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CHAPTER

TWENTY-FOUR

RINGS OF POLYNOMIALS

In elementary algebra an important role is played by polynomials in an unknown x. These are
expressions such as

2x° — §x* +3

whose terms are grouped in powers of x. The exponents, of course, are positive integers and the
coefficients are real or complex numbers.

Polynomials are involved in countless applications—applications of every kind and description.
For example, polynomial functions are the easiest functions to compute, and therefore one commonly
attempts to approximate arbitrary functions by polynomial functions. A great deal of effort has been
expended by mathematicians to find ways of achieving this.

Aside from their uses in science and computation, polynomials come up very naturally in the
general study of rings, as the following example will show:

Suppose we wish to enlarge the ring z by adding to it the number 7. It is easy to see that we will
have to adjoin to z other new numbers besides just 7; for the enlarged ring (containing z as well as all
the integers) will also contain such things as — 7, 7 + 7, 62 — 11, and so on.

As a matter of fact, any ring which contains z as a subring and which also contains the number z
will have to contain every number of the form

ar + bV + . + kr+ 1

where a, b, ..., k, [ are integers. In other words, it will contain all the polynomial expressions in m with
integer coefficients.

But the set of all the polynomial expressions in 7 with integer coefficients is a ring. (It is a subring
of m because it is obvious that the sum and product of any two polynomials in 7 is again a polynomial in
7.) This ring contains z because every integer a is a polynomial with a constant term only, and it also
contains 7.

Thus, if we wish to enlarge the ring z by adjoining to it the new number z, it turns out that the



“next largest” ring after z which contains z as a subring and includes =, is exactly the ring of all the
polynomials in 7 with coefficients in z.

As this example shows, aside from their practical applications, polynomials play an important role
in the scheme of ring theory because they are precisely what we need when we wish to enlarge a ring by
adding new elements to it.

In elementary algebra one considers polynomials whose coefficients are real numbers, or in some
cases, complex numbers. As a matter of fact, the properties of polynomials are pretty much independent
of the exact nature of their coefficients. All we need to know is that the coefficients are contained in
some ring. For convenience, we will assume this ring is a commutative ring with unity.

Let A be a commutative ring with unity. Up to now we have used letters to denote elements or sets,

but now we will use the letter x in a different way. In a polynomial expression such as ax* + bx + c,
where a, b, ¢ € A, we do not consider x to be an element of 4, but rather x is a symbol which we use in
an entirely formal way. Later we will allow the substitution of other things for x, but at present x is
simply a placeholder.

Notationally, the terms of a polynomial may be listed in either ascending or descending order. For

example, 4x> — 3x2 + x + 1 and 1 + x — 3x? + 4x> denote the same polynomial. In elementary algebra
descending order is preferred, but for our purposes ascending order is more convenient.
Let A be a commutative ring with unity, and x an arbitrary symbol. Every expression of the form

ap + apx + ax® + -+ a )"

is called a polynomial in x with coefficients in A, or more simply, a polynomial in x over A. The

expressions ax’, for k € {1, ..., n},are called the terms of the polynomial.

Polynomials in x are designated by symbols such as a(x), b(x), g(x), and so on. If a(x) = ay + a;x +
. + a,x" is any polynomial and a,x* is any one of its terms, a, is called the coefficient of x*. By the

degree of a polynomial a(x) we mean the greatest n such that the coefficient of X" is not zero. In other
words, if a(x) has degree n, this means that a, # 0 but a,, = 0 for every m > n. The degree of a(x) is

symbolized by
deg a(x)

For example, 1 + 2x — 3x% + x° is a polynomial degree 3.

The polynomial 0 + Ox + 0x? + --- all of whose coefficients are equal to zero is called the zero
polynomial, and is symbolized by 0. It is the only polynomial whose degree is not defined (because it
has no nonzero coefficient).

If a nonzero polynomial a(x) = ay, + a;x + -+ + a,x" has degree n, then q, is called its leading

coefficient: it is the last nonzero coefficient of a(x). The term a,x" is then called its leading term, while
a, 1s called its constant term.

If a polynomial a(x) has degree zero, this means that its constant term a is its only nonzero term:

a(x) is a constant polynomial. Beware of confusing a polynomial of degree zero with the zero
polynomial.

Two polynomials a(x) and b(x) are equal if they have the same degree and corresponding
coefficients are equal. Thus, if a(x) = ay + --- + a,x" is of degree n, and b(x) = by + --- + b, x" 1s of degree



m, then a(x) = b(x) iff n = m and a; = b, for each k from O to n.

The familiar sigma notation for sums is useful for polynomials. Thus,

T
alxy=a,+ax+---+ax"= > a,x*
k=10

with the understanding that x = 1.

Addition and multiplication of polynomials is familiar from elementary algebra. We will now
define these operations formally. Throughout these definitions we let a(x) and b(x) stand for the
following polynomials:

alx)=a,+ax+---+ax"

b(x)=b,+b,x+---+bx"

Here we do not assume that a(x) and b(x) have the same degree, but allow ourselves to insert zero
coefficients if necessary to achieve uniformity of appearance.

We add polynomials by adding corresponding coefficients. Thus,
a(x) + b(x) = (ag + by) + (a, + by)x + - + (a, + b,)x"

Note that the degree of a(x) + b(x) is less than or equal to the higher of the two degrees, deg a(x) and
deg b(x).

Multiplication is more difficult, but quite familiar:
a(x)b(x)

_ 2 2
= agbg + (aphy + boay)x + (aghy + ay by + ay bo)x” + -+ a, b, x*"

In other words, the product of a(x) and b(x) is the polynomial

c(x)=co+ cpx + -+ ¢y, X

whose kth coefficient (for any £ from O to 2#) is

C, = > ab,

itji=k

This is the sum of all the a;b; for which i +j = k. Note that deg [a(x)b(x)] < deg a(x) + deg b(x).
If 4 is any ring, the symbol

Alx]

designates the set of all the polynomials in x whose coefficients are in 4, with addition and
multiplication of polynomials as we have just defined them.

Theorem 1 Let A be a commutative ring with unity. Then A[x] is a commutative ring with unity.

PrOOF: To prove this theorem, we must show systematically that A[x] satisfies all the axioms of a



commutative ring with unity. Throughout the proof, let a(x), b(x), and c(x) stand for the following

polynomials:
alx)=a,+ax+---+ :;r“,r"
bix)=b,+bx+:--+bx"

and cx)=c¢cp,+ex+--+c x"

The axioms which involve only addition are easy to check: for example, addition is commutative

because
alx) +&x) = [a; + b))+ {a;+:b, Jx +ovnt (84D 2"
:(bﬂ—"_alj)_l_{b] +H1J'K+ te L+(bu +an)xﬂ

= b(x) + a(x)

The associative law of addition is proved similarly, and is left as an exercise. The zero polynomial has
already been described, and the negative of a(x) is

—a(x) = (=ag) + (—apx+ -+ (= a,)x"

To prove that multiplication is associative requires some care. Let b(x)c(x) = d(x), where d(x) = d,
+dyx + - + d,,x*". By the definition of polynomial multiplication, the kth coefficient of b(x)c(x) is

d, = > b,

i+j=k

Then a(x)[b(x)c(x)] = a(x)d(x) = e(x), where e(x) = ¢, + e;x + - + e3,x°". Now, the /th coefficient of
a(x)d(x) is

e = 2 a,d, = Z ah( Z b‘.cj:]

h+k={ htk=1{ Mid ek

It is easy to see that the sum on the right consists of all the terms a;, b; ¢; such that 4 +i +j =/ Thus,

e, = E a,bc;

h+i+j={

For each / from 0 to 3n, ¢, is the /th coefficient of a(x)[b(x)c(x)].
If we repeat this process to find the /th coefficient of [a(x) b(x)]c(x), we discover that it, too, is ¢;

Thus,
a(x)[b(x)c(x)] = [a(x)b(x)]c(x)

To prove the distributive law, let a(x)[b(x) + c(x)] = d{x) where d(x) = d, + d;x + - + d,,x*". By
the definitions of polynomial addition and multiplication, the kth coefficient a(x)[b(x) + c(x)] is



d,= 2 a(b,+c)= 2. (ab,+ac,)

i+j=k i+ji=k

= E a!_bj — 2 a.c;
i+j=k i+i=k
But %, —  a;b;. is exactly the kth coefficient of a(x) b(x), and %; , ; _ ; a;c; is the kth coefficient of
a(x)c(x), hence d, 1s equal to the kth coefficient of a(x) b(x) + a(x)c(x). This proves that

a(x)[b(x) + c(x)] = a(x)b(x) + a(x)c(x)

The commutative law of multiplication is simple to verify and is left to the student. Finally, the
unity polynomial is the constant polynomial 1. m

Theorem 2 If A is an integral domain, then A|x] is an integral domain.

PRrROOF: If a(x) and b(x) are nonzero polynomials, we must show that their product a(x) b(x) is not
zero. Let a,, be the leading coefticient of a(x), and b,, the leading coefficient of b(x). By definition, a, #

0, and b,, # 0. Thus a,b,, # 0 because A4 1s an integral domain. It follows that a(x) b(x) has a nonzero
coefficient (namely, a, b,,), so it is not the zero polynomial. m

If 4 is an integral domain, we refer to A[x] as a domain of polynomials, because A[x] is an integral
domain. Note that by the preceding proof, if a,, and b,, are the leading coefficients of a(x) and b(x), then
a,b
A[x], where A is an integral domain,

is the leading coefficient of a(x) b(x). Thus, deg a(x)b(x) = n + m: In a domain of polynomials

m

degla(x) - b(x)] = deg a(x) + deg b(x)

In the remainder of this chapter we will look at a property of polynomials which is of special
interest when all the coefficients lie in a field. Thus, from this point forward, let F' be a field, and let us
consider polynomials belonging to F[x].

It would be tempting to believe that if F'is a field then F[x] also is a field. However, this is not so,
for one can easily see that the multiplicative inverse of a polynomial is not generally a polynomial.
Nevertheless, by Theorem 2, F[x] is an integral domain.

Domains of polynomials over a field do, however, have a very special property: any polynomial
a(x) may be divided by any nonzero polynomial b(x) to yield a quotient g(x) and a remainder 7(x). The
remainder is either 0, or if not, its degree is less than the degree of the divisor b(x). For example, x> may
be divided by x — 2 to give a quotient of x + 2 and a remainder of 4:

X = (x-2)(x+2) + 4
b o e i -
a(x) b(x) q(x) r(x)

This kind of polynomial division is familiar to every student of elementary algebra. It is customarily set
up as follows:



x+2 «———Quotient g(x)

Divisor—— x -2 [x° «——Dividend b(x)
a(x) x'—2x

2x

2x—4

4 «——Remainder r(x)

The process of polynomial division is formalized in the next theorem.

Theorem 3: Division algorithm for polynomials /f a(x) and b(x) are polynomials over a field F,
and b(x) # 0, there exist polynomials q(x) and r(x) over F such that

a(x) = b(x)q(x) + r(x)
and
r(x)=0 or degr(x)<deg b(x)

PROOF: Let b(x) remain fixed, and let us show that every polynomial a(x) satisfies the following
condition:

There exist polynomials q(x) and r(x) over F such that a(x) = b(x) g(x) + r(x), and r(x) = 0 or deg

r(x) < deg b(x).
We will assume there are polynomials a(x) which do not fulfill the condition, and from this assumption
we will derive a contradiction. Let a(x) be a polynomial of lowest degree which fails to satisfy the
conditions. Note that a(x) cannot be zero, because we can express 0 as 0 = b(x) - 0 + 0, whereby a(x)
would satisfy the conditions. Furthermore, deg a(x) > deg b(x), for if deg a(x) < deg b(x) then we could
write a(x) = b(x) - 0 + a(x), so again a(x) would satisfy the given conditions.

Let a(x) =ay + - + a,x" and b(x) = by + --- + b, x"". Define a new polynomial

ar‘f a=m
Ax) = a(x) — 2 £ "b(x) (1)
ﬂ” n—m an n—m+l a’!l = +m
—_a{x)—(bnb—x +blb—x +-*--‘-bm"g'-x )
A m 5]
a x"

This expression is the difference of two polynomials both of degree n and both having the same leading
term a,x". Because a,x" cancels in the subtraction, A(x) has degree less than n.

Remember that a(x) is a polynomial of least degree which fails to satisfy the given condition;
hence A(x) does satisfy it. This means there are polynomials p(x) and 7(x) such that

A(x) = bx)p(x) + r(x)

where 7(x) = 0 or deg r(x) < deg b(x). But then



n

b

m

a(x) = A(x) + x" "b(x) by Equation (1)

= b(x)p(x) + r(x) + ;" X" "b(x)

m

- b{_x){p(x) " gi x""’"} + r(x)

m

If we let p(x) + (a,/b,,)x" ~™ be renamed ¢(x), then a(x) = b(x)q(x) + r(x), so a(x) fulfills the given
condition. This is a contradiction, as required. =

EXERCISES

A. Elementary Computation in Domains of Polynomials

REMARK ON NOTATION: In some of the problems which follow, we consider polynomials with coefficients
in z, for various n. To simplify notation, we denote the elements of z, by 1, 2, ..., n — 1 rather than the

more correct 1,2, ..., n— 1.

#1 Let a(x) = 2x% + 3x + 1 and b(x) = x> + 5x% + x. Compute a(x) + b(x), a(x) — b(x) and a(x)b(x) in z[x],
25[x], z¢[x], and z;[x].
2 Find the quotient and remainder when x> + x2 + x + 1 is divided by x? + 3x + 2 in z[x] and in z5[x].

3 Find the quotient and remainder when x> + 2 is divided by 2x? + 3x + 4 in z[x], in z3[x], and in z5[x].

We call b(x) a factor of a(x) if a(x) = b(x)q(x) for some g(x), that is, if the remainder when a(x) is
divided by b(x) is equal to zero.

4 Show that the following is true in 4[x] for any ring 4: For any odd #,

(a) x + 1 is a factor of x" + 1.

(b)x+ lisafactor of X" +x" 1+ ... +x+ 1.
S Prove the following: In z3[x], x + 2 is a factor of x”* + 2, for all m. In z,[x], x + (x — 1) 1s a factor of x™
+ (n - 1), for all m and n.

6 Prove that there is no integer m such that 3x> + 4x + m is a factor of 6x* + 50 in z[x].

7 For what values of n is x?> + 1 a factor of x> + 5x + 6 in z,[x]?

B. Problems Involving Concepts and Definitions

11s x®+1=x+ 1 in 25[x]? Explain your answer.

2 Is there any ring 4 such that in A[x], some polynomial of degree 2 is equal to a polynomial of degree

4? Explain.

# 3 Write all the quadratic polynomials in z5[x]. How many are there? How many cubic polynomials are
there in z5[x]? More generally, how many polynomials of degree m are there in z,[x]?

4 Let A be an integral domain; prove the following:



If (x + 1)> = x*> + 1 in A[x], then 4 must have characteristic 2.

If (x + 1)* = x4 + 1 in A[x], then A must have characteristic 2.

If (x + 1)®=x%+ 2x3 + 1 in 4[x], then 4 must have characteristic 3.

S Find an example of each of the following in zg[x]: a divisor of zero, an invertible element. (Find
nonconstant examples.)

6 Explain why x cannot be invertible in any A[x], hence no domain of polynomials can ever be a field.

7 There are rings such as P in which every element #0,1 is a divisor of zero. Explain why this cannot
happen in any ring of polynomials 4[x], even when 4 is not an integral domain.

8 Show that in every A[x], there are elements #0,1 which are not idempotent, and elements #0,1 which
are not nilpotent.

C. Rings A[x] Where A Is Not an Integral Domain

1 Prove: If 4 is not an integral domain, neither is 4[x].
2 Give examples of divisors of zero, of degrees 0, 1, and 2, in z4[x].

3Inz[x], 2x +2)2x +2) = (2x + 2)(5x3 + 2x + 2), yet (2x + 2) cannot be canceled in this equation.
Explain why this is possible in z;,[x], but not in z5[x].
4 Give examples in 24[x], in z¢[x], and in Zg[x] of polynomials a(x) and b(x) such that deg a(x)b(x) < deg
a(x) + deg b(x).
5 If A4 is an integral domain, we have seen that in A[x],

deg a(x)b(x) = deg a(x) + deg b(x)
Show that if 4 is not an integral domain, we can always find polynomials a(x) and b(x) such that deg
a(x)b(x) < deg a(x) + deg b(x).
6 Show that if 4 is an integral domain, the only invertible elements in A[x] are the constant polynomials

with inverses in 4. Then show that in z4[x] there are invertible polynomials of all degrees.

# 7 Give all the ways of factoring x* into polynomials of degree 1 in zg[x]; in z5[x]. Explain the
difference in behavior.

8 Find all the square roots of x> + x + 4 in zs[x]. Show that in zg[x], there are infinitely many square
roots of 1.

D. Domains 4A[x] Where A Has Finite Characteristic

In each of the following, let 4 be an integral domain:

1 Prove that if 4 has characteristic p, then A[x] has characteristic p.

2 Use part 1 to give an example of an infinite integral domain with finite characteristic.

3 Prove: If A4 has characteristic 3, then x + 2 is a factor of x” + 2 for all m. More generally, if 4 has
characteristic p, then x + (p — 1)isa factor of x” + (p — 1) for all m.

4 Prove that if 4 has characteristic p, then in A[x], (x + ¢}’ = x” + . (You may use essentially the same
argument as in the proof of Theorem 3, Chapter 20.)



5 Explain why the following “proof of part 4 is not valid: (x + ¢}’ =x” + ¢ in A[x] because (a + ¢}’ = o
+¢? for all a, ¢ € A. (Note the following example: in z,, a> + 1 = a* + 1 for every a, yet x*> + 1 #x* + 1

in 2,[x].)

# 6 Use the same argument as in part 4 to prove that if 4 has characteristic p, then [a(x) + b(x)]P = a(x)’
+ b(x)? for any a(x), b(x) € A[x]. Use this to prove:

(a,tax+---+ax"V=al +alx" + - +alx™

E. Subrings and Ideals in 4[x]

1 Show that if B is a subring of 4, then B[x] is a subring of A[x].

2 If B is an ideal of A, B[x] is an ideal of A[x].

3 Let S be the set of all the polynomials a(x) in A[x] for which every coefficient a; for odd i 1s equal to

zero. Show that S is a subring of A[x]. Why is the same not true when “odd” is replaced by “even”?

4 Let J consist of all the elements in 4A[x] whose constant coefficient is equal to zero. Prove that J is an

ideal of 4[x].

# 5 Let J consist of all the polynomials ay + a;x + --- + a,x" in A[x] such that ay + a; + --- + a,, = 0. Prove
that J is an ideal of A[x].

6 Prove that the ideals in both parts 4 and 5 are prime ideals. (Assume A4 is an integral domain.)

F. Homomorphisms of Domains of Polynomials

Let A be an integral domain.

1 Let /2 : A[x]— 4 map every polynomial to its constant coefficient; that is,
h(ag +ax+ - +ax")=ag

Prove that / 1s a homomorphism from A[x] onto A, and describe its kernel.

2 Explain why the kernel of % in part 1 consists of all the products xa(x), for all a(x) € 4A[x]. Why is this
the same as the principal ideal {(x) in A[x]?

3 Using parts 1 and 2, explain why A[x]/<{x) = A.

4 Let g : A[x] — A4 send every polynomial to the sum of its coefficients. Prove that g is a surjective
homomorphism, and describe its kernel.

S51Ifc € A4, let h : A[x] — A[x] be defined by A(a(x)) = a(cx), that is,
h(ay + apx + -+ a,x") = ag + ajcx + a,c>x* + - + a, X"

Prove that / is a homomorphism and describe its kernel.

6 If /1 is the homomorphism of part 5, prove that 4 is an automorphism (isomorphism from A4[x] to itself)
iff ¢ 1s invertible.

G. Homomorphisms of Polynomial Domains Induced by a Homomorphism of the
Ring of Coefficients



Let A and B be rings and let 4 : A — B be a homomorphism with kernel K. Define i : A[x] — B[x] by
wlag +ax + - +ax") = hiag) + h(ap)x + - + h(a,)x"
(We say that ; is induced by h.)

1 Prove that ; is a homomorphism from A4[x] to B[x].

2 Describe the kernel g of ;.

# 3 Prove that j is surjective iff 4 is surjective.

4 Prove that ; is injective iff /4 is injective.

5 Prove that if a(x) is a factor of b(x), then (a(x)) is a factor of i(b{x)).

6 If 1 : 2 — 2z, 1s the natural homomorphism, let ; : z[x] — z,[x] be the homomorphism induced by 4.
Prove that #(a(x)) = 0 iff n divides every coefficient of a(x).

7 Let & be as in part 6, and let n be a prime. Prove that if a(x)b(x) € ker i, then either a(x) or b(x) is in
ker 5. (HINT: Use Exercise F2 of Chapter 19.)

H. Polynomials in Several Variables

A[x;, x,] denotes the ring of all the polynomials in two letters x; and x, with coefficients in 4. For
example, x> — 2xy + % + x — 5 is a quadratic polynomial in @[x, y]. More generally, A[xy, ..., x,] is the
ring of the polynomials in n letters xq, ..., x,, with coefficients in 4. Formally it is defined as follows:
Let A[x;] be denoted by A4; then 4[x,] is A[x, x,]. Continuing in this fashion, we may adjoin one new
letter x; at a time, to get A[x, ..., X,].

1 Prove that if 4 is an integral domain, then A[x, ..., x, ] is an integral domain.

2 Give a reasonable definition of the degree of any polynomial p(x, y) in A[x, y] and then list all the
polynomials of degree < 3 in Z3[x, y].

Let us denote an arbitrary polynomial p(x, y) in A[x, y] by £ al-jxiyf where X ranges over some pairs i, j of
nonnegative integers.

3 Imitating the definitions of sum and product of polynomials in A[x], give a definition of sum and
product of polynomials in 4[x, y].

4 Prove that deg a(x, y)b(x, y) = deg a(x, y) + deg b(x, y) if 4 is an integral domain.

I. Fields of Polynomial Quotients

Let A be an integral domain. By the closing part of Chapter 20, every integral domain can be extended
to a “field of quotients.” Thus, 4[x] can be extended to a field of polynomial quotients, which is denoted
by A(x). Note that A(x) consists of all the fractions a(x)/b(x) for a(x) and b(x) # 0 in A[x], and these
fractions are added, subtracted, multiplied, and divided in the customary way.

1 Show that A(x) has the same characteristic as A.
2 Using part 1, explain why there is an infinite field of characteristic p, for every prime p.
3 If A and B are integral domains and # : A — B is an isomorphism, prove that 4 determines an



isomorphism ; : A(x) — B(x).

J. Division Algorithm: Uniqueness of Quotient and Remainder

In the division algorithm, prove that g(x) and r(x) are uniquely determined. [HINT: Suppose a(x) =
b(x)gq(x) + ri(x) = b(x)g,(x) + r»(x), and subtract these two expressions, which are both equal to a(x).]



CHAPTER

TWENTY-FIVE
FACTORING POLYNOMIALS

Just as every integer can be factored into primes, so every polynomial can be factored into “irreducible”
polynomials which cannot be factored further. As a matter of fact, polynomials behave very much like
integers when it comes to factoring them. This is especially true when the polynomials have all their
coefficients in a field.

Throughout this chapter, we let /' represent some field and we consider polynomials over F. It will
be found that F[x] has a considerable number of properties in common with z. To begin with, all the
ideals of F[x] are principal ideals, which was also the case for the ideals of z.

Note carefully that in F[x], the principal ideal generated by a polynomial a(x) consists of all the
products a(x)s(x) as a(x) remains fixed and s(x) ranges over all the members of F[x].

Theorem 1 Every ideal of F|x] is principal.

PROOF: Let J be any ideal of F[x]. If J contains nothing but the zero polynomial, J is the principal
ideal generated by 0. If there are nonzero polynomials in J, let b(x) be any polynomial of lowest degree
in J. We will show that J = {(b(x)), which is to say that every element of J is a polynomial multiple
b(x)q(x) of b(x).

Indeed, if a(x) is any element of J, we may use the division algorithm to write a(x) = b(x)g(x) +
r(x), where r(x) = 0 or deg r(x) < deg b(x). Now, r(x) = a{x) —b(x)g(x); but a(x) was chosen in J, and
b(x) € J; hence b(x)q(x) € J. It follows that 7(x) is in J.

If r(x) # 0, its degree is less than the degree of h(x). But this is impossible because b(x) is a
polynomial of lowest degree in J. Therefore, of necessity, 7(x) = 0.

Thus, finally, a(x) = b(x)g(x); so every member of J is a multiple of b(x), as claimed. =

It follows that every ideal J of F[x] is principal. In fact, as the proof above indicates, J is generated
by any one of its members of lowest degree.

Throughout the discussion which follows, remember that we are considering polynomials in a
fixed domain F[x] where F'is a field.

Let a(x) and b(x) be in F[x]. We say that b(x) 1s a multiple of a(x) if

b(x) = a(x)s(x)

for some polynomial s(x) in F[x]. If b(x) is a multiple of a(x), we also say that a(x) is a factor of b(x), or



that a(x) divides b(x). In symbols, we write

a(x)|b(x)

Every nonzero constant polynomial divides every polynomial. For if ¢ # 0 is constant and a(x) =
apt...+a,x", then

a a a
gotax+-+ax'=c2+2x+ - +2%"
0 1 n c c c

hence ¢ | a(x). A polynomial a(x) is invertible iff it is a divisor of the unity polynomial 1. But if a(x)b(x)
= 1, this means that a(x) and b(x) both have degree 0, that is, are constant polynomials: a(x) = a, b(x) =
b, and ab = 1. Thus,

the invertible elements of F[x] are all the nonzero constant polynomials.

A pair of nonzero polynomials a(x) and b(x) are called associates if they divide one another:
a(x)|b(x) and b(x)|a(x). That is to say,

a(x)=b(x)c(x) and b(x)= a(x)d(x)
for some c(x) and d(x). If this happens to be the case, then
a(x) = b(x)c(x) = a(x)d(x)c(x)

hence d(x)c(x) = 1 because F[x] is an integral domain. But then c(x) and d(x) are constant polynomials,
and therefore a(x) and b(x) are constant multiples of each other. Thus, in F[x],

a(x) and b(x) are associates iff they are constant multiples of each other.

If a(x) = ay + -+ + a,x", the associates of a(x) are all its nonzero constant multiples. Among these
multiples is the polynomial

& a
L+ T x+--4x

a, a,

n

which is equal to (1/a,)a(x), and which has 1 as its leading coefficient. Any polynomial whose leading
coefficient is equal to 1 1s called monk. Thus, every nonzero polynomial a(x) has a unique monic
associate. For example, the monic associate of 3 + 4x + 2x3 is 2+2x+ x.

A polynomial d(x) is called a greatest common divisor of a(x) and b(x) if d(x) divides a(x) and b(x),
and is a multiple of any other common divisor of a(x) and b(x); in other words,
(1) d(x)]a(x) and d(x)|b(x), and
(1i1) For any u(x) in Flx], if u(x)|a(x) and u(x)|b(x), then u(x)|d(x). According to this definition, two
different gcd’s of a(x) and b(x) divide each other, that is, are associates. Of all the possible ged’s of
a(x) and b(x), we select the monic one, call it the gcd of a(x) and b(x), and denote it by ged[a(x),
b(x)].

It is important to know that any pair of polynomials always Aas a greatest common divisor.

Theorem 2 Any two nonzero polynomials a(x) and b(x) in F[x] have a gcd d(x).Furthermore, d(x)
can be expressed as a “linear combination”



d(x) = r(x)a(x) + s(x)b(x)

where r(x) and s(x) are in F[x].
PROOF: The proof is analogous to the proof of the corresponding theorem for integers. If J is the set
of all the linear combinations

u(x)a(x) +v(x)b(x)

as u(x) and v(x) range over F[x], then J is an ideal of F[x], say the ideal {d(x)) generated by d(x). Now
a(x) = la(x) + 0b(x) and b(x) = Oa(x) + 1b(x), so a(x) and b(x) are in J. But every element of 7 is a
multiple of d(x), so

dx)la(x) and d(x)|b(x)

If £(x) is any common divisor of a(x) and b(x), this means there are polynomials f{x) and g(x) such
that a(x) = k(x)f(x) and b(x) = k(x)g(x). Now, d(x) € J, so d(x) can be written as a linear combination

d(x) = r(x)a(x) + s(x)b(x)
= r(x)k(x) f(x) + s(x)k(x)g(x)
= k(x)[r(x)f(x) + s(x)g(x)]

hence k(x)|d(x). This confirms that d(x) is the gcd of a(x) and b(x). =

Polynomials a(x) and b(x) in F[x] are said to be relatively prime if their gcd is equal to 1. (This is
equivalent to saying that their only common factors are constants in £.)

A polynomial a(x) of positive degree is said to be reducible over F' if there are polynomials b(x)
and c(x) in F[x], both of positive degree, such that

a(x) = b(x)c(x)

Because b(x) and c(x) both have positive degrees, and the sum of their degrees is deg a(x), each has
degree less than deg a(x).

A polynomial p(x) of positive degree in F[x] is said to be irreducible over F if it cannot be
expressed as the product of two polynomials of positive degree in F[x]. Thus, p(x) is irreducible iff it is
not reducible.

When we say that a polynomial p(x) is irreducible, it is important that we specify irreducible over
the field F. A polynomial may be irreducible over F, yet reducible over a larger field E. For example,

(x) =x% + 1 is irreducible over g; but over ¢ it has factors (x + i)(x — 7).
p

We next state the analogs for polynomials of Euclid’s lemma and its corollaries. The proofs are
almost identical to their counterparts in z; therefore they are left as exercises.

Euclid’s lemma for polynomials Let p(x) be irreducible. If p(x)| a(x)b(x), then p(x)|a(x) or
p(x)1b(x).

Corollary 1 Let p(x) be irreducible. If p(x) |a;(x)a,(x) - a,(x), then p(x) | a/x) for one of the
factors ax) among a(x),. . ., a,(x).

Corollary 2 Let g(x), ..., q(x) and p(x) be monic irreducible polynomials. If p(x) | q; (x) ... g,(x),
then p(x) is equal to one of the factors q(x),...,q,(x).



Theorem 3: Factorization into irreducible polynomials Every polynomial a(x) of positive degree
in F[x] can be written as a product

a(x) = kpy(X)pa(x) ... p(x)

where k is a constant in F and p(x), ..., pAx) are monic irreducible polynomials of F[x].

If this were not true, we could choose a polynomial a(x) of lowest degree among those which
cannot be factored into irreducibles. Then a(x) is reducible, so a(x) = b(x)c(x) where b(x) and c(x) have
lower degree than a(x). But this means that b(x) and c(x) can be factored into irreducibles, and therefore
a(x) can also.

Theorem 4: Unique factorization If a(x) can be written in two ways as a product of monic
irreducibles, say

a(x) = kpy(x) - p(x) = lq,(x) -+ g4(x)

then k=1, r=s, and each p/x) is equal to a q /x).
The proof is the same, in all major respects, as the corresponding proof for z ; it is left as an
exercise.

In the next chapter we will be able to improve somewhat on the last two results in the special cases
of r[x] and c[x]. Also, we will learn more about factoring polynomials into irreducibles.

EXERCISES

A. Examples of Factoring into Irreducible Factors

1 Factor x* — 4 into irreducible factors over @, over i, and over .

2 Factor x® — 16 into irreducible factors over @, over i, and over .
3 Find all the irreducible polynomials of degree < 4 in z,[x].

# 4 Show that x> + 2 is irreducible in zs[x]. Then factor x* — 4 into irreducible factors in zs[x]. (By
Theorem 3, it is sufficient to search for monic factors.)

5 Factor 2x° + 4x + 1 in z5[x]. (Factor it as in Theorem 3.)

6 In z4[x], factor each of the following into two polynomials of degree 1 : x, x + 2, x + 3. Why 1is this
possible?

B. Short Questions Relating to Irreducible Polynomials

Let F be a field. Explain why each of the following is true in F[x]:

1 Every polynomial of degree 1 is irreducible.

2 If a(x) and b(x) are distinct monic polynomials, they cannot be associates.
3 Any two distinct irreducible polynomials are relatively prime.

4 If a(x) is irreducible, any associate of a(x) is irreducible.

5 If a(x)#, a(x) cannot be an associate of 0.

6 In z,[x], every nonzero polynomial has exactly p — 1 associates.



7 x*+ 1 is reducible in z,[x] iff p = a + b where ab = 1 (mod p).

C. Number of Irreducible Quadratics over a Finite Field

1 Without finding them, determine how many reducible monic quadratics there are in zs[x]. [HINT:
Every reducible monic quadratic can be uniquely factored as (x + a)(x + b).]

2 How many reducible quadratics are there in z5[x]? How many irreducible quadratics?

3 Generalize: How many irreducible quadratics are there over a finite field of n elements?

4 How many irreducible cubics are there over a field of n elements?

D. Ideals in Domains of Polynomials

Let F'be a field, and let J designate any ideal of F[x]. Prove parts 1-4.

1 Any two generators of J are associates.

2 J has a unique monic generator m(x). An arbitrary polynomial a(x) € F[x] is in J iff m(x) | a(x).

3 Jis a prime ideal iff it has an irreducible generator.

# 4 If p(x) is irreducible, then {p(x)) is a maximal ideal of F[x]. (See Chapter 18, Exercise H5.)

S Let S be the set of all polynomials ay + a;x + -+ + a,x" in F[x] which satisty ay +a; + - +a,=0. It

has been shown (Chapter 24, Exercise ES) that S is an ideal of F[x]. Prove that x — 1 € §, and explain
why it follows that S = (- 1).

6 Conclude from part 5 that F[x]/{x — 1) = F. (See Chapter 24, Exercise F4.)

7 Let F[x, y] denote the domain of all the polynomials aif-xiyf in two letters x and y, with coefficients in
F. Let J be the ideal of F[x, y] which contains all the polynomials whose constant coefficient in zero.

Prove that J is not a principal ideal. Conclude that Theorem 1 is not true in FJx, y].
E. Proof of the Unique Factorization Theorem

1 Prove Euclid’s lemma for polynomials.
2 Prove the two corollaries of Euclid’s lemma.
3 Prove the unique factorization theorem for polynomials.

F. A Method for Computing the ged

Let a(x) and b(x) be polynomials of positive degree. By the division algorithm, we may divide a(x) by
b(x):

a(x) = b(x)gqy(x) + r1,(x)

1 Prove that every common divisor of a(x) and b(x) is a common divisor of b(x) and r(x).

It follows from part 1 that the ged of a(x) and b(x) 1s the same as the ged of b(x) and r((x). This
procedure can now be repeated on b(x) and r(x); divide b(x) by r;(x):

b(x) = r1(x)g,(x)r(x)



Next

71(x) = 1(x)g3(x) + r3(x)

Finally,
rn—l(x) =Ty (X)Qn-i-l(x) +0

In other words, we continue to divide each remainder by the succeeding remainder. Since the
remainders continually decrease in degree, there must ultimately be a zero remainder. But we have seen
that

gedla(x),b(x)] = ged[b(x), 71 (x)] = - = ged[r,, 1 (x), 7,(x0)]

Since 7,,(x) 1s a divisor of r,_;(x), it must be the ged of 7,,(x) and r,_ ;. Thus,

ru(x) = gedla(x), b(x)]

This method is called the euclidean algorithm for finding the ged.

# 2 Find the ged of x> + 1 and x* + x> + 2x> + x — 1. Express this gcd as a linear combination of the two
polynomials.
3 Do the same for x** — 1 and x!° - 1.

4 Find the ged of x® +x% + x + 1 and x* + x> + 2x% + 2x in z;3[x].

G. A Transformation of F|x]
Let G be the subset of F|x] consisting of all polynomials whose constant term is nonzero. Let 2 : G — G
be defined by

h(agtax+--+ax")=a,+a, x+ -+ ay"

Prove parts 1-3:

1 & preserves multiplication, that is, [a(x)b(x)] = h[a(x)]h[b(x)].

2 h is injective and surjective and /1 - h =¢.
Jay+ax+--+ax"isirreducible iff a, + a,_px + - + agx" 1s irreducible.

4 Letaytapx+ - +ax"=(by+ - +b,x")(cyt - +cx). Factor
Ay T Ay X T aoxn

SLeta(x)=ag+ax+--+ax"and dx)=a, ta,_x+ - +ay" If c €F, prove that a(c) = 0 iff
a(l/c)=0.



CHAPTER

TWENTY-SIX

SUBSTITUTION IN POLYNOMIALS

Up to now we have treated polynomials as formal expressions. If a(x) is a polynomial over a field F, say
a(x)=apg+ax+-+ax"

this means that the coefficients a,, a;, ...,a, are elements of the field F, while the letter x is a
placeholder which plays no other role than to occupy a given position.

When we dealt with polynomials in elementary algebra, it was quite different. The letter x was
called an unknown and was allowed to assume numerical values. This made a(x) into a function having
x as its independent variable. Such a function is called a polynomial function.

This chapter is devoted to the study of polynomial functions. We begin with a few careful
definitions.

Let a(x) = ag + a;x + -+ a,x" be a polynomial over F. If ¢ is any element of F, then
ay+ac+-+a,c"

is also an element of F', obtained by substituting c for x in the polynomial a(x). This element 1s denoted
by a(c). Thus,

a(c)=ag+ajc+ - +a,c’

Since we may substitute any element of F for x, we may regard a(x) as a function from F fo F. As such,
it is called a polynomial function on F.

The difference between a polynomial and a polynomial function is mainly a difference of
viewpoint. Given a(x) with coefficients in F: if x is regarded merely as a placeholder, then a(x) is a
polynomial; if x is allowed to assume values in F', then a(x) is a polynomial function. The difference is a
small one, and we will not make an issue of it.

If a(x) is a polynomial with coefficients in F, and c is an element of ¥ such that



a(c)=0

then we call ¢ a root of a(x). For example, 2 is a root of the polynomial 3x? + x — 14 € g[x], because 3 -
22+2-14=0.

There is an absolutely fundamental connection between roots of a polynomial and factors of that
polynomial. This connection is explored in the following pages, beginning with the next theorem:

Let a(x) be a polynomial over a field F.

Theorem 1 c is a root of a(x) iff x — c is a factor of a(x).

PROOF: If x — ¢ is a factor of a(x), this means that a(x) = (x — ¢)g(x) for some g(x). Thus, a(c) = (c
— ¢)q(c) =0, so c is a root of a(x). Conversely, if ¢ is a root of a(x), we may use the division algorithm
to divide a(x) by x — ¢: a(x) = (x — ¢)g(x) + r(x). The remainder r(x) is either O or a polynomial of lower
degree than x — c; but lower degree than x — ¢ means that 7(x) is a constant polynomial: 7(x) = » > 0.
Then

O=a(c)=(c-c)glc) +tr=0+r=r

Thus, » =0, and therefore x — ¢ is a factor of a(x). =

Theorem 1 tells us that if ¢ is a root of a(x), then x — ¢ is a factor of a(x) (and vice versa). This is
easily extended: if ¢; and ¢, are two roots ofa(x), then x — ¢; and x — ¢, are two factors of a(x).

Similarly, three roots give rise to three factors, four roots to four factors, and so on. This is stated
concisely in the next theorem.

Theorem 2 If a(x) has distinct roots cy, ..., c,, in F, then (x — c¢)(x — ¢;) - (x — ¢,,) is a factor of
a(x).

PrOOF: To prove this, let us first make a simple observation: if a polynomial a(x) can be factored,
any root of a(x) must be a root of one of its factors. Indeed, if a(x) = s(x)#(x) and a(c) = 0, then s(c) #(c)
= 0, and therefore either s(c) = 0 or #(c) - 0.

Let ¢y,..., ¢, be distinct roots of a(x). By Theorem 1,

a(x) =(x - ¢1) q;(x)

By our observation in the preceding paragraph, ¢, must be a root of x — ¢ or of g(x). It cannot be a root
of x — ¢ because ¢, — ¢; # 0; so ¢, 1s a root of g{(x). Thus, g;(x) = (x — ¢,) ¢g,(x), and therefore

a(x) = (x — ¢ x = ¢3) g(x)

Repeating this argument for each of the remaining roots gives us our result. m
An immediate consequence is the following important fact:

Theorem 3 If a(x) has degree n, it has at most n roots.

Proor: If a(x) had n + 1 roots cy,..., ¢, + |, then by Theorem 2, (x — ¢;) - (x = ¢, + ;) would be a
factor of a(x), and the degree of a(x) would therefore be at leastx + 1. m
It was stated earlier in this chapter that the difference between polynomials and polynomial



functions is mainly a difference of viewpoint. Mainly, but not entirely! Remember that two polynomials
a(x) and b(x) are equal iff corresponding coefficients are equal, whereas two functions a(x) and b(x) are
equal iff a(x) = b(x) for every x in their domain. These two notions of equality do not always coincide!

For example, consider the following two polynomials in z 5 [x]:

a(x)=x"+1
b(x)=x—4

You may check that a(0) = b(0), a(1) = b(l),..., a(4) = b(4); hence a(x) and b(x) are equal functions from
z 5 to z5. But as polynomials, a(x) and b(x) are quite distinct! (They do not even have the same degree.)

It is reassuring to know that this cannot happen when the field F' is infinite. Suppose a(x) and b(x)
are polynomials over a field F which has infinitely many elements. If a(x) and b(x) are equal as
functions, this means that a(c) = b(c) for every ¢ € F. Define the polynomial d(x) to be the difference of
a(x) and b(x): d(x) = a(x) — b(x). Then d(c) = 0 for everyc € F. Now, if d(x) were not the zero
polynomial, it would be a polynomial (with some finite degree n) having infinitely many roots, and by
Theorem 3 this 1s impossible! Thus, d(x) is the zero polynomial (all its coefficients are equal to zero),
and therefore a(x) is the same polynomial as b(x). (They have the same coefficients.)

This tells us that if F is a field with infinitely many elements (such as @, g, or ¢), there is no need
to distinguish between polynomials and polynomial functions. The difference is, indeed, just a
difference of viewpoint.

POLYNOMIALS OVER z AND @

In scientific computation a great many functions can be approximated by polynomials, usually
polynomials whose coefficients are integers or rational numbers. Such polynomials are therefore of
great practical interest. It is easy to find the rational roots of such polynomials, and to determine if a
polynomial over @ is irreducible over @. We will do these things next.

First, let us make an important observation:
Let a(x) be a polynomial with rational coefficients, say
k k

a(x) = -2 + ---lx+---+£~’v'-x"
b 1 /

We may now factor out s from all but the first term to get

a(x) = (koly -+l + oot kylye oo, x7)

'!ll'!"‘!n

b(x)

The polynomial b(x) has integer coefficients,; and since it differs from a(x) only by a constant factor, it
has the same roots as a(x). Thus, for every polynomial with rational coefficients, there is a polynomial
with integer coefficients having the same roots. Therefore, for the present we will confine our attention
to polynomials with integer coefficients. The next theorem makes it easy to find all the rational roots of
such polynomials:

Let s/t be a rational number in simplest form (that is, the integers s and ¢ do not have a common



factor greater than 1). Let a(x) = ay + --- + a,, X" be a polynomial with integer coefficients.

Theorem 4 If s/t is a root of a(x), then s|ay and t|a,,.

PRrROOF: If s/t is a root of a(x), this means that
ayt+a(s/t)+ - +a,s"/f)=0
Multiplying both sides of this equation by #* we get
ag " +apst" =1+ +as"=0 (1)
We may now factor out s from all but the first term to get
—ayf" =s(af" "1+t a,st ]

Thus, s /ayt"; and since s and ¢ have no common factors, s|a,. Similarly, in Equation (1), we may factor
out ¢ from all but the last term to get

n

Hagt" '+ +a,_ 5" N=—-a,s

Thus, #\a,s"; and since s and ¢ have no common factors, t\a,. =

As an example of the way Theorem 4 may be used, let us find the rational roots of a(x) = 2x* + 7x>
+ 5x? + 7x + 3. Any rational root must be a fraction sit where s is a factor of 3 and  is a factor of 2. The
possible roots are therefore +1, £3, £5 and +3. Testing each of these numbers by direct substitution into
the equation a(x) = 0, we find that — J and — 3 are roots.

Before going to the next step in our discussion we note a simple but fairly surprising fact.

Lemma Let a(x) = b(x)c(x), where a(x), b(x), and c(x) have integer coefficients. If a prime number
p divides every coefficient of a(x), it either divides every coefficient of b(x) or every coefficient of c(x).

Proor: If this is not the case, let b, be the first coefficient of b(x) not divisible by p, and let ¢, be
the first coefficient of ¢(x) not divisible by p. Now, a(x) = b(x) c(x), so

Ay =boCpsy o F byt b g

Each term on the right, except b,c, is a product b;,C;where either i > r or j > ¢. By our choice of b, and ¢,,
if i>rthenp | b;, and j > ¢ then p | ¢;. Thus, p is a factor of every term on the right with the possible
exception of b,c, but p is also a factor of a,. , ,. Thus, p must be a factor of b,c, hence of either b, or ¢,
and this is impossible. m

We saw (in the discussion immediately preceding Theorem 4) that any polynomial a{x) with
rational coefficients has a constant multiple ka(x), with integer coefficients, which has the same roots as
a(x). We can go one better; let a(x)€ z[x]:

Theorem 5 Suppose a(x) can be factored as a(x) = b(x)c(x), where b(x) and c(x) have rational
coefficients. Then there are polynomials B(x) and C(x) with integer coefficients, which are constant



multiples of b(x) and c(x), respectively, such that a(x) = B(x)C(x).

PrROOF. Let k and / be integers such that kb(x) and /c(x) have integer coefficients. Then kla(x) =
[kb(x)][lc(x)]. By the lemma, each prime factor of &/ may now be canceled with a factor of either kb(x)
or lc(x). m

Remember that a polynomial a(x) of positive degree is said to be reducible over F if there are
polynomials b(x) and c(x) in F[x], both of positive degree, such that a(x) = b(x) c(x). If there are no such
polynomials, then a(x) is irreducible over F.

If we use this terminology, Theorem 5 states that any polynomial with integer coefficients which is
reducible over Q is reducible already over 1.

In Chapter 25 we saw that every polynomial can be factored into irreducible polynomials. In order
to factor a polynomial completely (that is, into irreducibles), we must be able to recognize an
irreducible polynomial when we see one! This is not always an easy matter. But there is a method which
works remarkably well for recognizing when a polynomial is irreducible over @:

Theorem 6: Eisenstein ’ s irreducibility criterion Let
a(x)=apg+ax+-+ax"

be a polynomial with integer coefficients. Suppose there is a prime number p which divides every
coefficient of a(x) except the leading cofficient a, ; suppose p does not divide a, and p*> does not divide
ay. Then a(x) is irreducible overQ.

PROOF: If a(x) can be factored over © as a(x) = b(x)c(x), then by Theorem 5 we may assume b(x)
and c(x) have integer coefficients: say

b(x)=by+--+bx* and c(x)=cy+ -+ c,x"

Now, ay = bycy;p divides a, but p? does not, so only one of by, ¢ is divisible by p. Say p| ¢, and p + b,
Next, a, = bc,,and p t a,, sop t ¢,
Let s be the smallest integer such that p 4 ¢,. We have

“s=bocg+bycg_ -+ bicy

and by our choice of ¢, every term on the right except b(c, is divisible by p. But a, also 1s divisible by
p, and therefore byc, must be divisible by p. This is impossible because p + by and p + c,. Thus, a(x)
cannot be factored. m

For example, x> + 2x> + 4x + 2 is irreducible over @ because p = 2 satisfies the conditions of
Eisenstein’s criterion.

POLYNOMIALS OVER r AND ¢

One of the most far-reaching theorems of classical mathematics concerns polynomials with complex
coefficients. It is so important in the frame work of traditional algebra that it is called the fundamental
theorem of algebra. 1t states the following:

Every nonconstant polynomial with complex coefficients has a complex root.



(The proof of this theorem is based upon techniques of calculus and can be found in most books on
complex analysis. It is omitted here.)

It follows immediately that the irreducible polynomials in c[x] are exactly the polynomials of
degree 1. For if a(x) is a polynomial of degree greater than 1 in ¢ [x], then by the fundamental theorem
of algebra it has a root ¢ and therefore a factor x — c.

Now, every polynomial in ¢ [x] can be factored into irreducibles. Since the irreducible polynomials
are all of degree 1, it follows that if a(x) is a polynomial of degree n over ¢, it can be factored into

a(x) =k(x —cP(x —¢y) - (x - ¢,)

In particular, if a(x) has degree n it has n (not necessarily distinct) complex roots c; ... c,,.

Since every real number a is a complex number (a = a + 0i), what has just been stated applies
equally to polynomials with real coefficients. Specifically, if a(x) is a polynomial of degree n with real
coefficients, it can be factored into a(x) = k(x - ¢;) -+ (x — ¢,), where ¢, ...,c, are complex numbers

(some of which may be real).
For our closing comments, we need the following lemma:
Lemma Suppose a(x) € r[x]. If a + bi is a root of a(x), so is a — bi.
PrOOF: Remember that a — bi is called the conjugate of a + bi. If r is any complex number, we

write » for its conjugate. It is easy to see that the function f{r) = 7 is a homomorphism from ¢ to ¢ (in
fact, it is an isomorphism). For every real number a, fla) = a. Thus, if a(x) has real coefficients, then

aytay+--+arh)=ay+a;r +-+a,". Since f{0) =0, it follows that if 7 is a root of a(x), sois 7. m
0 1 n 0 1 n

Now let a(x) be any polynomial with real coefficients, and let » = a + bi be a complex root of a(x).
Then 7 is also a root of a(x), so

(x - P)(x — 7) =x% = 2ax + (a* + b?)

and this is a quadratic polynomial with real coefficients! We have thus shown that any polynomial with
real coefficients can be factored into polynomials of degree 1 or 1 in r[x]. In particular, the irreducible
polynomials of the linear polynomials and [x] are the linear polynomials and the irreducible quadratics

(that is, the ax? + bx + ¢ where b? — 4ac < 0).

EXERCISES

A. Finding Roots of Polynomials over Finite Fields

In order to find a root of a(x) in a finite field F, the simplest method (if F is small) is to test every
element of F' by substitution into the equation a(x) = 0.

1 Find all the roots of the following polynomials in z 5[x], and factor the polynomials:
BHx2+x+1; 3P+ +1 P+ x+1; x4

# 2 Use Fermat’s theorem to find all the roots of the following polynomials in z -[x]:

10015 3B 4+xP+3; A - +2x+6



3 Using Fermat ’s theorem, find polynomials of degree <6 which determine the same functions as the
following polynomials in z ;[x]:

4 1 2. 1 101 81. 103 _ 73 55 _ 25
3x70 = 5%+ 2x13 — x2; 4x108 4 gy 101 _ 08l 35103 _ (73 4 3555 _

4 Explain why every polynomial in z [x] has the same roots as a polynomial of degree < p.

P

B. Finding Roots of Polynomials over o
# 1 Find all the rational roots of the following polynomials, and factor them into irreducible
polynomials in @ [x]:
Ox> +18x* —4x—8;  4x’ —3x"—-8x +6;
2x* +3x° — 8x — 12; 6x* —Tx’ +8x = Tx+2

2 Factor each of the preceding polynomials in g[x] and in ¢[x].
3 Find associates with integer coefficients for each of the following polynomials:

3,3 2_4 Ay e 1ol map 1 o
:+2x gx 3 21 i 2I+4, V3ix +y,§x Vix

(%]
i
il

4 Find all the rational roots of the polynomials in part 3 and factor them over g.

5 Does 2x* + 3x? — 2 have any rational roots? Can it be factored into two polynomials of lower degree
in @ [x]? Explain.

C. Short Questions Relating to Roots

Let F be a field.

Prove that parts 1-3 are true in F[x].

1 The remainder of p(x), when divided by x — ¢, is p(c).

2 (x - o)l(p(x) - p(c)).

3 Every polynomial has the same roots as any of its associates.

4 If a(x) and b(x) have the same roots in F, are they necessarily associates? Explain.

S Prove: If a(x) 1s a monic polynomial of degree n, and a(x) has n roots cy, ..., ¢, € F, then a(x) = (x -
¢) - (x - ,).

6 Suppose a(x) and b(x) have degree <n. If a(c) = b(c) for n values of ¢, prove that a(x) = b(x).

7 There are infinitely many irreducible polynomials in z5[x].

# 8 How many roots does x? — x have in z ;,? In z,,? Explain the difference.
y 10 11 p

D. Irreducible Polynomials in ©[x] by Eisenstein’s Criterion (and Variations on the
Theme)

1 Show that each of the following polynomials is irreducible over @:



2 1 1
3x*-8x' +6x° —4x +6; ix*+ 5 =2+ 5

5.2 55 LBy o
3,1' 5 2.1’ X 3.1’

1
4 —_— — % —_—
X 3x

Lh| e

2 It often happens that a polynomial a(y), as it stands, does not satisfy the conditions of Eisenstein’s
criterion, but with a simple change of variable y = x + ¢, it does. It is important to note that if a(x) can be
factored into p(x)g(x), then certainly a(x + ¢) can be factored into p(x + c¢)g(x + c¢). Thus, the
irreducibility of a(x + ¢) implies the irreducibility of a(x).

(a) Use the change of variable y = x + | to show that x* + 4x + 1 is irreducible in @[x]. [In other
words, test (x + 1)* + 4(x + 1) + 1 by Eisenstein’s criterion.]

(b) Find an appropriate change of variable to prove that the following are irreducible in @ [x]:

22 -1 P -3x+1 X+ X -10x2+ 1

# 3 Prove that for any prime p, x* =+ x? =2 + ... + x + 1 is irreducible in @[x].[HINT: By elementary
algebra,

(x - 1)(xp‘1+xp‘2+---+x+ 1)=x1"‘1
hence

P
. p Sl |
244 x+1=

x? 1 4+ xP
x—1

Use the change of variable y = x + 1, and expand by the binomial theorem.

4 By Exercise G3 of Chapter 25, the function
h(aO + apx Tt anxn) = a, + ay - 1X T _|_a0xn

restricted to polynomials with nonzero constant term matches irreducible polynomials with irreducible
polynomials. Use this fact to state a dual version of Eisenstein’s irreducibility criterion.

5 Use part 4 to show that each of the following polynomials is irreducible in @[x]:

2

3
xt

1 5 ]. 4 .
G by~ BB bS & ey = X+ xt-

E. Irreducibility of Polynomials of Degree <4

1 Let F be any field. Explain why, if a(x) is a quadratic or cubic polynomial in F[x], a(x) is irreducible
in F[x] iff a(x) has no roots in F.

2 Prove that the following polynomials are irreducible in @[x]:

1
X0+ 2x—3; 3xP-2x -4 x3+.x2+§x+

2 2 ; 2 E oEE

|

3 Suppose a monic polynomial a(x) of degree 4 in F[x] has no roots in F. Then a(x)is reducible iff it is a



product of two quadratics x* + ax + b and x> + cx + d, that is, iff
a(x) =x*+ (a + c)x> + (ac + b+ d)x*> + (bc + ad)x +bd

If the coefficients of a(x) cannot be so expressed (in terms of any a, b,c, d € F) then a(x) must be
irreducible.

Example a(x) =x*+2x3 +x+ 1; then bd = 1, so b= d = +1; thus, bc + ad = +(a + ¢), but a + ¢ =2
and bc + ad = 1; which is impossible.

Prove that the following polynomials are irreducible in @[x] (use Theorem 5, searching only for integer
values of a, b, c, d):

o524 1; Pt -xt-2; X +3x+1
4 Prove that the following polynomials are irreducible in z5[x]:
203 +x?+Ax+ 1 xP 2 a2, Xl

F. Mapping onto z , to Determine Irreducibility over ©

If h :z — z,, 1s the natural homomorphism, let ; : z [x] — z ,[x] be defined by
i(ag + @y + -+ ax") = hag) + h(ax + -+ h(a,)x"

In Chapter 24, Exercise G, it is proved that ; is a homomorphism. Assume this fact and prove:
# 1 If s(a(x)) 1s irreducible in z,[x] and a(x) is monic, then a(x) is irreducible in z[x].
2 x* + 10x> + 7 is irreducible in @[x] by using the natural homomorphism from z to zs.

3 The following are irreducible in @[x] (find the right value of n and use the natural homomorphism
fromztoz ,):

x-10x2+1; 73+ 14x2+3; x+1

G. Roots and Factors in A[x] When A4 Is an Integral Domain

It is a useful fact that Theorems 1, 2, and 3 are still true in A[x] when 4 is not a field, but merely an
integral domain. The proof of Theorem 1 must be altered a bit to avoid using the division algorithm. We
proceed as follows:

Ifa(x)=ay+a;x+ - +ax"and c is a root of a(x), consider
a(x) - a() = a)(x - &) + ay(® = )+ -+ a4, (¥ - )
1 Prove that fork=1, ..., n:
ak(xk —cky= a(x — )F T+ xk—2c+ .+ LD

2 Conclude from part 1 that a(x) — a(c) = (x — ¢)g(x) for some g(x).



3 Complete the proof of Theorem 1, explaining why this particular proof is valid when 4 is an integral
domain, not necessarily a field.

4 Check that Theorems 2 and 3 are true in A[x] when 4 is an integral domain.

H. Polynomial Interpolation

One of the most important applications of polynomials is to problems where we are given several values
of x (say, x = ay.ay, ..., a,) and corresponding values of y (say, y = by, b,..., b,), and we need to find a

function y = f(x) such that flay) = by, la;) = by,..., Aa,) = b,. The simplest and most useful kind of
function for this purpose is a polynomial function of the lowest possible degree.

We now consider a commonly used technique for constructing a polynomial p(x) of degree n which
assumes given values b, by,..., b, are given points a, ay,...,a,,. That is,

plag)=by.p(a))=b, ....,p(a,) =b,
First, foreachi=0,1, ..., n, let
q/(x)=(x — ag) ~(x —a; _ )X - ;1) - (x - a,)

1 Show that g,(a;) = 0 forj # i, and g(a;) # 0.
Let g,(a;) = c;, and define p(x) as follows:

b, b b
()= 2 2 /)= qo(¥) +-oo+ 2 ()

i=0 -y n

(This is called the Lagrange interpolation formula.)

2 Explain why p(ay) = by, p(a,) =,....,p(a,)=b,.

# 3 Prove that there is one and only one polynomial p(x) of degree < n such that p(ay) = b, ..., p(a,) =
b

4 Use the Lagrange interpolation formula to prove that if F is a finite field, every function from F to F
is equal to a polynomial function. (In fact, the degree of this polynomial is less than the number of
elements in F')

n

S If #x) is any polynomial in F[x], and ay, ..., a, € F, the unique polynomial p(x) of degree < n such
that p(ag) = t(ay), ..., p(a,) = t(a,) 1s called the Lagrange interpolator for #(x) and ay, ..., a,. Prove that
the remainder, when #(x) is divided by (x — a,)(x — a;) --- (x — a,,), is the Lagrange interpolator.

I. Polynomial Functions over a Finite Field

1 Find three polynomials in zs5[x] which determine the same function as
xr-x+1

2 Prove that ¥ — x has p roots in z

L [x], ¥’ — x can be

[x], for any prime p. Draw the conclusion that in z,

factored as



¥ —x=x(x-Dx=-=2)[x-(p-1)]

3 Prove that if a(x) and b(x) determine the same function in z [x], then

P

O = x)|(a(x)-b(x))

In the next four parts, let F' be any finite field.

# 4 Let a(x) and b(x) be in F[x]. Prove that if a(x) and b(x) determine the same function, and if the
number of elements in F' exceeds the degree of a(x) as well as the degree of b(x), then a(x) = b(x).

5 Prove: The set of all a(x) which determine the zero function is an ideal of F[x]. What its generator?

6 Let # (F) be the ring of all functions from F to F, defined in the same way as # (r). Let /4: F[x]— #
(F) send every polynomial a(x) to the polynomial function which it determines. Show that 4 is a
homomorphism from F[x] onto #(F). (NOTE: To show that % is onto, use Exercise H4.)

TLet F={C4,...,c,} and p(x) = (x — ¢) - (x — ¢,). Prove that

Flx]p(x) = #(F)
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