant is zero.	
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In Example 4, you could have obtained a matrix with a row of all zeros by  
performing an additional elementary row operation (adding 2 times the second row 
to the third row). This is true in general. That is, a square matrix has a determinant of  
zero if and only if it is row- (or column-) equivalent to a matrix that has at least one 
row (or column) consisting entirely of zeros.

You have now studied two methods for evaluating determinants. Of these, the 
method of using elementary row operations to reduce the matrix to triangular form is 
usually faster than cofactor expansion along a row or column. If the matrix is large, 
then the number of arithmetic operations needed for cofactor expansion can become 
extremely large. For this reason, most computer and calculator algorithms use the 
method involving elementary row operations. The table below shows the maximum 
numbers of additions (plus subtractions) and multiplications (plus divisions) needed for 
each of these two methods for matrices of orders 3, 5, and 10. (Verify this.)

Cofactor Expansion Row Reduction

Order n Additions Multiplications Additions Multiplications

3 5 9 8 10

5 119 205 40 44

10 3,628,799 6,235,300 330 339

In fact, the maximum number of additions alone for the cofactor expansion of 
an n × n matrix is n! − 1. The factorial 30! is approximately equal to 2.65 × 1032, 
so even a relatively small 30 × 30 matrix could require an extremely large number of 
operations. If a computer could do one trillion operations per second, it could still take 
more than 22 trillion years to compute the determinant of this matrix using cofactor 
expansion. Yet, row reduction would take only a fraction of a second.

When evaluating a determinant by hand, you sometimes save steps by using 
elementary row (or column) operations to create a row (or column) having zeros in all 
but one position and then using cofactor expansion to reduce the order of the matrix  
by 1. The next two examples illustrate this approach.

	F inding a Determinant 

Find the determinant of

A = [
−3

2
−3

5
−4

0

2
−1

6].

solution

�Notice that the matrix A already has one zero in the third row. Create another zero in 
the third row by adding 2 times the first column to the third column, as shown below.

∣A∣ = ∣−3
2

−3

5
−4

0

2
−1

6∣ = ∣−3
2

−3

5
−4

0

−4
3
0∣

Expanding by cofactors in the third row produces

∣A∣ = ∣−3
2

−3

5
−4

0

−4
3
0∣ = −3(−1)4∣ 5

−4
−4

3∣ = −3(1)(−1) = 3.	
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Finding a Determinant 

Find the determinant of

A = [
2

−2
1
3
1

0
1
0

−1
1

1
3

−1
2
3

3
2
2
4
2

−2
−1

3
−3

0
].

solution

The second column of this matrix already has two zeros, so choose it for cofactor 
expansion. Create two additional zeros in the second column by adding the second row 
to the fourth row, and then adding −1 times the second row to the fifth row.

 ∣A∣ = ∣ 2
−2

1
3
1

0
1
0

−1
1

1
3

−1
2
3

3
2
2
4
2

−2
−1

3
−3

0∣
 = ∣ 2

−2
1
1
3

0
1
0
0
0

1
3

−1
5
0

3
2
2
6
0

−2
−1

3
−4

1∣
 = (1)(−1)4∣2113 1

−1
5
0

3
2
6
0

−2
3

−4
1∣

You have now reduced the problem of finding the determinant of a 5 × 5 matrix to the 
problem of finding the determinant of a 4 × 4 matrix. The fourth row already has two 
zeros, so choose it for the next cofactor expansion. Add −3 times the fourth column 
to the first column.

 ∣A∣ = ∣2113 1
−1

5
0

3
2
6
0

−2
3

−4
1∣ = ∣ 8

−8
13
0

1
−1

5
0

3
2
6
0

−2
3

−4
1∣

 = (1)(−1)8∣ 8
−8
13

1
−1

5

3
2
6∣

Add the second row to the first row and then expand by cofactors in the first row.

 ∣A∣ = ∣ 8
−8
13

1
−1

5

3
2
6∣ = ∣ 0

−8
13

0
−1

5

5
2
6∣

 = 5(−1)4∣−8
13

−1
5∣

 = 5(1)(−27)
 = −135 	
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3.2  Exercises    See CalcChat.com for worked-out solutions to odd-numbered exercises.

Properties of Determinants  In Exercises 1–20,  
determine which property of determinants the equation 
illustrates.

  1.	 ∣21 −6
−3∣ = 0	   2.	 ∣−4

12
5

−15∣ = 0

  3.	 ∣105 4
0
6

2
0

−7∣ = 0	   4.	 ∣−3
6

−3

2
0
2

1
0
1∣ = 0

  5.	 ∣ 1
−7

6

3
2
1

4
−5

2∣ = −∣ 1
−7

6

4
−5

2

3
2
1∣

  6.	 ∣ 1
−2

1
0

3
2
6
5

4
0
2
3

−5
1

−7
8∣ = ∣ 1

−2
1
0

6
2
3
5

2
0
4
3

−7
1

−5
8∣

  7.	 ∣52 10
−7∣ = 5∣12 2

−7∣
  8.	 ∣93 1

12∣ = 3∣31 1
12∣

  9.	 ∣137 8
−12

4

−3
6
9∣ = 12∣137 2

−3
1

−1
2
3∣

10.	 ∣145 2
−8

4

3
6

12∣ = 6∣145 1
−4

2

1
2
4∣

11.	 ∣−10
35
0

5
−20

15

5
25
30∣ = 53∣−2

7
0

1
−4

3

1
5
6∣

12.	 ∣6000 0
6
0
0

0
0
6
0

0
0
0
6∣ = 64∣1000 0

1
0
0

0
0
1
0

0
0
0
1∣

13.	 ∣28 −3
7∣ = ∣20 −3

19∣
14.	 ∣20 1

−1∣ = ∣24 1
1∣

15.	 ∣ 1
5

−1

−3
2
0

2
−1

6∣ = ∣ 1
0

−1

−3
17
0

2
−11

6∣
16.	 ∣ 3

−2
5
4

2
1

−7
−1

4
5

−20
13

11
6

15
12∣ = ∣ 3

−2
5
4

2
1

−7
−1

−6
0

15
8

11
6

15
12∣

17.	 ∣547 4
−3

6

2
4
3∣ = −∣ 5

−4
7

4
3
6

2
−4

3∣
18.	 ∣ 3

−1
4

2
0
2

−2
3
0∣ = −∣ 3

4
−1

2
2
0

−2
0
3∣

19.	 ∣ 2
1
3
0

−1

1
0
6
4
8

−1
1
1
0
5

0
3

−3
2
3

4
2
6
0
2∣ = 0

20.	 ∣4
9
3
5
6

3
−1

4
2
0

1
2
6
0
3

9
3
9
6
0

9
−3
12
6
0∣ = 0

Finding a Determinant  In Exercises 21–24, use either 
elementary row or column operations, or cofactor 
expansion, to find the determinant by hand. Then use 
a software program or a graphing utility to verify  
your answer.

21.	 ∣ 1
−1

2

0
1
0

2
4
3∣	 22.	 ∣−1

0
1

3
2
1

2
0

−1∣
23.	 ∣ 5

1
2

−1

1
0
0
0

0
−1

1
3

1
−1

2
1∣	 24.	 ∣ 3

−1
4
3

2
0
1
1

1
2

−1
1

1
0
0
0∣

Finding a Determinant  In Exercises 25–36, use  
elementary row or column operations to find the  
determinant.

25.  ∣114 7
3
8

−3
1
1∣	 26.  ∣121 1

−1
−2

1
−2
−1∣

27.  ∣ 2
1

−6

−1
3
3

−1
2
3∣	 28.  ∣321 0

−3
−2

6
4
2∣

29.  ∣ 3
7

−1

2
5
2

−3
1
6∣	 30.  ∣306 8

−5
1

−7
4
6∣

31.  ∣4630 −7
2
6
7

9
7

−3
4

1
0
3

−1∣	 32.  ∣9247 −4
7
1
3

2
6

−2
4

5
−5

0
10∣
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33.	 ∣1334 −2
−4

6
5

7
5
1
3

9
5

−1
2∣

34.	 ∣ 0
9

−5
−8

−4
2
7
0

9
−2

0
0

3
7

11
16∣

35.	 ∣1
2
2
0
0

−1
6
0
2
1

8
0
2
8
1

4
−4

6
0
2

2
3
2
0
2∣

36.	 ∣ 3
−1

5
4
1

−2
0

−1
7
2

4
2
0

−8
3

3
1
3
0
0

1
0
2
0
2∣

True or False?  In Exercises 37 and 38, determine 
whether each statement is true or false. If a statement 
is true, give a reason or cite an appropriate statement 
from the text. If a statement is false, provide an example 
that shows the statement is not true in all cases or cite an 
appropriate statement from the text.

37.	 (a) � Interchanging two rows of a square matrix changes 
the sign of its determinant.

	 (b) � Multiplying a column of a square matrix by a 
nonzero constant results in the determinant being 
multiplied by the same nonzero constant.

	 (c) � If two rows of a square matrix are equal, then its 
determinant is 0.

38.	 (a) � Adding a multiple of one column of a square matrix  
to another column changes only the sign of the 
determinant.

	 (b) � Two matrices are column-equivalent when one 
matrix can be obtained by performing elementary 
column operations on the other.

	 (c) � If one row of a square matrix is a multiple of another 
row, then the determinant is 0.

Finding the Determinant of an Elementary Matrix  In 
Exercises 39–42, find the determinant of the  
elementary matrix. (Assume k ≠ 0.)

39.	 [
1
0
0

0
k
0

0
0
1]	 40.	 [

0
0
1

0
1
0

1
0
0]

41.	 [
1
k
0

0
1
0

0
0
1]	 42.	 [

1
0
0

0
1
k

0
0
1]

43.	 Proof  Prove the property.

   ∣a11

a21

a31

a12

a22

a32

a13

a23

a33∣ + ∣b11

b21

b31

a12

a22

a32

a13

a23

a33∣ = ∣(a11 + b11)
(a21 + b21)
(a31 + b31)

a12  a13

a22  a23

a32  a33∣
44.	 Proof  Prove the property.

∣1 + a
1
1

1
1 + b

1

1
1

1 + c∣ = abc(1 +
1
a

+
1
b

+
1
c),

a ≠ 0,  b ≠ 0,  c ≠ 0

45.	 Find each determinant.

	 (a)  ∣ cos θ
−sin θ

sin θ
cos θ∣	 (b)  ∣sin θ

1
1

sin θ∣
46.	 �CAPSTONE  Evaluate each determinant 

when a = 1, b = 4, and c = −3.

	 (a)  ∣0a0 b
0
0

0
0
c∣	 (b)  ∣a0b 0

c
0

1
0

−16∣
47.	 �Guided Proof  Prove Property 2 of Theorem 3.3: 

When B is obtained from A by adding a multiple of a 
row of A to another row of A, det(B) = det(A).

	� Getting Started:  To prove that the determinant of B is 
equal to the determinant of A, you need to show that 
their respective cofactor expansions are equal.

	 (i)	� Begin by letting B be the matrix obtained by adding 
c times the jth row of A to the ith row of A.

	 (ii)	� Find the determinant of B by expanding in this  
ith row.

	 (iii)	� Distribute and then group the terms containing  
a coefficient of c and those not containing a  
coefficient of c.

	 (iv)	� Show that the sum of the terms not containing a 
coefficient of c is the determinant of A, and the 
sum of the terms containing a coefficient of c is 
equal to 0.

48.  �Guided Proof  Prove Property 3 of Theorem 3.3: 
When B is obtained from A by multiplying a row of A 
by a nonzero constant c, det(B) = c det(A).

	� Getting Started:  To prove that the determinant of B is 
equal to c times the determinant of A, you need to show 
that the determinant of B is equal to c times the cofactor 
expansion of the determinant of A.

	 (i)	� Begin by letting B be the matrix obtained by  
multiplying c times the ith row of A.

	 (ii)	� Find the determinant of B by expanding in this  
ith row.

	 (iii)	 Factor out the common factor c.

	 (iv)	 Show that the result is c times the determinant of A.
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3.3	 Properties of Determinants

	 �Find the determinant of a matrix product and a scalar multiple of  
a matrix.

	 �Find the determinant of an inverse matrix and recognize equivalent 
conditions for a nonsingular matrix.

	 Find the determinant of the transpose of a matrix.

Matrix Products and Scalar Multiples

In this section, you will learn several important properties of determinants. You will 
begin by considering the determinant of the product of two matrices.

	T he Determinant of a Matrix Product

Find ∣A∣, ∣B∣, and ∣AB∣ for the matrices

A = [
1
0
1

−2
3
0

2
2
1]    and    B = [

2
0
3

0
−1

1

1
−2
−2].

solution

∣A∣ and ∣B∣ have the values

∣A∣ = ∣101 −2
3
0

2
2
1∣ = −7    and    ∣B∣ = ∣203 0

−1
1

1
−2
−2∣ = 11.

The matrix product AB is

AB = [
1
0
1

−2
3
0

2
2
1] [

2
0
3

0
−1

1

1
−2
−2] = [

8
6
5

4
−1

1

1
−10
−1].

Finally,

∣AB∣ = ∣865 4
−1

1

1
−10
−1∣ = −77.	

In Example 1, note that ∣AB∣ = ∣A∣∣B∣, or −77 = (−7)(11). This is true in general.

proof

To begin, observe that if E is an elementary matrix, then, by Theorem 3.3, the next three 
statements are true. If you obtain E from I by interchanging two rows, then ∣E∣ = −1. 
If you obtain E by multiplying a row of I by a nonzero constant c, then ∣E∣ = c.  
If you obtain E by adding a multiple of one row of I to another row of I, then ∣E∣ = 1. 
Additionally, by Theorem 2.12, if E results from performing an elementary row  
operation on I and the same elementary row operation is performed on B, then the 
matrix EB results. It follows that ∣EB∣ = ∣E∣ ∣B∣.

THEOREM 3.5    Determinant of a Matrix Product

If A and B are square matrices of order n, then det(AB) = det(A) det(B).

REMARK
Theorem 3.5 can be extended 
to include the product of any 
finite number of matrices.  
That is,

∣A1A2A3 .  .  . Ak∣
= ∣A1∣∣A2∣∣A3∣ .  .  . ∣Ak∣.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



	 3.3  Properties of Determinants� 127

This can be generalized to conclude that ∣Ek .  .  . E2E1B∣ = ∣Ek∣ .  .  . ∣E2∣∣E1∣∣B∣, 
where Ei is an elementary matrix. Now consider the matrix AB. If A is nonsingular, 
then, by Theorem 2.14, it can be written as the product A = Ek .  .  . E2E1, and

 ∣AB∣ = ∣Ek .  .  . E2E1B∣
 = ∣Ek∣ .  .  . ∣E2∣∣E1∣∣B∣
 = ∣Ek .  .  . E2E1∣∣B∣
 = ∣A∣∣B∣.

If A is singular, then A is row-equivalent to a matrix with an entire row of zeros. 
From Theorem 3.4, ∣A∣ = 0. Moreover, it follows that AB is also singular. (If AB were  
nonsingular, then A[B(AB)−1] = I would imply that A is nonsingular.) So, ∣AB∣ = 0,
and you can conclude that ∣AB∣ = ∣A∣∣B∣.	

The next theorem shows the relationship between ∣A∣ and ∣cA∣.

proof

This formula can be proven by repeated applications of Property 3 of Theorem 3.3. 
Factor the scalar c out of each of the n rows of ∣cA∣ to obtain ∣cA∣ = cn∣A∣.	

	�T he Determinant of a Scalar  
Multiple of a Matrix

Find the determinant of the matrix.

A = [
10 
30 

−20 

−20
0

−30

40
50
10]

solution

A = 10[
1
3

−2

−2
0

−3

4
5
1]    and    ∣ 1

3
−2

−2
0

−3

4
5
1∣ = 5

so apply Theorem 3.6 to conclude that

∣A∣ = 103∣ 1
3

−2

−2
0

−3

4
5
1∣ = 1000(5) = 5000.	

Theorems 3.5 and 3.6 give formulas for the determinants of the product of two 
matrices and a scalar multiple of a matrix. These theorems do not, however, give a  
formula for the determinant of the sum of two matrices. The sum of the determinants 
of two matrices usually does not equal the determinant of their sum. That is, in general, 

∣A∣ + ∣B∣ ≠ ∣A + B∣. For example, if

A = [6
2

2
1]    and    B = [3

0
7

−1]
then ∣A∣ = 2 and ∣B∣ = −3, but A + B = [9

2
9
0] and ∣A + B∣ = −18.

THEOREM 3.6    Determinant of a Scalar Multiple of a Matrix

If A is a square matrix of order n and c is a scalar, then the determinant of cA is 

det(cA) = cn det(A).
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128 Chapter 3 Determinants

DeterMinants anD tHe inVerse of a Matrix

It can be difficult to tell simply by inspection whether a matrix has an inverse. Can you 
tell which of the matrices below is invertible?

A = [
0
3
3

2
−2

2

−1
1

−1]  or  B = [
0
3
3

2
−2

2

−1
1
1]

The next theorem suggests that determinants are useful for classifying square matrices 
as invertible or noninvertible.

Proof

To prove the theorem in one direction, assume A is invertible. Then AA−1 = I, and 
by Theorem 3.5 you can write ∣A∣∣A−1∣ = ∣I∣. Now, ∣I∣ = 1, so you know that neither 
determinant on the left is zero. Specifically, ∣A∣ ≠ 0.

To prove the theorem in the other direction, assume the determinant of A is nonzero. 
Then, using Gauss-Jordan elimination, find a matrix B, in reduced row-echelon form, 
that is row-equivalent to A. The matrix B must be the identity matrix I or it must have 
at least one row that consists entirely of zeros, because B is in reduced row-echelon 
form. But if B has a row of all zeros, then by Theorem 3.4 you know that ∣B∣ = 0,
which would imply that ∣A∣ = 0. You assumed that ∣A∣ is nonzero, so you can conclude 
that B = I. The matrix A is, therefore, row-equivalent to the identity matrix, and by 
Theorem 2.15 you know that A is invertible. 

  classifying square Matrices
as singular or nonsingular

Determine whether each matrix has an inverse.

a. [
0
3
3

2
−2

2

−1
1

−1] b. [
0
3
3

2
−2

2

−1
1
1]

solution

a. ∣033 2
−2

2

−1
1

−1∣ = 0

 so this matrix has no inverse (it is singular).

b. ∣033 2
−2

2

−1
1
1∣ = −12 ≠ 0

 so this matrix has an inverse (it is nonsingular). 

The next theorem provides a way to find the determinant of an inverse matrix.

tHeoreM 3.7  Determinant of an invertible Matrix

A square matrix A is invertible (nonsingular) if and only if det(A) ≠ 0.

tHeoreM 3.8  Determinant of an inverse Matrix

If A is an n × n invertible matrix, then det(A−1) =
1

det(A).

DISCOVERY
Let 

A = [
6
0
1

4
2
1

1
3
2].

1.  Use a software 
program or a 
graphing utility 
to find A−1.

2.  Compare det(A−1) with 
det(A).

3.  Make a conjecture 
about the determinant 
of the inverse of 
a matrix.
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proof

The matrix A is invertible, so AA−1 = I, and using Theorem 3.5, ∣A∣∣A−1∣ = ∣I∣ = 1. 
By Theorem 3.7, you know that ∣A∣ ≠ 0, so you can divide each side by ∣A∣ to obtain

∣A−1∣ =
1

∣A∣.	

	T he Determinant of the Inverse of a Matrix

Find ∣A−1∣ for the matrix

A = [
1
0
2

0
−1

1

3
2
0].

solution

One way to solve this problem is to find A−1 and then evaluate its determinant. It is  
easier, however, to apply Theorem 3.8, as shown below. Find the determinant of A,

∣A∣ = ∣102 0
−1

1

3
2
0∣ = 4

and then use the formula ∣A−1∣ = 1�∣A∣ to conclude that ∣A−1∣ = 1
4. 	

Note that Theorem 3.7 provides another equivalent condition that can be added to 
the list in Theorem 2.15, as shown below.

	S ystems of Linear Equations

Which of the systems has a unique solution?

a.
 

2x2

3x1 − 2x2

3x1 + 2x2

− x3 =
+ x3 =
− x3 =

−1
4

−4
	

b.
  3x1 −
3x1 +

2x2 − x3 =
2x2 + x3 =
2x2 + x3 =

−1
4

−4

solution

From Example 3, you know that the coefficient matrices for these two systems have the 
determinants shown below.

a.  ∣033 2
−2

2

−1
1

−1∣ = 0	 b.  ∣033 2
−2

2

−1
1
1∣ = −12

Using the preceding list of equivalent conditions, you can conclude that only the 
second system has a unique solution.	

Equivalent Conditions for a Nonsingular Matrix

If A is an n × n matrix, then the statements below are equivalent.

1.  A is invertible.
2.  Ax = b has a unique solution for every n × 1 column matrix b.
3.  Ax = O has only the trivial solution.
4.  A is row-equivalent to In.
5.  A can be written as the product of elementary matrices.
6.  det(A) ≠ 0

REMARK
The inverse of A is

A−1 = [
−1

2

1
1
2

3
4

−3
2

−1
4

3
4

−1
2

−1
4
].

Evaluate the determinant  
of this matrix directly. Then 
compare your answer with  
that obtained in Example 4.

REMARK
In Section 3.2, you saw that  
a square matrix A has a  
determinant of zero when A is 
row-equivalent to a matrix that 
has at least one row consisting 
entirely of zeros. The validity 
of this statement follows from 
the equivalence of Statements 
4 and 6.
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DeterMinants anD tHe transPose of a Matrix

The next theorem tells you that the determinant of the transpose of a square matrix 
is equal to the determinant of the original matrix. This theorem can be proven using 
mathematical induction and Theorem 3.1, which states that a determinant can be 
evaluated using cofactor expansion in a row or a column. The details of the proof are 
left to you. (See Exercise 66.)

 the Determinant of a transpose

See LarsonLinearAlgebra.com for an interactive version of this type of example.

Show that ∣A∣ = ∣AT∣ for the matrix below.

A = [
3
2

−4

1
0

−1

−2
0
5]

solution

To find the determinant of A, expand by cofactors in the second row to obtain

 ∣A∣ = 2(−1)3∣ 1
−1

−2
5∣

 = (2)(−1)(3)
 = −6.

To find the determinant of

AT = [
3
1

−2

2
0
0

−4
−1

5]
expand by cofactors in the second column to obtain

 ∣AT∣ = 2(−1)3∣ 1
−2

−1
5∣

 = (2)(−1)(3)

 = −6. 

tHeoreM 3.9  Determinant of a transpose

If A is a square matrix, then

det(A) = det(AT ).

William Perugini/Shutterstock.com 

linear
alGeBra
aPPlieD

Systems of linear differential equations often arise in 
engineering and control theory. For a function f (t) that is 
defined for all positive values of t, the laplace transform 
of f (t) is

F(s) = ∫∞

0
e−stf (t)dt

provided that the improper integral exists. Laplace 
transforms and Cramer’s Rule, which uses determinants 
to solve a system of linear equations, can sometimes be 
used to solve a system of differential equations. You will 
study Cramer’s Rule in the next section.
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3.3  Exercises    See CalcChat.com for worked-out solutions to odd-numbered exercises.

The Determinant of a Matrix Product  In Exercises 
1–6, find (a) ∣A∣, (b) ∣B∣, (c) AB, and (d) ∣AB∣. Then 
verify that ∣A∣∣B∣ = ∣AB∣.
  1.	 A = [−2

4
1

−2],    B = [1
0

1
−1]

  2.	 A = [3
4

4
3],    B = [2

5
−1

0]

  3.	 A = [
−1

1
0

2
0
1

1
1
0],    B = [

−1
0
0

0
2
0

0
0
3]

  4.	 A = [
2
1
3

0
−1

1

1
2
0],    B = [

2
0
3

−1
1

−2

4
3
1]

  5.	 A = [
2
1
2
1

0
−1

3
2

1
0
1
3

1
1
0
0
],    B = [

1
2
1
3

0
1
1
2

−1
0

−1
1

1
2
0
0
]

  6.	 A = [
2
1
0
1

4
−2

0
−1

7
1
2
1

0
1
1
0
],

	 B = [
6

−1
0
0

1
2
0
0

−1
1
1
0

0
1
2

−1
]

The Determinant of a Scalar Multiple of a Matrix 
In Exercises 7–14, use the fact that ∣cA∣ = cn∣A∣ to  
evaluate the determinant of the n × n matrix.

  7.	 A = [ 5
10

15
−20]	   8.	 A = [21

28
7

−56]

  9.	 A = [
−3

6
9

6
9

12

9
12
15]	 10.  A = [

4
12
16

16
−8
20

0
8

−4]
11.	 A = [

2
−4

6

−4
6

−8

6
−8
10]	 12.  A = [

40
30
15

25
5

35

10
20
45]

13.	 A = [
5
0

−10
0

0
5
0

−20

−15
0
5
0

0
0
0
5
]

14.	 A = [
0

−16
8

−8

16
8

−24
32

−8
−8

8
0

−32
16

−8
32

]

The Determinant of a Matrix Sum  In Exercises 15–18,  
find (a) ∣A∣, (b) ∣B∣, (c) A + B, and (d) ∣A + B∣. Then 
verify that ∣A∣ + ∣B∣ ≠ ∣A + B∣.
15.	 A = [−1

2
1
0],    B = [ 1

−2
−1

0]
16.	 A = [1

1
−2

0],    B = [3
0

−2
0]

17.	 A = [
−1

0
1

1
1
1

2
1

−1],    B = [
1

−1
0

0
1
1

1
2
2]

18.	 A = [
0
1
2

1
−1

1

2
0
1],    B = [

0
2
0

1
1
1

−1
1
1]

Classifying Matrices as Singular or Nonsingular 
In Exercises 19–24, use a determinant to decide whether 
the matrix is singular or nonsingular.

19.	 [ 5
10

4
8]	 20.	 [3

4
−6

2]

21.	 [
1
2
2
3

1

3
2

−1
3

1

2

0

1
]	 22.	 [

14
−15

1

5 
 0 

−5 

7
3

−10]
23.	 [

1
0
0
0

0
8
0
0

−8
−1

0
0

2
10
1
2
]	 24.	 [

0.8
−1.2

0.7
0.2

0.2
0.6

−0.3
−0.3

−0.6
0.6
0.1
0.6

0.1  
0  
0  
0  
]

The Determinant of the Inverse of a Matrix 
In Exercises 25–30, find ∣A−1∣. Begin by finding A−1, 
and then evaluate its determinant. Verify your result  
by finding ∣A∣ and then applying the formula from 

Theorem 3.8, ∣A−1∣ =
1

∣A∣.

25.	 A = [2
1

3
4]	 26.	 A = [1

2
−2

2]

27.	 A = [
2
1
3

−2
−1

0

3
2
3]	 28.	 A = [

1
2
1

0
−1
−2

1
2
3]

29.	 A = [
1
1
2
1

0
0
0

−3

−1
3
2
1

3
−2
−1

2
]

30.	 A = [
0
1
0
1

1
−2

0
−2

0
−3

2
−4

3
1

−2
1
]
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132	 Chapter 3  Determinants

System of Linear Equations  In Exercises 31–36, use the  
determinant of the coefficient matrix to determine whether  
the system of linear equations has a unique solution.

31.
	

x1 −
2x1 +

3x2 = 2
x2 = 1

	
32.

	
3x1 −
2
3x1 −

4x2 = 2
8
9x2 = 1

33.
	

x1 −
2x1 −
3x1 −

x2 +
x2 +

2x2 +

x3 = 4
x3 = 6

2x3 = 0

34.
	

x1 +
2x1 −
3x1 −

x2 −
x2 +

2x2 +

x3 = 4
x3 = 6

2x3 = 0

35.

	

2x1 +
x1 +

2x1 +
x1 +

x2 +
x2 −

2x2 +
5x2 −

5x3 +
3x3 −
2x3 −
6x3      

x4 =
4x4 =
3x4 =

=

5
−1

2
3

36.

	

x1 − x2 − x3 − x4 = 0
x1 + x2 − x3 − x4 = 0
x1 + x2 + x3 − x4 = 0
x1 + x2 + x3 + x4 = 6

Singular Matrices  In Exercises 37–42, find the value(s) 
of k such that A is singular.

37.	 A = [k − 1
2

3
k − 2]	 38.	 A = [k − 1

2
2

k + 2]

39.	 A = [
1
2
4

0
−1

2

3
0
k]	 40.	 A = [

1
−2

3

k
0
1

2
−k
−4]

41.	 A = [
0
k
1

k
1
k

1
k
0]	 42.	 A = [

k
−2

k

−3
k
1

−k
1
0]

Finding Determinants  In Exercises 43–50, find  
(a) ∣AT∣, (b) ∣A2∣, (c) ∣AAT∣, (d) ∣2A∣, and (e) ∣A−1∣.
43.	 A = [6

4
−11
−5]	 44.	 A = [−4

5
10
6]

45.	 A = [
5
1
0

0
−3
−1

0
0
2]	 46.	 A = [

1
0
0

5
−6

0

4
2

−3]
47.	 A = [

2
4
3

0
−1

2

5
6
1]	 48.	 A = [

4
−1
−3

1
0
3

9
−2

0]
49.	 A = [

−3
0
0
0

0
2
0
0

0
0
1
0

0
0
0
5
]

50.	 A = [
2
0
0
1

0
−3

0
0

0
0
4
0

1
0
0
1
]

Finding Determinants  In Exercises 51–56, use a  
software program or a graphing utility to find (a) ∣A∣,  
(b) ∣AT∣, (c) ∣A2∣, (d) ∣2A∣, and (e) ∣A−1∣.
51.	 A = [ 4

−1
2
5]	 52.	 A = [−2

6
4
8]

53.	 A = [
3
2

−3

1
−1

1

−2
3
2]

54.	 A = [
3
4
2
3

−1
4

2
3

1
1
3

−1
4
1
3
3
4

]
55.	 A = [

4
3
6
2

−2
8
8
3

1
2
9

−1

5
−1

2
0
]

56.	 A = [
6

−2
6
2

5
4
1
2

1
3

−4
1

−1
5

−2
3
]

57.  �Let A and B be square matrices of order 4 such that  

∣A∣ = −5 and ∣B∣ = 3. Find (a) ∣A2∣, (b) ∣B2∣, (c) ∣A3∣, 
and (d) ∣B4∣.

58.	 �CAPSTONE  Let A and B be square matrices 
of order 3 such that ∣A∣ = 4 and ∣B∣ = 5.

(a)  Find ∣AB∣.        (b)  Find ∣2A∣.
(c)  Are A and B singular or nonsingular? Explain.

(d)  If A and B are nonsingular, find ∣A−1∣ and ∣B−1∣.
(e)  Find ∣(AB)T∣.

59.  �Proof  Let A and B be n × n matrices such that 
AB = I. Prove that ∣A∣ ≠ 0 and ∣B∣ ≠ 0.

60.  �Proof  Let A and B be n × n matrices such that AB  
is singular. Prove that either A or B is singular.

61.  Find two 2 × 2 matrices such that ∣A∣ + ∣B∣ = ∣A + B∣.
62.  Verify the equation.

∣a + b
a
a

a
a + b

a

a
a

a + b∣ = b2(3a + b)

63.  �Let A be an n × n matrix in which the entries of each 
row sum to zero. Find ∣A∣.

64.  Illustrate the result of Exercise 63 with the matrix

A = [
2

−3
0

−1
1

−2

−1
2
2].
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65.  �Guided Proof  Prove that the determinant of an 
invertible matrix A is equal to ±1 when all of the entries 
of A and A−1 are integers.

	� Getting Started:  Denote det(A) as x and det(A−1) as y. 
Note that x and y are real numbers. To prove that det(A) 
is equal to ±1, you must show that both x and y are  
integers such that their product xy is equal to 1.

	 (i)	� Use the property for the determinant of a matrix 
product to show that xy = 1.

	 (ii)	� Use the definition of a determinant and the fact that 
the entries of A and A−1 are integers to show that  
both x = det(A) and y = det(A−1) are integers.

	 (iii)	� Conclude that x = det(A) must be either 1 or −1 
because these are the only integer solutions to the 
equation xy = 1.

66.  �Guided Proof  Prove Theorem 3.9:  If A is a square 
matrix, then det(A) = det(AT).

	� Getting Started:  To prove that the determinants of A 
and AT are equal, you need to show that their cofactor 
expansions are equal. The cofactors are ±  determinants 
of smaller matrices, so you need to use mathematical 
induction.

	 (i)	 Initial step for induction: If A is of order 1, then 

		  A = [a11] = AT

		  so

		  det(A) = det(AT ) = a11.

	 (ii)	� Assume the inductive hypothesis holds for all 
matrices of order n − 1. Let A be a square matrix 
of order n. Write an expression for the determinant 
of A by expanding in the first row.

	 (iii)	� Write an expression for the determinant of AT by 
expanding in the first column.

	 (iv)	� Compare the expansions in (ii) and (iii). The 
entries of the first row of A are the same as  
the entries of the first column of AT. Compare 
cofactors (these are the ±  determinants of smaller 
matrices that are transposes of one another) and 
use the inductive hypothesis to conclude that they 
are equal as well.

67.  �Writing  Let A and P be n × n matrices, where P is 
invertible. Does P−1AP = A? Illustrate your conclusion 
with appropriate examples. What can you say about the 
two determinants ∣P−1AP∣ and ∣A∣?

68.  �Writing  Let A be an n × n nonzero matrix  
satisfying A10 = O. Explain why A must be singular.  
What properties of determinants are you using in your  
argument?

69.  �Proof  A square matrix is skew-symmetric when  
AT = −A. Prove that if A is an n × n skew-symmetric 
matrix, then ∣A∣ = (−1)n∣A∣.

70.  �Proof  Let A be a skew-symmetric matrix of odd order. 
Use the result of Exercise 69 to prove that ∣A∣ = 0.

True or False?  In Exercises 71 and 72, determine 
whether each statement is true or false. If a statement is 
true, give a reason or cite an appropriate statement from 
the text. If a statement is false, provide an example that 
shows that the statement is not true in all cases or cite an 
appropriate statement from the text.

71.  (a) � If A is an n × n matrix and c is a nonzero scalar, 
then the determinant of the matrix cA is nc ∙ det(A).

	 (b) � If A is an invertible matrix, then the determinant of 
A−1 is equal to the reciprocal of the determinant of A.

	 (c) � If A is an invertible n × n matrix, then Ax = b has 
a unique solution for every b.

72.  (a) � The determinant of the sum of two matrices equals 
the sum of the determinants of the matrices.

	 (b) � If A and B are square matrices of order n, and 
det(A) = det(B), then det(AB) = det(A2).

	 (c) � If the determinant of an n × n matrix A is nonzero, 
then Ax = O has only the trivial solution.

Orthogonal Matrices  In Exercises 73–78, determine 
whether the matrix is orthogonal. An invertible square 
matrix A is orthogonal when A−1 = AT.

73.	 [0
1

1
0]	 74.	 [1

1
0
1]

75.	 [ 1
−1

−1
−1]	 76.	 [ 1�√2

−1�√2
−1�√2
−1�√2]

77.	 [
1
0
0

0
0
1

0
1
0]	 78.	 [

1�√2

0

1�√2

0    

1    

0    

−1�√2

0

1�√2
]

79.  �Proof  Prove that the n × n identity matrix is  
orthogonal.

80.  Proof  Prove that if A is an orthogonal matrix, then

∣A∣ = ±1.

Orthogonal Matrices  In Exercises 81 and 82, use a 
graphing utility to determine whether A is orthogonal. 
Then verify that ∣A∣ = ±1.

81.  A = [
3
5

0
4
5

0

1

0

−4
5

0
3
5
]	 82.  A = [

2
3
2
3
1
3

−2
3
1
3
2
3

1
3

−2
3
2
3
]

83.  �Proof  If A is an idempotent matrix (A2 = A), then 
prove that the determinant of A is either 0 or 1.

84.  �Proof  Let S be an n × n singular matrix. Prove that 
for any n × n matrix B, the matrix SB is also singular.
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134	 Chapter 3  Determinants

3.4	 Applications of Determinants

	 �Find the adjoint of a matrix and use it to find the inverse of  
the matrix.

	 �Use Cramer’s Rule to solve a system of n linear equations in  
n variables.

	 �Use determinants to find area, volume, and the equations of  
lines and planes.

The Adjoint of a Matrix

So far in this chapter, you have studied procedures for evaluating, and properties of, 
determinants. In this section, you will study an explicit formula for the inverse of a  
nonsingular matrix and use this formula to prove a theorem known as Cramer’s Rule. 
You will also use Cramer’s Rule to solve systems of linear equations, and study several 
other applications of determinants.

Recall from Section 3.1 that the cofactor Cij of a square matrix A is (−1)i+ j times 
the determinant of the matrix obtained by deleting the ith row and jth column of A. The 
matrix of cofactors of A has the form

[
C11

C21

⋮
Cn1

C12

C22

⋮
Cn2

.  .  .

.  .  .

.  .  .

C1n

C2n

⋮
Cnn

].

The transpose of this matrix is the adjoint of A and is denoted adj(A). That is,

adj(A) = [
C11

C12

⋮
C1n

C21

C22

⋮
C2n

.  .  .

.  .  .

.  .  .

Cn1

Cn2

⋮
Cnn

].

	F inding the Adjoint of a Square Matrix

Find the adjoint of A = [
−1

0
1

3
−2

0

2
1

−2].

solution

The cofactor C11 is

[
−1

0
1

3
−2

0

2
1

−2]    C11 = (−1)2∣−2
0

1
−2∣ = 4.

Continuing this process produces the matrix of cofactors of A shown below.

[
4
6
7

1
0
1

2
3
2]

The transpose of this matrix is the adjoint of A. That is, adj(A) = [
4
1
2

6
0
3

7
1
2].	
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The adjoint of a matrix A can be useful for finding the inverse of A, as shown in 
the next theorem.

THEOREM 3.10  The Inverse of a Matrix Using Its Adjoint

If A is an n × n invertible matrix, then A−1 =
1

det(A)adj(A).

proof

�Begin by proving that the product of A and its adjoint is equal to the product of the 
determinant of A and In. Consider the product

A[adj(A)] = [
a11

a21

⋮
ai1

⋮
an1

a12

a22

⋮
ai2

⋮
an2

.  .  .

.  .  .

.  .  .

.  .  .

a1n

a2n

⋮
ain

⋮
ann

][C11

C12

⋮
C1n

C21

C22

⋮
C2n

.  .  .

.  .  .

.  .  .

Cj1

Cj2

⋮
Cjn

.  .  .

.  .  .

.  .  .

Cn1

Cn2

⋮
Cnn

].

The entry in the ith row and jth column of this product is

ai1Cj1 + ai2Cj2 + .  .  . + ainCjn.

If i = j, then this sum is simply the cofactor expansion of A in its ith row, which means 
that the sum is the determinant of A. On the other hand, if i ≠ j, then the sum is zero. 
(Verify this.)

A[adj(A)] = [
det(A)

0

⋮
0

0
det(A)

⋮
0

.  .  .

.  .  .

.  .  .

0
0

⋮
det(A)

] = det(A)I

The matrix A is invertible, so det(A) ≠ 0 and you can write

1
det(A)A[adj(A)] = I  or  A[ 1

det(A)adj(A)] = I.

By Theorem 2.7 and the definition of the inverse of a matrix, it follows that

1
det(A)adj(A) = A−1.	

	�U sing the Adjoint of a Matrix  
to Find Its Inverse

Use the adjoint of A to find A−1, where A = [
−1

0
1

3
−2

0

2
1

−2].

solution

�The determinant of this matrix is 3. Using the adjoint of A (found in Example 1), the 
inverse of A is

A−1 =
1

∣A∣adj(A) = 1
3[

4
1
2

6
0
3

7
1
2] = [

4
3
1
3
2
3

2

0

1

7
3
1
3
2
3

].

Check that this matrix is the inverse of A by showing that AA−1 = I = A−1A.	

REMARK
Theorem 3.10 is not particularly 
efficient for finding the inverse 
of a matrix. The Gauss-Jordan 
elimination method discussed 
in Section 2.3 is much more  
efficient. Theorem 3.10 is 
theoretically useful, however, 
because it provides a concise 
formula for the inverse of  
a matrix.

REMARK
If A is a 2 × 2 matrix 

A = [a
c

b
d], then the adjoint 

of A is simply

adj(A) = [ d
−c

−b
a].

Moreover, if A is invertible, 
then from Theorem 3.10 you 
have

 A−1 =
1

∣A∣adj(A)

 =
1

ad − bc[
d

−c
−b

a]
which agrees with the formula 
given in Section 2.3.
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Cramer’s Rule

Cramer’s Rule, named after Gabriel Cramer (1704–1752), uses determinants to solve 
a system of n linear equations in n variables. This rule applies only to systems with 
unique solutions. To see how Cramer’s Rule works, take another look at the solution 
described at the beginning of Section 3.1. There, it was pointed out that the system

a11x1

a21x1

+
+

a12x2

a22x2

=
=

b1

b2

has the solution

x1 =
b1a22 − b2a12

a11a22 − a21a12
  and  x2 =

b2a11 − b1a21

a11a22 − a21a12

when a11a22 − a21a12 ≠ 0. A determinant can represent each numerator and denominator 
in this solution, as shown below.

x1 =
∣b1

b2

a12

a22∣
∣a11

a21

a12

a22∣,  x2 =
∣a11

a21

b1

b2∣
∣a11

a21

a12

a22∣,  a11a22 − a21a12 ≠ 0

The denominator for x1 and x2 is simply the determinant of the coefficient matrix A 
of the original system. The numerators for x1 and x2 are formed by using the column  
of constants as replacements for the coefficients of x1 and x2 in ∣A∣. These two  
determinants are denoted by ∣A1∣ and ∣A2∣, as shown below.

∣A1∣ = ∣b1

b2

a12

a22∣  and  ∣A2∣ = ∣a11

a21

b1

b2∣
You have x1 = ∣A1∣

∣A∣  and x2 = ∣A2∣
∣A∣ . This determinant form of the solution is called

Cramer’s Rule.

	 	U sing Cramer’s Rule

Use Cramer’s Rule to solve the system of linear equations.

4x1

3x1

−
−

2x2

5x2

=
=

10
11

solution

First find the determinant of the coefficient matrix.

∣A∣ = ∣43 −2
−5∣ = −14

The determinant is nonzero, so you know the system has a unique solution, and  
applying Cramer’s Rule produces

x1 = ∣A1∣
∣A∣ = ∣10

11
−2
−5∣

−14
=

−28
−14

= 2

and

x2 = ∣A2∣
∣A∣ = ∣43 10

11∣
−14

=
14

−14
= −1.

The solution is x1 = 2 and x2 = −1.	
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Cramer’s Rule generalizes to systems of n linear equations in n variables. The value 
of each variable is the quotient of two determinants. The denominator is the determinant 
of the coefficient matrix, and the numerator is the determinant of the matrix formed by 
replacing the column corresponding to the variable being solved for with the column 
representing the constants. For example, x3 in the system

a11x1

a21x1

a31x1

+
+
+

a12x2

a22x2

a32x2

+
+
+

a13x3

a23x3

a33x3

=
=
=

b1

b2

b3

 is x3 = ∣A3∣
∣A∣ = ∣a11

a21

a31

a12

a22

a32

b1

b2

b3∣
∣a11

a21

a31

a12

a22

a32

a13

a23

a33∣.
TheoreM 3.11 Cramer’s rule

If a system of n linear equations in n variables has a coefficient matrix A with a 
nonzero determinant ∣A∣, then the solution of the system is 

x1 =
det(A1)
det(A) , x2 =

det(A2)
det(A) , .  .  . , xn =

det(An)
det(A)

where the ith column of Ai is the column of constants in the system of equations.

proof

Let the system be represented by AX = B. The determinant of A is nonzero, so you 
can write 

X = A−1B =
1

∣A∣adj(A)B = [x1  x2  .  .  .  xn]T.

If the entries of B are b1, b2, .  .  . , bn, then x1 =
1

∣A∣(b1C1i + b2C2i + .  .  . + bnCni),

but the sum (in parentheses) is precisely the cofactor expansion of Ai, which means that  
xi = ∣Ai∣�∣A∣, and the proof is complete. 

 
using Cramer’s rule

See LarsonLinearAlgebra.com for an interactive version of this type of example.

Use Cramer’s Rule to solve the system of linear equations for x.

−x
2x
3x

+

−

2y

4y

−
+
+

3z
z

4z

=
=
=

1
0
2

SoluTion

The determinant of the coefficient matrix is ∣A∣ = ∣−1
2
3

2
0

−4

−3
1
4∣ = 10.

The determinant is nonzero, so you know that the solution is unique. Apply Cramer’s 
Rule to solve for x, as shown below.

x = ∣102 2
0

−4

−3
1
4∣

10
=

(1)(−1)5∣12 2
−4∣

10
=

(1)(−1)(−8)
10

= 4
5

 

reMArK
Apply Cramer’s Rule to solve 
for y  and z. You will see that 
the solution is y = −3

2 and 
z = −8

5.
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Area, Volume, and Equations of Lines and Planes

Determinants have many applications in analytic geometry. One application is in  
finding the area of a triangle in the xy-plane.

Area of a Triangle in the xy-Plane

The area of a triangle with vertices

(x1, y1), (x2, y2), and (x3, y3)

is 

Area = ±1
2 det[

x1

x2

x3

y1

y2

y3

1
1
1]

where the sign (±) is chosen to give a positive area.

proof

Prove the case for yi > 0. Assume that x1 ≤ x3 ≤ x2 and that (x3, y3) lies above the 
line segment connecting (x1, y1) and (x2, y2), as shown in Figure 3.1. Consider the three 
trapezoids whose vertices are

Trapezoid 1:  (x1, 0), (x1, y1), (x3, y3), (x3, 0)
Trapezoid 2:  (x3, 0), (x3, y3), (x2, y2), (x2, 0)
Trapezoid 3:  (x1, 0), (x1, y1), (x2, y2), (x2, 0).

The area of the triangle is equal to the sum of the areas of the first two trapezoids minus 
the area of the third trapezoid. So,

 Area = 1
2( y1 + y3)(x3 − x1) + 1

2( y3 + y2)(x2 − x3) − 1
2( y1 + y2)(x2 − x1)

 = 1
2(x1y2 + x2y3 + x3y1 − x1y3 − x2y1 − x3y2)

 = 1
2∣x1

x2

x3

y1

y2

y3

1
1
1∣.

If the vertices do not occur in the order x1 ≤ x3 ≤ x2 or if the vertex (x3, y3) is not 
above the line segment connecting the other two vertices, then the formula above  
may yield the negative of the area. So, use ±  and choose the correct sign to give a  
positive area.	

	 	F inding the Area of a Triangle

Find the area of the triangle whose vertices are 

(1, 1),  (2, 2),  and  (4, 3). 

solution

�It is not necessary to know the relative positions of the three vertices. Simply evaluate 
the determinant

1
2∣124 1

2
3

1
1
1∣ = −1

2

and conclude that the area of the triangle is 12 square unit.	

Figure 3.1

x

(x3, y3)

(x1, y1)

(x1, 0) (x3, 0) (x2, 0)

(x2, y2)

y
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If the three points in Example 5 had been on the same line, what would have  
happened when you applied the area formula? The answer is that the determinant would 
have been zero. Consider, for example, the three collinear points (0, 1), (2, 2), and 
(4, 3), as shown in Figure 3.2. The determinant that yields the area of the “triangle” that 
has these three points as vertices is

1
2∣024 1

2
3

1
1
1∣ = 0.

If three points in the xy-plane lie on the same line, then the determinant in the formula 
for the area of a triangle is zero, as generalized below.

Test for Collinear Points in the xy-Plane

Three points (x1, y1), (x2, y2), and (x3, y3) are collinear if and only if

det[
x1

x2

x3

y1

y2

y3

1
1
1] = 0.

The test for collinear points can be adapted to another use. That is, when you are 
given two points in the xy-plane, you can find an equation of the line passing through 
the two points, as shown below.

Two-Point Form of an Equation of a Line

An equation of the line passing through the distinct points (x1, y1) and (x2, y2) is

det[
x
x1

x2

    y
    y1

    y2

   1
   1
   1] = 0.

	�F inding an Equation of the Line  
Passing Through Two Points

Find an equation of the line passing through the points 

(2, 4)  and  (−1, 3).

solution

Let (x1, y1) = (2, 4) and (x2, y2) = (−1, 3). Applying the determinant formula for an 
equation of a line produces

∣ x
2

−1

y
4
3

1
1
1∣ = 0.

To evaluate this determinant, expand by cofactors in the first row.

 x∣43 1
1∣ − y∣ 2

−1
1
1∣ + 1∣ 2

−1
4
3∣ = 0

 x(1) − y(3) + 1(10) = 0

 x − 3y + 10 = 0

So, an equation of the line is x − 3y = −10.	

Figure 3.2

x
1 2 3 4

2

3

(2, 2)

(4, 3)

(0, 1)

y
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The formula for the area of a triangle in the plane has a straightforward  
generalization to three-dimensional space, which is presented below without proof.

Volume of a Tetrahedron

The volume of a tetrahedron with vertices (x1, y1, z1), (x2, y2, z2), (x3, y3, z3), and 
(x4, y4, z4) is 

Volume = ±1
6det[

x1

x2

x3

x4

y1

y2

y3

y4

z1

z2

z3

z4

1
1
1
1
]

where the sign (±) is chosen to give a positive volume.

	F inding the Volume of a Tetrahedron

Find the volume of the tetrahedron shown in Figure 3.3.

solution

Using the determinant formula for the volume of a tetrahedron produces

1
6∣0432 4

0
5
2

1
0
2
5

1
1
1
1∣ = 1

6(−72) = −12.

So, the volume of the tetrahedron is 12 cubic units.	

If four points in three-dimensional space lie in the same plane, then the determinant 
in the formula for the volume of a tetrahedron is zero. So, you have the test shown below.

Test for Coplanar Points in Space

Four points (x1, y1, z1), (x2, y2, z2), (x3, y3, z3), and (x4, y4, z4) are coplanar if and 
only if

det[
x1

x2

x3

x4

y1

y2

y3

y4

z1

z2

z3

z4

1
1
1
1
] = 0.

An adaptation of this test is the determinant form of an equation of a plane passing 
through three points in space, as shown below.

Three-Point Form of an Equation of a Plane

An equation of the plane passing through the distinct points (x1, y1, z1), (x2, y2, z2), 
and (x3, y3, z3) is

det[
x

x1

x2

x3

y
y1

y2

y3

z
z1

z2

z3

1
1
1
1
] = 0.

Figure 3.3

yx

(4, 0, 0)

(2, 2, 5)

(3, 5, 2)

(0, 4, 1)

5

55

z
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  finding an equation of the plane 
passing Through Three points

Find an equation of the plane passing through the points (0, 1, 0), (−1, 3, 2), and
(−2, 0, 1).

SoluTion

 Using the determinant form of an equation of a plane produces

∣ x
0

−1
−2

y
1
3
0

z
0
2
1

1
1
1
1∣ = 0.

To evaluate this determinant, subtract the fourth column from the second column to obtain

∣ x
0

−1
−2

y − 1
0
2

−1

z
0
2
1

1
1
1
1∣ = 0.

Expand by cofactors in the second row.

 x∣ 2
−1

2
1∣ − ( y − 1)∣−1

−2
2
1∣ + z∣−1

−2
2

−1∣ = 0

 x(4) − ( y − 1)(3) + z(5) = 0

This produces the equation 4x − 3y + 5z = −3. 

lineAr
AlGeBrA
Applied

On November 12, 2014, European Space Agency’s Rosetta 
orbiting spacecraft landed the probe Philae on the surface 
of the comet 67P/Churyumov-Gerasimenko. Comets that 
orbit the Sun, such as 67P, follow Kepler’s First Law of 
Planetary Motion. This law states that the orbit is an ellipse, 
with the sun at one focus of the ellipse. The general 
equation of a conic section, such as an ellipse, is

ax2 + bxy + cy2 + dx + ey + f = 0.

To determine the equation of the comet’s orbit, astronomers 
can find the coordinates of the comet at five different 
points (xi, yi), where i = 1, 2, 3, 4, and 5, substitute these 
coordinates into the equation

∣ x2

x2
1

x2
2

x3
2

x4
2

x5
2

xy
  x1y1

x2y2

x3y3

x4y4

x5x5

y2 
y2

1  
y2

2 
y3

2 

y4
2 

y5
2 

x
x1

x2

x3

x4

x5

y
y1

y2

y3

y4

y5

1
1
1
1
1
1∣ = 0

and then expand by cofactors in the first row to find a, b, c, 
d, e, and f. For example, the coefficient of x2 is

a = ∣x1y1

x2y2

x3y3

x4y4

x5y5

y1
2

y2
2

y2
3

y4
2

y5
2

x1

x2

x3

x4

x5

y1

y2

y3

y4

y5

1
1
1
1
1∣.

Knowing the equation of 67P’s orbit helped astronomers 
determine the ideal time to release the probe.

Jet Propulsion Laboratory/NASA 
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142	 Chapter 3  Determinants

3.4  Exercises    See CalcChat.com for worked-out solutions to odd-numbered exercises.

Finding the Adjoint and Inverse of a Matrix  In 
Exercises 1–8, find the adjoint of the matrix A. Then use 
the adjoint to find the inverse of A (if possible).

  1.	 A = [1
3

2
4]	   2.	 A = [−1

0
0
4]

  3.	 A = [
1
0
0

0
2

−4

0
6

−12]	   4.	 A = [
1
0
2

2
1
2

3
−1

2]
  5.	 A = [

−3
2
0

−5
4
1

−7
3

−1]	   6.	 A = [
0
1

−1

1
2

−1

1
3

−2]
  7.	 A = [

−1
3
0

−1

2
−1

0
1

0
4
1
1

1
1
2
2
]

  8.	 A = [
1
1
1
0

1
1
0
1

1
0
1
1

0
1
1
1
]

Using Cramer’s Rule  In Exercises 9–22, use Cramer’s 
Rule to solve (if possible) the system of linear equations.

 
9.

	
x1

−x1

+
+

2x2

x2

=
=

5
1
	

10.
	
2x
3x

−
+

y
2y

=
=

−10
−1

11.
	
3x
5x

+
+

4y
3y

=
=

−2
4
	

12.
	

18x1

30x1

+
+

12x2

24x2

=
=

13
23

13.
	
20x
12x

+
−

8y
24y

=
=

11
21

	
14.

	
13x
26x

−
−

6y
12y

=
=

17
8

15.
	
−0.4x1

2x1

+
−

0.8x2

4x2

=
=

1.6
5.0

	
16.

	
−0.4x1

0.2x1

+
+

0.8x2

0.3x2

=
=

1.6
0.6

17.
	
4x
2x
5x

−
+
−

y
2y
2y

−
+
−

z
3z
2z

=
=
=

1
10

−1
	

18.
	
4x
2x
8x

−
+
−

2y
2y
5y

+
+
−

3z
5z
2z

=
=
=

−2
16
4

19.
	
3x
4x
6x

+
−
−

4y
4y
6y

+
+

4z
6z

=
=
=

11
11
3

20.
	

14x1

−4x1

56x1

−
+
−

21x2

2x2

21x2

−
−
+

7x3

2x3

7x3

=
=
=

−21
2
7

21.
	
4x1

2x1

5x1

−
+
−

x2

2x2

2x2

+
+
+

x3

3x3

6x3

=
=
=

−5
10
1

22.
	
2x1

3x1

5x1

+
+
+

3x2

5x2

9x2

+
+
+

5x3

9x3

17x3

=
=
=

4
7

13

Using Cramer’s Rule  In Exercises 23–26, use a  
software program or a graphing utility and Cramer’s 
Rule to solve (if possible) the system of linear equations.

23.
	

5
6x1

4
3x1

−

−

x2

7
2x2

=

=

−20

−51

24.
	
−8x1

12x1

15x1

+
+
−

7x2

3x2

9x2

−
−
+

10x3

5x3

2x3

=
=
=

−151
86

187

25.

	

3x1

−x1

2x1

−

+

2x2

2x2

+
−

9x3

9x3

3x3

+
−
+
+

4x4

6x4

x4

8x4

=
=
=
=

35
−17

5
−4

26.

	

−x1

3x1

−2x1

−
+

−

x2

5x2

3x2

+

−

5x3

2x3

3x3

+

+

x4

x4

=
=
=
=

−8
24

−6
−15

27.	 �Use Cramer’s Rule to solve the system of linear  
equations for x and y.

kx
(1 − k)x

+
+

(1 − k)y
ky

=
=

1
3

	 For what value(s) of k will the system be inconsistent?

28.	 �Verify the system of linear equations in cos A, cos B, 
and cos C for the triangle shown.

c cos A
b cos A +

c cos B
 

a cos B

+
+

b cos C
a cos C

=
=
=

a
b
c

	� Then use Cramer’s Rule to	

A

ab

c

C

B

solve for cos C, and use the 
result to verify the Law of 
Cosines,

c2 = a2 + b2 − 2ab cos C.

Finding the Area of a Triangle  In Exercises 29–32, 
find the area of the triangle with the given vertices.

29.	 (0, 0), (2, 0), (0, 3)	 30.	 (1, 1), (2, 4), (4, 2)
31.	 (−1, 2), (2, 2), (−2, 4)	 32.	 (1, 1), (−1, 1), (0, −2)

Testing for Collinear Points  In Exercises 33–36, 
determine whether the points are collinear.

33.	 (1, 2), (3, 4), (5, 6)
34.	 (−1, 0), (1, 1), (3, 3)
35.	 (−2, 5), (0, −1), (3, −9)
36.	 (−1, −3), (−4, 7), (2, −13)
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Finding an Equation of a Line  In Exercises 37–40, 
find an equation of the line passing through the points.

37.	 (0, 0), (3, 4)	 38.	 (−4, 7), (2, 4)
39.	 (−2, 3), (−2, −4)	 40.	 (1, 4), (3, 4)

Finding the Volume of a Tetrahedron  In Exercises 
41–46, find the volume of the tetrahedron with the given 
vertices.

41.	 (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1)
42.	 (1, 1, 1), (0, 0, 0), (2, 1, −1), (−1, 1, 2)
43.	 (3, −1, 1), (4, −4, 4), (1, 1, 1), (0, 0, 1)
44.	 (0, 0, 0), (0, 2, 0), (3, 0, 0), (1, 1, 4)
45.	 (−3, −3, −3), (3, −1, −3), (−3, −1, −3), (−2, 3, 2)
46.	 (5, 4, −3), (4, −6, −4), (−6, −6, −5), (0, 0, 10)

Testing for Coplanar Points  In Exercises 47–52, 
determine whether the points are coplanar.

47.	 (−4, 1, 0), (0, 1, 2), (4, 3, −1), (0, 0, 1)
48.	 (1, 2, 3), (−1, 0, 1), (0, −2, −5), (2, 6, 11)
49.	 (0, 0, −1), (0, −1, 0), (1, 1, 0), (2, 1, 2)
50.	 (1, 2, 7), (−3, 6, 6), (4, 4, 2), (3, 3, 4)
51.	 (−3, −2, −1), (2, −1, −2), (−3, −1, −2), (3, 2, 1)
52.	 (1, −5, 9), (−1, −5, 9), (1, −5, −9), (−1, −5, −9)

Finding an Equation of a Plane  In Exercises 53–58, 
find an equation of the plane passing through the points.

53.	 (1, −2, 1), (−1, −1, 7), (2, −1, 3)
54.	 (0, −1, 0), (1, 1, 0), (2, 1, 2)
55.	 (0, 0, 0), (1, −1, 0), (0, 1, −1)
56.	 (1, 2, 7), (4, 4, 2), (3, 3, 4)
57.	 (−4, −4, −4), (4, −1, −4), (−4, −1, −4)
58.	 (3, 2, −2), (3, −2, 2), (−3, −2, −2)

Using Cramer’s Rule  In Exercises 59 and 60, determine  
whether Cramer’s Rule is used correctly to solve for the 
variable. If not, identify the mistake.

59.	
x

−x
4x

+
+
+

2y
3y
y

+
−
−

z
2z
z

=
=
=

2
4
6
	 y = ∣ 1

−1
4

2
3
1

1
−2
−1∣

∣ 1
−1

4

2
4
6

1
−2
−1∣

60.	
5x
3x
2x

−
−
−

2y
3y
y

+
−
−

z
z

7z

=
=
=

15
−7
−3

	 x = ∣ 15
−7
−3

−2
−3
−1

1
−1
−7∣

∣532 −2
−3
−1

1
−1
−7∣

61.	 �Software Publishing  The table shows the estimated  
revenues (in billions of dollars) of software publishers  
in the United States from 2011 through 2013. 
(Source:  U.S. Census Bureau)

	
Year Revenues, y

2011 156.8

2012 161.7

2013 177.2

	 (a) � Create a system of linear equations for the data to fit 
the curve 

		  y = at2 + bt + c

		�  where t = 1 corresponds to 2011, and y is the  
revenue.

	 (b)  Use Cramer’s Rule to solve the system.

	 (c) � Use a graphing utility to plot the data and graph  
the polynomial function in the same viewing  
window.

	 (d) � Briefly describe how well the polynomial function 
fits the data.

62.	 �CAPSTONE  Consider the system of linear 
equations

	
a1x
a2x

+
+

b1y
b2y

=
=

c1

c2

	� where a1, b1, c1, a2, b2, and c2 represent real  
numbers. What must be true about the lines  
represented by the equations when

	 ∣a1

a2

b1

b2∣ = 0?

63.	� Proof  Prove that if ∣A∣ = 1 and all entries of A are 
integers, then all entries of ∣A−1∣ must also be integers.

64.	 �Proof  Prove that if an n × n matrix A is not invertible, 
then A[adj(A)] is the zero matrix.

Proof  In Exercises 65 and 66, prove the formula for a 
nonsingular n × n matrix A. Assume n ≥ 2.

65.	 ∣adj(A)∣ = ∣A∣n−1	 66.	 adj[adj(A)] = ∣A∣n−2A

67.	� Illustrate the formula in Exercise 65 using a nonsingular 
2 × 2 matrix A.

68.	� Illustrate the formula in Exercise 66 using a nonsingular 
2 × 2 matrix A.

69.	� Proof  Prove that if A is an n × n invertible matrix, 
then adj(A−1) = [adj(A)]−1.

70.	� Illustrate the formula in Exercise 69 using a nonsingular 
2 × 2 matrix A.
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3  Review Exercises    See CalcChat.com for worked-out solutions to odd-numbered exercises.

The Determinant of a Matrix  In Exercises 1–18, find 
the determinant of the matrix.

  1.	 [4
2

−1
2]	   2.	 [0

1
−3

2]
  3.	 [−3

6
1

−2]	   4.	 [−2
0

0
3]

  5.	 [
−1

0
−1

3
−2
−1

−4
−1

1]	   6.	 [
5
0
0

0
−1

0

2
3
1]

  7.	 [
−2

0
0

0
−3

0

0
0

−1]	   8.	 [
−15

3
12

0
0
0

4
−5

6]
  9.	 [

−3
9
0

6
12
15

9
−3
−6]	 10.	 [

−15
3

12

0
9

−3

3
−6

6]
11.	 [

2
−1

3
−2

0
2
0
0

−1
0
1
3

4
3
2
1
]	 12.	 [

2
−3

4
5

0
1

−1
2

0
0
3
1

0
0
0

−1
]

13.	 [
−4

1
2
1

1
−2
−1

2

2
1
3
2

3
2
4

−1
]	 14.	 [

3
−2
−1
−2

−1
0
2
1

2
1

−3
−2

1
−3

4
1
]

15.	 [
−1

0
1
0
0

1
1
0

−1
1

−1
−1

1
0
1

0
0

−1
1

−1

0
1
0

−1
1
]

16.	 [
1
2
1
1
0

2
3
2
0

−1

−1
−1

0
2
1

3
2
1

−1
0

4
−2
−1

0
2
]

17.	 [
−1

0
0
0
0

0
−1

0
0
0

0
0

−1
0
0

0
0
0

−1
0

0
0
0
0

−1
]

18.	 [
0
0
0
0
3

0
0
0
3
0

0
0
3
0
0

0
3
0
0
0

3
0
0
0
0
]

Properties of Determinants  In Exercises 19–22,  
determine which property of determinants the equation 
illustrates.

19.	 ∣ 4
16

−1
−4∣ = 0

20.	 ∣124 2
0

−1

−1
3
1∣ = −∣124 −1

3
1

2
0

−1∣
21.	 ∣2016 −4

4
8

12

3
6
9

−6

2
1
0
1∣ = −12∣2016 1

−1
−2
−3

1
2
3

−2

2
1
0
1∣

22.	 ∣101 3
−1

2

1
2
1∣ = ∣121 3

5
2

1
4
1∣

The Determinant of a Matrix Product  In Exercises 23 
and 24, find (a) ∣A∣, (b) ∣B∣, (c) AB, and (d) ∣AB∣. Then 
verify that ∣A∣∣B∣ = ∣AB∣.
23.	 A = [−1

0
2
1],  B = [3

2
4
1]

24.	 A = [
0
5
7

1
4
6

2
3
8],  B = [

2
1
0

1
−1

3

2
0

−2]
Finding Determinants  In Exercises 25 and 26, find  
(a) ∣AT∣, (b) ∣A3∣, (c) ∣ATA∣, and (d) ∣5A∣.

25.	 A = [−3
4

8
1]	 26.	 A = [

3
−1

2

0
0
1

1
0
2]

Finding Determinants  In Exercises 27 and 28, find  
(a) ∣A∣ and (b) ∣A−1∣.

27.	 A = [
1
0

−2

0
3
7

−4
2
6]	 28.	 A = [

−2
2

−1

1
0
5

3
4
0]

The Determinant of the Inverse of a Matrix  In 
Exercises 29–32, find ∣A−1∣. Begin by finding A−1,  
and then evaluate its determinant. Verify your result  
by finding ∣A∣ and then applying the formula from 

Theorem 3.8, ∣A−1∣ =
1

∣A∣.

29.	 A = [−2
1

4
1]	 30.	 A = [ 10

−2
2
7]

31.	 A = [
1
2
2

0
−1

6

1
4
0]	 32.	 A = [

−1
2
1

1
4

−1

2
8
0]
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Solving a System of Linear Equations  In Exercises 
33–36, solve the system of linear equations by each of the 
methods listed below.

(a) Gaussian elimination with back-substitution

(b) Gauss-Jordan elimination

(c) Cramer’s Rule

33.
	
3x1 +
3x1 +
5x1 +

3x2 +
5x2 +
9x2 +

5x3 = 1
9x3 = 2

17x3 = 4

34.
	

x1 +
−3x1 +

2x1 +

2x2 +
x2 −

3x2 −

x3 = 4
2x3 = 1
x3 = 9

35.
	

x1 +
2x1 −

−x1 +

2x2 −
2x2 −
3x2 +

x3 =
2x3 =
4x3 =

−7
−8

8

36.
	
2x1 +
3x1 +
5x1 +

3x2 +
5x2 +
9x2 +

5x3 =
9x3 =

13x3 =

4
7

17

System of Linear Equations  In Exercises 37–42, use 
the determinant of the coefficient matrix to determine 
whether the system of linear equations has a unique 
solution.

37.
	

6x +
x −

5y =
y =

0
22

	
38.

	
2x − 5y = 2
3x − 7y = 1

39.
	
−x +
2x +
5x +

y +
3y +
4y +

2z =
z =

2z =

1
−2

4
	

40.
	
2x +
2x −
8x +

3y
3y
6y

+
−

z =
3z =

=

10
22

−2

41.
	

x1 +
2x1 +
3x1 +

2x2 +
5x2 +
x2 +

6x3 =
15x3 =
3x3 =

1
4

−6

42.

	

x1

4x1

2x1

2x1

+
+

+

5x2

2x2

4x2

+
+

−

3x3

5x3

3x3

x3

+ 8x4 +
−

=
=

6x5 =
2x5 =

=

14
3

16
0
0

43.	� Let A and B be square matrices of order 4 such that 

∣A∣ = 4 and ∣B∣ = 2. Find (a) ∣BA∣, (b) ∣B2∣, (c) ∣2A∣, 
(d) ∣(AB)T∣, and (e) ∣B−1∣.

44.	 �Let A and B be square matrices of order 3 such that 

∣A∣ = −2 and ∣B∣ = 5. Find (a) ∣BA∣, (b) ∣B4∣, (c) ∣2A∣, 
(d) ∣(AB)T∣, and (e) ∣B−1∣.

45.	 Proof  Prove the property below.

	 ∣ a11

a21

a31 + c31

a12

a22

a32 + c32

a13

a23

a33 + c33∣ = ∣a11

a21

a31

a12

a22

a32

a13

a23

a33∣
	 + ∣a11

a21

c31

a12

a22

c32

a13

a23

c33∣

46.	� Illustrate the property in Exercise 45 with A, c31, c32, 
and c33 below.

A = [
1
1
2

0
−1

1

2
2

−1],    c31 = 3,    c32 = 0,    c33 = 1

47.	 Find the determinant of the n × n matrix.

	 [
1 − n

1

⋮
1

1
1 − n

⋮
1

1   
1   

⋮   
1   

.  .  .    

.  .  .    

.  .  .    

1    
1    

⋮    
1 − n    

]
48.	 Show that

	 ∣a111 1
a
1
1

1
1
a
1

1
1
1
a∣ = (a + 3)(a − 1)3.

Calculus  In Exercises 49–54, find the Jacobians of the 
functions. If x, y, and z are continuous functions of u, v, 
and w with continuous first partial derivatives, then the 
Jacobians J(u, v) and J(u, v, w) are

J(u, v) = ∣�x
�u
�y
�u

�x
�v
�y
�v∣  and  J(u, v, w) = ∣�x

�u
�y
�u
�z
�u

�x
�v
�y
�v
�z
�v

�x
�w
�y
�w
�z
�w∣.

49.	 x = 1
2(v − u),    y = 1

2(v + u)
50.	 x = au + bv,    y = cu + dv

51.	 x = u cos v,    y = u sin v

52.	 x = eu sin v,    y = eu cos v

53.	 x = 1
2(u + v),    y = 1

2(u − v),    z = 2uvw

54.	 x = u − v + w,    y = 2uv,    z = u + v + w

55.	 �Writing  Compare the various methods for calculating 
the determinant of a matrix. Which method requires the 
least amount of computation? Which method do you 
prefer when the matrix has very few zeros?

56.	 �Writing  Use the table on page 122 to compare the 
numbers of operations involved in calculating the  
determinant of a 10 × 10 matrix by cofactor expansion 
and then by row reduction. Which method would you 
prefer to use for calculating determinants?

57.	 Writing  Solve the equation for x, if possible.

	 ∣ cos x
sin x

sin x − cos x

0
0
1

sin x
cos x

sin x + cos x∣ = 0

58.	 �Proof  Prove that if ∣A∣ = ∣B∣ ≠ 0, and A and B are of 
the same size, then there exists a matrix C such that

∣C∣ = 1    and    A = CB.
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146	 Chapter 3  Determinants

Finding the Adjoint of a Matrix  In Exercises 59 and 
60, find the adjoint of the matrix.

59.	 [ 0
−2

1
1]	 60.	 [

1
0
0

−1
1
0

1
2

−1]
System of Linear Equations  In Exercises 61–64, use 
the determinant of the coefficient matrix to determine 
whether the system of linear equations has a unique  
solution. If it does, use Cramer’s Rule to find the solution.

61.
	
0.2x − 0.1y =
0.4x − 0.5y =

0.07
−0.01

	
62.

	
2x + y =
3x − y =

0.3
−1.3

63.
	

2x1 +
6x1 +

12x1 +

3x2 +
6x2 +
9x2 −

3x3 =
12x3 =

x3 =

3
13
2

64.
	
4x1 +
4x1 −
8x1 +

4x2 +
2x2 −
2x2 −

4x3 = 5
8x3 = 1
4x3 = 6

Using Cramer’s Rule  In Exercises 65 and 66, use a 
software program or a graphing utility and Cramer’s 
Rule to solve (if possible) the system of linear equations.

65.
	

0.2x1 −
−x1 +

0.6x2 =
1.4x2 =

2.4
−8.8

66.
	
4x1 −
2x1 +
5x1 −

x2 +
2x2 +
2x2 +

x3 =
3x3 =
6x3 =

−5
10
1

Finding the Area of a Triangle  In Exercises 67 and 68, 
use a determinant to find the area of the triangle with 
the given vertices.

67.	 (1, 0), (5, 0), (5, 8)	 68.	 (−4, 0), (4, 0), (0, 6)

Finding an Equation of a Line  In Exercises 69 and 70, 
use a determinant to find an equation of the line passing 
through the points.

69.	 (−4, 0), (4, 4)	 70.	 (2, 5), (6, −1)

Finding an Equation of a Plane  In Exercises 71 and 
72, use a determinant to find an equation of the plane 
passing through the points.

71.	 (0, 0, 0), (1, 0, 3), (0, 3, 4)
72.	 (0, 0, 0), (2, −1, 1), (−3, 2, 5)

73.	 �Using Cramer’s Rule  Determine whether Cramer’s 
Rule is used correctly to solve for the variable. If not, 
identify the mistake.

	
x −

2x −
x +

4y −
3y +
y −

z =
z =

4z =

−1
6
1
	 z = ∣−1

6
1

−4
−3

1

−1
1

−4∣
∣121 −4

−3
1

−1
1

−4∣

74.	 �Health Care Expenditures  The table shows annual 
personal health care expenditures (in billions of dollars) 
in the United States from 2011 through 2013. (Source: 
Bureau of Economic Analysis)

	
Year 2011 2012 2013

Amount, y 1765 1855 1920

	 (a)	� Create a system of linear equations for the data to fit 
the curve 

	 y = at2 + bt + c

		�  where t = 1 corresponds to 2011, and y is the 
amount of the expenditure.

	 (b)	 Use Cramer’s Rule to solve the system.

	 (c)	� Use a graphing utility to plot the data and graph the  
polynomial function in the same viewing window.

	 (d)	� Briefly describe how well the polynomial function 
fits the data.

True or False?  In Exercises 75–78, determine whether 
each statement is true or false. If a statement is true, give 
a reason or cite an appropriate statement from the text. 
If a statement is false, provide an example that shows the 
statement is not true in all cases or cite an appropriate 
statement from the text.

75.	 (a)	� The cofactor C22 of a matrix is always a positive 
number.

	 (b)	� If a square matrix B is obtained from A by  
interchanging two rows, then det(B) = det(A).

	 (c)	� If one column of a square matrix is a multiple of 
another column, then the determinant is 0.

	 (d)	 If A is a square matrix of order n, then 

		  det(A) = −det(AT).
76.	 (a)	� If A and B are square matrices of order n such that 

det(AB) = −1, then both A and B are nonsingular.

	 (b)	� If A is a 3 × 3 matrix with det(A) = 5, then 
det(2A) = 10.

	 (c)	� If A and B are square matrices of order n, then 
det(A + B) = det(A) + det(B).

77.	 (a)	� In Cramer’s Rule, the value of xi is the quotient  
of two determinants, where the numerator is the 
determinant of the coefficient matrix.

	 (b)	� Three points (x1, y1), (x2, y2), and (x3, y3) are  
collinear when the determinant of the matrix that has 
the coordinates as entries in the first two columns 
and 1’s as entries in the third column is nonzero.

78.	 (a)	� The matrix of cofactors of a square matrix A is the 
adjoint of A.

	 (b)	� In Cramer’s Rule, the denominator is the determinant 
of the matrix formed by replacing the column  
corresponding to the variable being solved for with 
the column representing the constants.
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3 Projects

1 Stochastic Matrices
In Section 2.5, you studied a consumer preference model for competing satellite 
television companies. The matrix of transition probabilities was

P = [
0.70
0.20
0.10

0.15
0.80
0.05

0.15
0.15
0.70].

When you were given the initial state matrix X0, you observed that the portions of 
the total population in the three states (subscribing to Company A, subscribing to 
Company B, and not subscribing) after 1 year was X1 = PX0.

X0 = [
0.1500
0.2000
0.6500]

X1 = PX0 = [
0.70
0.20
0.10

0.15
0.80
0.05

0.15
0.15
0.70][

0.1500
0.2000
0.6500] = [

0.2325
0.2875
0.4800]

After 15 years, the state matrix had nearly reached a steady state.

X15 = P15X0 ≈ [
0.3333
0.4756
0.1911]

That is, for large values of n, the product PnX approached a limit X, PX = X.

PX = X = 1X, so 1 is an eigenvalue of P with corresponding eigenvector X. 
You will study eigenvalues and eigenvectors in more detail in Chapter 7.

1.  Use a software program or a graphing utility to verify the eigenvalues and 
eigenvectors of P listed below. That is, show that Pxi = λixi for i = 1, 2, and 3.

 Eigenvalues: λ1 = 1, λ2 = 0.65, λ3 = 0.55

 Eigenvectors: x1 = [
7

10
4], x2 =

0

[−1
1], x3 = [

−2
1
1]

2.  Let S be the matrix whose columns are the eigenvectors of P. Show that S−1PS is 
a diagonal matrix D. What are the entries along the diagonal of D?

3.  Show that Pn = (SDS−1)n = SDnS−1. Use this result to calculate X15 and verify 
the result above.

2 The Cayley-Hamilton Theorem
The characteristic polynomial of a square matrix A is the determinant ∣λI − A∣. 
If the order of A is n, then the characteristic polynomial p(λ) is an nth-degree 
polynomial in the variable λ.

p(λ) = det(λI − A) = λn + cn−1λn−1 + .  .  . + c2λ2 + c1λ + c0

The Cayley-Hamilton Theorem asserts that every square matrix satisfies its 
characteristic polynomial. That is, for the n × n matrix A, p(A) = O, or

An + cn−1A
n−1 + .  .  . + c2A2 + c1A + c0I = O.

Kurhan/Shutterstock.com
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148	 Chapter 3  Determinants

Note that this is a matrix equation. The n × n zero matrix is on the right, and the 
coefficient c0 is multiplied by the n × n identity matrix I.

1.	 Verify the Cayley-Hamilton Theorem for the matrix

	 [ 2
−2

−2
−1].

2.	 Verify the Cayley-Hamilton Theorem for the matrix

	 [
6

−2
2

0
1
0

4
3
4].

3.	 Verify the Cayley-Hamilton Theorem for a general 2 × 2 matrix A,

	 A = [a
c

b
d].

4.	 For a nonsingular n × n matrix A, show that

	 A−1 =
1
c0

(−An−1 − cn−1A
n−2 − .  .  . − c2A − c1I).

	 Use this result to find the inverse of the matrix

	 A = [1
3

2
5].

5.	 �The Cayley-Hamilton Theorem is useful for calculating powers An of the square 
matrix A. For example, the characteristic polynomial of the matrix

	 A = [3
2

−1
−1]

	 is p(λ) = λ2 − 2λ − 1.

	 Using the Cayley-Hamilton Theorem,

	 A2 − 2A − I = O    or    A2 = 2A + I.

	 So, A2 is written in terms of A and I.

	 A2 = 2A + I = 2[3
2

−1
−1] + [1

0
0
1] = [7

4
−2
−1]

	� Similarly, multiplying both sides of the equation A2 = 2A + I by A gives A3  
in terms of A2, A, and I. Moreover, you can write A3 in terms of A and I by  
replacing A2 with 2A + I, as shown below.

	 A3 = 2A2 + A = 2(2A + I) + A = 5A + 2I

	 (a)  Write A4 in terms of A and I.

	 (b)  Find A5 for the matrix

	 A = [
0
2
1

0
2
0

1
−1

2].

		�  (Hint: Find the characteristic polynomial of A, then use the Cayley-Hamilton 
Theorem to write A3 in terms of A2, A, and I. Inductively write A5 in terms of 
A2, A, and I.)
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1–3  Cumulative Test See CalcChat.com for worked-out solutions  
to odd-numbered exercises.

Take this test to review the material in Chapters 1–3. After you are finished, check 
your work against the answers in the back of the book.

In Exercises 1 and 2, determine whether the equation is linear in the variables x 
and y.

  1.	
4
y

− x = 10	 2. 
3
5

x +
7
10

y = 2

In Exercises 3 and 4, use Gaussian elimination to solve the system of linear  
equations.

  3.
	

x −
3x +

2y = 5
y = 1

	
4.

 
4x1 +
2x1 −
x1 +

x2 −
3x2 +
x2 +

3x3 =
2x3 =
x3 =

11
9

−3

  5.	 Use a software program or a graphing utility to solve the system of linear equations.

	

0.2x −
3.4x +
0.5x −
0.6x +

2.3y +
1.3y −
4.9y +
2.8y −

1.4z −
1.7z +
1.1z −
3.4z +

0.55w =
0.45w =
1.6w =
0.3w =

−110.6
65.4

−166.2
189.6

  6.	 �Find the solution set of the system of linear equations represented by the  
augmented matrix.

	 [
0
1
1

1
0
2

−1
2
0

0
−1
−1

2
0
4]

  7.	 Solve the homogeneous linear system corresponding to the coefficient matrix.

	 [
1
0

−2

2
0

−4

1
2
1

−2
−4
−2]

  8.	 Determine the value(s) of k such that the system is consistent.

	
x +

−x −
−x +

2y −
y +
y +

z = 3
z = 2
z = k

  9.	 Solve for x and y in the matrix equation 2A − B = I, given

	 A = [−1
2

1
3]    and    B = [x

y
2
5].

10.	 Find ATA for the matrix A = [5
2

3
4

1
6]. Show that this product is symmetric.

In Exercises 11–14, find the inverse of the matrix (if it exists).

11.  [−2
4

3
6]  12.  [−2

3
3
6]  13.  [

−1
0
0

0
1
2

0

0
0
3]  14.  [

1
−3

0

1
6
1

0
5
0]

In Exercises 15 and 16, use an inverse matrix to solve the system of linear equations.

15.
 

x +
3x −

2y = 0
6y = 8

	
16.

 
2x − y =
2x + y =

6
10

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.
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17.	 �Find a sequence of elementary matrices whose product is the nonsingular matrix 
below.

[2
1

−4
0]

18.	 Find the determinant of the matrix

[
4
0
0
1

0
1
1
1

3
−3

5
0

2
−5

1
−3

].

19.	 Find (a) ∣A∣, (b) ∣B∣, (c) AB, and (d) ∣AB∣. Then verify that ∣A∣∣B∣ = ∣AB∣.
A = [1

4
−3

2],    B = [−2
0

1
5]

20.	 Find (a) ∣A∣ and (b) ∣A−1∣.

A = [
5

−1
6

−2
0

−8

−3
4
2]

21.	 If ∣A∣ = 7 and A is of order 4, then find each determinant.

	 (a)  ∣3A∣        (b)  ∣AT∣        (c)  ∣A−1∣        (d)  ∣A3∣
22.	 Use the adjoint of 

A = [
1
0
1

−5
−2

0

−1
1
2]

	 to find A−1.

23.	 Let x1, x2, x3, and b be the column matrices below.

x1 = [
1
0
1]        x2 = [

1
1
0]        x3 = [

0
1
1]        b = [

1
2
3]

	 Find constants a, b, and c such that ax1 + bx2 + cx3 = b.

24.	 �Use a system of linear equations to find the parabola y = ax2 + bx + c that  
passes through the points (−1, 2), (0, 1), and (2, 6).

25.	 �Use a determinant to find an equation of the line passing through the points (1, 4) 
and (5, −2).

26.	 �Use a determinant to find the area of the triangle with vertices (−2, 2), (8, 2),  
and (6, −5).

27.	 �Determine the currents I1, I2, and I3 for the electrical network shown in the figure 
at the left.

28.	 �A manufacturer produces three different models of a product and ships them to  
two warehouses. In the matrix

A = [
200
600
250

300
350
400]

	� aij represents the number of units of model i that the manufacturer ships to  
warehouse j. The matrix

B = [12.50 9.00 21.50]
	� represents the prices of the three models in dollars per unit. Find the product BA 

and state what each entry of the matrix represents.

29.	 �Let A, B, and C be three nonzero n × n matrices such that AC = BC. Does it  
follow that A = B? If so, provide a proof. If not, provide a counterexample.

Figure for 27

I1

I2

I3

R1 = 4

R2 = 1

R3 = 4
8 V

16 V

Ω

Ω

Ω
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