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CHAPTER

TWENTY-SEVEN

EXTENSIONS	OF	FIELDS

In	 the	 first	 26	chapters	of	 this	book	we	 introduced	 the	cast	 and	 set	 the	 scene	on	a	vast	 and	complex
stage.	Now	it	is	time	for	the	action	to	begin.	We	will	be	surprised	to	discover	that	none	of	our	effort	has
been	wasted;	for	every	notion	which	was	defined	with	such	meticulous	care,	every	subtlety,	every	fine
distinction	will	have	its	use	and	play	its	prescribed	role	in	the	story	which	is	about	to	unfold.

We	will	see	modern	algebra	reaching	out	and	merging	with	other	disciplines	of	mathematics;	we
will	 see	 its	machinery	 put	 to	 use	 for	 solving	 a	wide	 range	 of	 problems	which,	 on	 the	 surface,	 have
nothing	whatever	to	do	with	modern	algebra.	Some	of	these	problems—ancient	problems	of	geometry,
riddles	 about	 numbers,	 questions	 concerning	 the	 solutions	 of	 equations—reach	 back	 to	 the	 very
beginnings	of	mathematics.	Great	masters	of	the	art	of	mathematics	puzzled	over	them	in	every	age	and
left	 them	unsolved,	 for	 the	machinery	 to	 solve	 them	was	 not	 there.	Now,	with	 a	 light	 touch	modern
algebra	uncovers	the	answers.

Modern	algebra	was	not	built	 in	an	 ivory	 tower	but	was	created	part	and	parcel	with	 the	 rest	of
mathematics—tied	 to	 it,	 drawing	 from	 it,	 and	 offering	 it	 solutions.	 Clearly	 it	 did	 not	 develop	 as
methodically	as	it	has	been	presented	here.	It	would	be	pointless,	in	a	first	course	in	abstract	algebra,	to
replicate	 all	 the	 currents	 and	 crosscurrents,	 all	 the	 hits	 and	 misses	 and	 false	 starts.	 Instead,	 we	 are
provided	with	a	finished	product	 in	which	the	agonies	and	efforts	 that	went	 into	creating	it	cannot	be
discerned.	 There	 is	 a	 disadvantage	 to	 this:	 without	 knowing	 the	 origin	 of	 a	 given	 concept,	 without
knowing	the	specific	problems	which	gave	it	birth,	the	student	often	wonders	what	it	means	and	why	it
was	ever	invented.

We	hope,	beginning	now,	 to	shed	 light	on	 that	kind	of	question,	 to	 justify	what	we	have	already
done,	and	to	demonstrate	that	the	concepts	introduced	in	earlier	chapters	are	correctly	designed	for	their
intended	purposes.

Most	of	classical	mathematics	 is	 set	 in	a	 framework	consisting	of	 fields,	 especially	 ,	 ,	and	 .
The	theory	of	equations	deals	with	polynomials	over	 	and	 ,	calculus	is	concerned	with	functions	over	
,	and	plane	geometry	is	set	in	 	×	 .	It	is	not	surprising,	therefore,	that	modern	efforts	to	generalize	and
unify	 these	 subjects	 should	 also	 center	 around	 the	 study	of	 fields.	 It	 turns	 out	 that	 a	 great	 variety	 of
problems,	ranging	from	geometry	to	practical	computation,	can	be	translated	into	the	language	of	fields
and	formulated	entirely	in	terms	of	the	theory	of	fields.	The	study	of	fields	will	therefore	be	our	central



concern	in	the	remaining	chapters,	though	we	will	see	other	themes	merging	and	flowing	into	it	like	the
tributaries	of	a	great	river.

If	F	 is	a	 field,	 then	a	subfield	of	F	 is	any	nonempty	subset	of	F	which	 is	closed	with	 respect	 to
addition	and	subtraction,	multiplication	and	division.	(It	would	be	equivalent	to	say:	closed	with	respect
to	 addition	 and	 negatives,	multiplication	 and	multiplicative	 inverses.)	As	we	 already	 know,	 if	K	 is	 a
subfield	of	F,	then	K	is	a	field	in	its	own	right.

If	K	is	a	subfield	of	F,	we	say	also	that	F	is	an	extension	field	of	K.	When	it	is	clear	in	context	that
both	Fand	K	are	fields,	we	say	simply	that	F	is	an	extension	of	K.

Given	a	field	F,	we	may	look	inward	from	F	at	all	the	subfields	of	F.	On	the	other	hand,	we	may
look	 outward	 from	 F	 at	 all	 the	 extensions	 of	 F.	 Just	 as	 there	 are	 relationships	 between	 F	 and	 its
subfields,	 there	 are	 also	 interesting	 relationships	 between	 F	 and	 its	 extensions.	 One	 of	 these
relationships,	as	we	shall	see	later,	is	highly	reminiscent	of	Lagrange’s	theorem—an	inside-out	version
of	it.

Why	should	we	be	interested	in	looking	at	the	extensions	of	fields?	There	are	several	reasons,	but
one	is	very	special.	If	F	 is	an	arbitrary	field,	 there	are,	 in	general,	polynomials	over	F	which	have	no
roots	 in	F.	For	 example,	x2	 +	 1	 has	 no	 roots	 in	 .	 This	 situation	 is	 unfortunate	 but,	 it	 turns	 out,	 not
hopeless.	For,	as	we	shall	soon	see,	every	polynomial	over	any	field	F	has	roots.	If	these	roots	are	not
already	in	F,	they	are	in	a	suitable	extension	of	F.	For	example,	x2	+	1	=	0	has	solutions	in	 .

In	the	matter	of	factoring	polynomials	and	extracting	their	roots,	 	is	utopia!	In	 	every	polynomial
a(x)	of	degree	n	has	exactly	n	roots	c1,	…,	cn	and	can	therefore	be	factored	as	a(x)	=	k(x	−	c1)(x	−	c2)	⋯
(x	 −	 cn).	 This	 ideal	 situation	 is	 not	 enjoyed	 by	 all	 fields—far	 from	 it!	 In	 an	 arbitrary	 field	 F,	 a
polynomial	 of	 degree	n	may	 have	 any	 number	 of	 roots,	 from	 no	 roots	 to	n	 roots,	 and	 there	may	 be
irreducible	 polynomials	 of	 any	 degree	whatever.	 This	 is	 a	messy	 situation,	 which	 does	 not	 hold	 the
promise	of	an	elegant	theory	of	solutions	to	polynomial	equations.	However,	it	turns	out	that	F	always
has	a	suitable	extension	E	such	that	any	polynomial	a{x)	of	degree	n	over	F	has	exactly	n	solutions	in
E.	Therefore,	a(x)	can	be	factored	in	E[x]	as

a(x)	=	k(x	−	c1)(x	−	c2)	⋯	(x	−	cn)

Thus,	paradise	is	regained	by	the	expedient	of	enlarging	the	field	F.	This	is	one	of	the	strongest	reasons
for	 our	 interest	 in	 field	 extensions.	 They	 will	 give	 us	 a	 trim	 and	 elegant	 theory	 of	 solutions	 to
polynomial	equations.

Now,	let	us	get	to	work!	Let	E	be	a	field,	F	a	subfield	of	E,	and	c	any



element	of	E.	We	define	the	substitution	function	σc	as	follows:
For	every	polynomial	a(x)	in	F[x],

σc	(a(x))	=	a(c)

Thus,	 σc	 is	 the	 function	 “substitute	 c	 for	 x.”	 It	 is	 a	 function	 from	 F[x]	 into	 E.	 In	 fact,	 σc	 is	 a
homomorphism.	This	is	true	because

and

The	kernel	of	the	homomorphism	σc	is	the	set	of	all	the	polynomials	a(x)	such	that	a(c)	=	σc(a(x))	=
0.	That	is,	the	kernel	of	σc	consists	of	all	the	polynomials	a(x)	in	F[x]	such	that	c	is	a	root	of	a(x).

Let	Jc	denote	the	kernel	of	ac	;	since	the	kernel	of	any	homomorphism	is	an	ideal,	Jc	is	an	ideal	of
F[x).

An	element	c	in	E	is	called	algebraic	over	F	 if	it	is	the	root	of	some	nonzero	polynomial	a(x)	in
F[x].	 Otherwise,	 c	 is	 called	 transcendental	 over	 F.	 Obviously	 c	 is	 algebraic	 over	 F	 iff	 Jc	 contains
nonzero	polynomials,	and	transcendental	over	F	iff	Jc	=	{0}.

We	will	confine	our	attention	now	to	the	case	where	c	is	algebraic.	The	transcendental	case	will	be
examined	in	Exercise	G	at	the	end	of	this	chapter.

Thus,	let	c	be	algebraic	over	F,	and	let	Jc	be	the	kernel	of	σc	(where	σc	is	the	function	“substitute	c
for	 x”).	 Remember	 that	 in	 F[x]	 every	 ideal	 is	 a	 principal	 ideal;	 hence	 Jc	 =	 〈p(x)〉	 =	 the	 set	 of	 all
multiples	of	p(x),	for	some	polynomial	p(x).	Since	every	polynomial	in	Jc	is	a	multiple	of	p(x),	p(x)	is	a
polynomial	of	 lowest	 degree	 among	 all	 the	 nonzero	 polynomials	 in	 Jc.	 It	 is	 easy	 to	 see	 that	 p(x)	 is
irreducible;	otherwise	we	could	factor	it	into	polynomials	of	lower	degree,	say	p(x)	=	f(x)g(x).	But	then
0	=	p(c)	=	f(c)g(c),	so	f(c)	=	0	or	g(c)	=	0,	and	therefore	either	f(x)	or	g(x)	is	in	Jc.	This	is	impossible,
because	we	have	just	seen	thatp{x)	has	the	lowest	degree	among	all	the	polynomials	in	Jc,	whereas	f(x)
and	g(x)	both	have	lower	degree	than	p(x).

Since	every	constant	multiple	of	p(x)	is	in	Jc,	we	may	take	p(x)	to	be	monic,	that	is,	to	have	leading
coefficient	1.	Then	p(x)	 is	 the	unique	monic	 polynomial	 of	 lowest	 degree	 in	Jc.	 (Also,	 it	 is	 the	 only
monic	irreducible	polynomial	in	Jc.)	This	polynomial	p(x)	is	called	the	minimum	polynomial	of	c	over
F,	and	will	be	of	considerable	importance	in	our	discussions	in	a	later	chapter.

Let	us	look	at	an	example:	 	is	an	extension	field	of	 ,	and	 	contains	the	irrational	number	 .
The	function	 	is	the	function	“substitute	 	for	x”;	for	example	 	(x4	−	3x2	+	1)	=	 	−	3 	+
1	=	−1.	By	our	discussion	above,	 :	 [x]	→	 .	is	a	homomorphism	and	its	kernel	consists	of	all	the
polynomials	in	 [x]	which	have	 	as	one	of	their	roots.	The	monic	polynomial	of	least	degree	in	 [x]
having	 	as	a	root	is	p(x)	=	x2	−	2;	hence	x2	−	2	is	the	minimum	polynomial	of	 	over	 .



Now,	 let	 us	 turn	 our	 attention	 to	 the	 range	 of	 σc.	 Since	 σc	 is	 a	 homomorphism,	 its	 range	 is
obviously	closed	with	respect	 to	addition,	multiplication,	and	negatives,	but	 it	 is	not	obviously	closed
with	respect	to	multiplicative	inverses.	Not	obviously,	but	in	fact	it	is	closed	for	multiplicative	inverses,
which	is	far	from	self-evident,	and	quite	a	remarkable	fact.	In	order	to	prove	this,	letf(c)	be	any	nonzero
element	in	the	range	of	σc.	Since	f(c)	≠	0,	f(x)	is	not	in	the	kernel	of	σc.	Thus,	f(x)	is	not	a	multiple	of
p(x),	and	since	p(x)	is	irreducible,	it	follows	that	f(x)	and	p(x)	are	relatively	prime.	Therefore	there	are
polynomials	s(x)	and	t(x)	such	that	s(x)f(x)	+	t(x)p(x)	=	1.	But	then

and	therefore	s(c)	is	the	multiplicative	inverse	of	f(c).
We	have	just	shown	that	the	range	of	σc	is	a	subfield	of	E.	Now,	the	range	of	σc	is	the	set	of	all	the

elements	a(c),	for	all	a(x)	in	F[x]:

Range	σc	=	{a(c):	a(x)	∈	F[x]}

We	have	just	seen	that	range	σc	is	a	field.	In	fact,	it	is	the	smallest	field	containing	F	and	c:	indeed,	any
other	field	containing	F	and	c	would	inevitably	contain	every	element	of	the	form

a0	+	a1c	+	⋯	+	ancn (a0,	…,	an	∈	F)

in	other	words,	would	contain	every	element	in	the	range	of	σc.
By	the	smallest	field	containing	F	and	c	we	mean	the	field	which	contains	F	and	c	and	is	contained

in	any	other	field	containing	F	and	c.	It	is	called	the	field	generated	by	F	and	c,	and	is	denoted	by	the
important	symbol

F(c)

Now,	here	is	what	we	have,	in	a	nutshell:	σc	is	a	homomorphism	with	domain	F[x],	range	F(c),	and
kernel	Jc	=	〈p(x)〉.	Thus,	by	the	fundamental	homomorphism	theorem,

Finally,	here	is	an	interesting	sidelight:	 if	c	and	d	are	both	roots	of	p(x),	where	c	and	d	are	 in	E,
then,	 by	what	we	 have	 just	 proved,	F(c)	 and	F(d)	 are	 both	 isomorphic	 to	F[x]/〈p(x)〉,	 and	 therefore
isomorphic	to	each	other:

If	c	and	d	are	roots	of	the	same	irreducible	polynomial	p(x)	in	F[x],	then	F(c)	≅	F(d)
In	particular,	this	shows	that,	given	F	and	c,	F(c)	is	unique	up	to	isomorphism.

It	is	time	now	to	recall	our	main	objective:	if	a(x)	is	a	polynomial	in	F[x]	which	has	no	roots	in	F,
we	wish	to	enlarge	F	to	a	field	E	which	contains	a	root	of	a(x).	How	can	we	manage	this?

An	 observation	 is	 in	 order:	 finding	 extensions	 of	F	 is	 not	 as	 easy	 as	 finding	 subfields	 of	F.	 A
subfield	of	F	is	a	subset	of	an	existing	set:	it	is	therel	But	an	extension	of	F	is	not	yet	there.	We	must
somehow	build	it	around	F.



Let	p(x)	be	an	irreducible	polynomial	in	F[x].	We	have	just	seen	that	if	F	can	be	enlarged	to	a	field
E	 containing	 a	 root	 c	 of	p(x),	 then	F(c)	 is	 already	what	we	 are	 looking	 for:	 it	 is	 an	 extension	 of	F
containing	a	root	of	p(x).	Furthermore,	F(c)	 is	 isomorphic	to	F[x]/〈p(x)〉.	Thus,	the	 field	extension	we
are	searching	for	is	precisely	F[x]/〈p(x)〉.	Our	result	is	summarized	in	the	next	theorem.

Basic	 theorem	of	 field	 extensions	Let	F	 be	 a	 field	 and	 a(x)	a	 nonconstant	 polynomial	 in	F[x].
There	exists	an	extension	field	E	of	F	and	an	element	c	in	E	such	that	c	is	a	root	of	a(x).

PROOF:	 To	 begin	with,	 a(x)	 can	 be	 factored	 into	 irreducible	 polynomials	 in	F[x].	 If	 p(x)	 is	 any
nonconstant	irreducible	factor	of	a(x),	it	is	clearly	sufficient	to	find	an	extension	of	F	containing	a	root
of	p(x),	since	such	a	root	will	also	be	a	root	of	a(x).

In	 Exercise	D4	 of	 Chapter	 25,	 the	 reader	 was	 asked	 to	 supply	 the	 simple	 proof	 that,	 if	 p(x)	 is
irreducible	in	F[x],	then	〈p(x)〉	is	a	maximal	ideal	of	F[x].	Furthermore,	by	the	argument	at	the	end	of
Chapter	19,	if	〈p(x)〉	is	a	maximal	ideal	of	F[x],	then	the	quotient	ring	F[x]/〈p(x)〉	is	a	field.

It	remains	only	to	prove	that	F[x]/	〈p(x)〉	 is	 the	desired	field	extension	of	F.	When	we	write	J	=
〈p(x)〉,	 let	 us	 remember	 that	 every	 element	 of	F[x]/J	 is	 a	 coset	 of	J.	We	will	 prove	 that	F[x]/J	 is	 an
extension	of	F	by	identifying	each	element	a	in	F	with	its	coset	J	+	a.

To	be	precise,	define	h:	F	→	F[x]/J	by	h(a)	=	J	+	a.	Note	 that	h	 is	 the	 function	which	matches
every	a	in	F	with	its	coset	J	+	a	in	F[x]/J.	We	will	now	show	that	h	is	an	isomorphism.

By	 the	 familiar	 rules	 of	 coset	 addition	 and	 multiplication,	 h	 is	 a	 homomorphism.	 Now,	 every
homomorphism	between	fields	is	 injective.	(This	 is	 true	because	the	kernel	of	a	homomorphism	is	an
ideal,	and	a	field	has	no	nontrivial	ideals.)	Thus,	h	is	an	isomorphism	between	its	domain	and	its	range.

What	 is	 the	range	of	h?	It	consists	of	all	 the	cosets	J	+	a	where	a	∈	F,	 that	 is,	 all	 the	cosets	of
constant	 polynomials.	 (If	 a	 is	 in	F,	 then	 a	 is	 a	 constant	 polynomial.)	 Thus,	F	 is	 isomorphic	 to	 the
subfield	 of	 F[x]/J	 containing	 all	 the	 cosets	 of	 constant	 polynomials.	 This	 subfield	 is	 therefore	 an
isomorphic	copy	of	F,	which	may	be	identified	with	F,	so	F[x]/J	is	an	extension	of	F.

Finally,	if	p(x)	=	a0	+	a1x	+	⋯	+	anxn,	let	us	show	that	the	coset	J	+	x	is	a	root	of	p(x)	in	F[x]/J.	Of
course,	in	F[x]/J,	the	coefficients	are	not	actually	a0,	a1,	…,	an,	but	their	cosets	J	+	a0,	J	+	a1,	…,	J	+	an.
Writing

J	+	a0	=	ā0,	…,	J	+	an	=	ān and J	+	x	=	

we	must	prove	that

ā0	+	ā1 	+	⋯	+	ān n	=	J (J	is	the	zero	coset)

Well,

This	completes	 the	proof	of	 the	basic	 theorem	of	field	extensions.	Observe	 that	we	may	use	 this
theorem	several	times	in	succession	to	get	the	following:



Let	a(x)	be	a	polynomial	of	degree	n	in	F[x],	There	is	an	extension	field	∈	of	F	which	contains	all	n
roots	of	a(x).

EXERCISES

A.	Recognizing	Algebraic	Elements
Example	To	show	that	 	is	algebraic	over	 ,	one	must	find	a	polynomial	p(x)	∈	 [x]	such

that	 	is	a	root	of	p(x).
Let	a	=	 ;	then	a2	=	1	+	 ,	a2	−	1	=	 ,	and	finally,	(a2	−	l)2	=	2.	Thus,	a	satisfies	p(x)	=

x4	−	2x2	−1	=	0.
1	Prove	that	each	of	the	following	numbers	is	algebraic	over	 :

(a) i
(b)
(c) 2	+	3i
(d)

#	(e)
(f) 	+	
(g)

2	Prove	that	each	of	the	following	numbers	is	algebraic	over	the	given	field:
(a) 	over	 (π)
(b) 	over	 (π2)
(c) π2	−	1	over	 (π3)
NOTE:	Recognizing	a	transcendental	element	is	much	more	difficult,	since	it	requires	proving	that

the	element	cannot	be	a	root	of	any	polynomial	over	the	given	field.	In	recent	times	it	has	been	proved,
using	sophisticated	mathematical	machinery,	that	π	and	e	are	transcendental	over	 .

B.	Finding	the	Minimum	Polynomial
1	Find	the	minimum	polynomial	of	each	of	the	following	numbers	over	 .	(Where	appropriate,	use	the
methods	of	Chapter	26,	Exercises	D,	E,	and	F	to	ensure	that	your	polynomial	is	irreducible.)

(a) 1	+	2i
(b) 1	+	
(c) 1	+	

#(d)	
(e)	 	+	
(f)	

2	Show	that	the	minimum	polynomial	of	 	+	i	is
(a) x2	−	2 x	+	3	over	
(b) x4	−	2x2	+	9	over	
(c) x2	−	2ix	−	3	over	 (i)

3	Find	the	minimum	polynomial	of	the	following	numbers	over	the	indicated	fields:
	+	i over	 ;	over	 :	over	 (i);	over	 ( )



over	 ;	over	 (i);	over	 ( );	over	

4	 For	 each	 of	 the	 following	 polynomials	 p(x),	 find	 a	 number	 a	 such	 that	 p(x)	 is	 the	 minimum
polynomial	of	a	over	 :

(a) x2	+	2x	−	1
(b) x4	+	2x2	−	1
(c) x4	−	10x2	+	1

5	Find	a	monic	irreducible	polynomial	p(x)	such	that	 [x]/〈p(x)〉	is	isomorphic	to
(a) ( )
(b) (1	+	 )
(c)

C.	The	Structure	of	Fields	F[x]/〈p	(x)〉
Let	p(x)	be	an	irreducible	polynomial	of	degree	n	over	F.	Let	c	denote	a	root	of	p(x)	in	some	extension
of	F	(as	in	the	basic	theorem	on	field	extensions).
1	Prove:	Every	element	in	F(c)	can	be	written	as	r(c),	for	some	r(x)	of	degree	<	n	in	F[x].	[HINT:	Given
any	element	t(c)	∈.	F(c),	use	the	division	algorithm	to	divide	t(x)	by	p(x).]
2	If	s(c)	=	t(c)	in	F(c),	where	s(x)	and	t(x)	have	degree	<	n,	prove	that	s(x)	=	t(x).
3	Conclude	from	parts	1	and	2	that	every	element	in	F(c)	can	be	written	uniquely	as	r(c),	with	deg	r(x)	<
n.
#	4	Using	 part	 3,	 explain	why	 there	 are	 exactly	 four	 elements	 in	 2[x]/〈x2	 +	x	 +	 1〉.	 List	 these	 four
elements,	and	give	their	addition	and	multiplication	tables.	{HINT:	Identify	 2[x]/〈x2	+	x	+	1〉	with	

2(c),	where	c	 is	a	 root	of	x2	+	x	+	1.	Write	 the	elements	of	 2(c)	as	 in	part	3.	When	computing	 the
multiplication	table,	use	the	fact	that	c2	+	c	+	1	=	0.}

5	Describe	 2[x]/〈x3	+	x	+	1〉,	as	in	part	4.

6	Describe	 3[x]/〈x3	+	x2	+	2〉,	as	in	part	4.

D.	Short	Questions	Relating	of	Field	Extensions
Let	F	be	any	field.
Prove	parts	1–5:
#	1	If	c	is	algebraic	over	F,	so	are	c	+	1	and	kc	(where	k	∈	F).
2	If	c	≠	0	and	c	is	algebraic	over	F,	so	is	1/c.
3	If	cd	is	algebraic	over	F,	then	c	is	algebraic	over	F(d).	If	c	+	d	is	algebraic	over	F,	then	c	is	algebraic
over	F(d)	(Assume	c	≠	0	and	d	≠	0.)
4	If	the	minimum	polynomial	of	a	over	F	is	of	degree	1,	then	a	∈	F,	and	conversely.
5	Suppose	F	⊆	K	and	a	∈	K.	If	p(x)	is	a	monic	irreducible	polynomial	in	F[x],	and	p(a)	=	0,	then	p(x)	is
the	minimum	polynomial	of	a	over	F.
6	Name	a	field	(≠	 	or	 )	which	contains	a	root	of	x5	+	2x3	+	4x2	+	6.
#	7	Prove:	 (1	+	i)	≅	 (1	−	i).	However,	 ( )	≅	 ( ).
8	If	p(x)	is	irreducible	and	has	degree	2,	prove	that	F[x]/〈p(x)〉	contains	both	roots	of	p(x).



E.	Simple	Extensions
Recall	the	definition	of	F(a).	It	is	a	field	such	that	(i)	F	⊆	F(a);	(ii)	a	∈	F(a);	(iii)	any	field	containing	F
and	a	contains	F(a).
Use	this	definition	to	prove	parts	1–5,	where	F	⊆	K,	c	∈	F,	and	a	∈	K:

1	F(a)	=	F(a	+	c)	and	F(a)	=	F(ca).	(Assume	c	≠	0.)
2	F(a2)	⊆	F(a)	and	F(a	+	b)	⊆	F(a,	b).	[F(a,	b)	is	the	field	containing	F,	a,	and	b,	and	contained	in	any
other	field	containing	F,	a	and	b.]	Why	are	the	reverse	inclusions	not	necessarily	true?
3	a	+	c	is	a	root	of	p(x)	iff	a	is	a	root	of	p(x	+	c);	ca	is	a	root	of	p(x)	iff	a	is	a	root	of	p(cx).
4	Let	p(x)	be	irreducible,	and	let	a	be	a	root	of	p{x	+	c).	Then

F[x]/〈p(x	+	c)〉	≅	F(a) and F[x]/〈p(x)〉	≅	F(a	+	c)

Conclude	that	F[x]/〈p(x	+	c)〉	≅	F[x]/〈p(x)〉.
5	Let	p(x)	be	irreducible,	and	let	a	be	a	root	of	p(cx).	Then	F[x]/〈p(cx)〉	≅	F(a)	and	F[x]/〈p(x)〉	≅	F(ca).
Conclude	that	F[x]/〈p(cx)〉	≅	F[x]/〈p(x)〉.
6	Use	parts	4	and	5	to	prove	the	following:

(a) 11[x]/〈x2	+	1〉	≅	 11[x]/〈x2	+	x	+	4〉.
(b) If	a	is	a	root	of	x2	−	2	and	b	is	a	root	of	x2	−	4x	+	2,	then	 (a)	≅	 (b).
(c) If	a	is	a	root	of	x2	−	2	and	b	is	a	root	of	x2	−	 ,	then	 (a)	≅	 (b).

†	F.	Quadratic	Extensions
If	the	minimum	polynomial	of	a	over	F	has	degree	2,	we	call	F(a)	a	quadratic	extension	of	F.
1	Prove	that,	if	F	is	a	field	whose	characteristic	is	≠2,	any	quadratic	extension	of	F	is	of	the	form	F( ),
for	some	a	∈	F	(HINT:	Complete	the	square,	and	use	Exercise	E4.)

Let	F	be	a	finite	field,	and	F*	the	multiplicative	group	of	nonzero	elements	of	F.	Obviously	H	=
{x2:	 x	∈	F*}	 is	 a	 subgroup	 of	F*;	 since	 every	 square	 x2	 in	F*	 is	 the	 square	 of	 only	 two	 different
elements,	namely	±x,	exactly	half	the	elements	of	F*	are	in	H.	Thus,	H	has	exactly	two	cosets:	H	itself,
containing	 all	 the	 squares,	 and	 aH	 (where	 a	 ∉	 H),	 containing	 all	 the	 nonsquares.	 If	 a	 and	 b	 are
nonsquares,	then	by	Chapter	15,	Theorem	5(i),

Thus:	if	a	and	b	are	nonsquares,	a/b	is	a	square.	Use	these	remarks	in	the	following:
2	Let	F	be	a	finite	field.	If	a,	b	∈	F,	let	p(x)	=	x2	−	a	and	q{x)	=	x2	−	b	be	irreducible	in	F[x],	and	let	
and	 	denote	roots	of	p(x)	and	q(x)	in	an	extension	of	F.	Explain	why	a/b	is	a	square,	say	a/b	=	c2	for
some	c	∈	F.	Prove	that	 	is	a	root	of	p(cx).
3	Use	part	2	to	prove	that	F[x]/〈p(cx)〉	≅	F( );	then	use	Exercise	E5	to	conclude	that	F( )	≅	F( )	.
4	Use	part	3	to	prove:	Any	two	quadratic	extensions	of	a	finite	field	are	isomorphic.
5	If	a	and	b	are	nonsquares	in	 ,	a/b	is	a	square	(why?).	Use	the	same	argument	as	in	part	4	to	prove	that
any	two	simple	extensions	of	 	are	isomorphic	(hence	isomorphic	to	 ).



G.	Questions	Relating	to	Transcendental	Elements
Let	F	be	a	field,	and	let	c	be	transcendental	over	F.	Prove	the	following:

1	{a(c):a(x)	∈	F[x]}	is	an	integral	domain	isomorphic	to	F[x].
#	2	F(c)	is	the	field	of	quotients	of	{a(c):	a(x)	∈	F[x]},	and	is	isomorphic	to	F(x),	the	field	of	quotients
of	F[x].

3	If	c	is	transcendental	over	F,	so	are	c	+	1,	kc	(where	k	∈	F	and	k	≠	0),	c2.
4	If	c	is	transcendental	over	F,	every	element	in	F(c)	but	not	in	F	is	transcendental	over	F.

†	H.	Common	Factors	of	Two	Polynomials:	Over	F	and	over	Extensions	of	F
Let	F	be	a	field,	and	let	a(x),	b(x)	∈	F[x].	Prove	the	following:

1	If	a{x)	and	b{x)	have	a	common	root	c	in	some	extension	of	F,	they	have	a	common	factor	of	positive
degree	in	F[x].	[Use	the	fact	that	a(x),	b(x)	∈	ker	σc.]
2	If	a(x)	and	b(x)	are	relatively	prime	in	F[x],	they	are	relatively	prime	in	K[x],	for	any	extension	K	of
F.	Conversely,	if	they	are	relatively	prime	in	K[x],	then	they	are	relatively	prime	in	F[x].

†	I.	Derivatives	and	Their	Properties
Let	a(x)	=	a0	+	a1x	+	⋯	+	anxn	∈	F[x].	The	derivative	of	a(x)	is	the	following	polynomial	a′(x)	∈	F[x]:

a′(x)	=	a1	+	2a2x	+	…	+	nanxn	−	1

(This	is	the	same	as	the	derivative	of	a	polynomial	in	calculus.)	We	now	prove	the	analogs	of	the	formal
rules	of	differentiation,	familiar	from	calculus.

Let	a(x),	b(x)	∈	F[x],	and	let	k	∈	F.

Prove	parts	1–4:
1	[a	(x)	+	b	(x)]′	=	a′(x)	+	b′(x)
2	[a(x)b(x)]′	=	a′(x)b(x)	+	a(x)b′(x)
3	[ka(x)]′	=	ka′(x)
4	If	F	has	characteristic	0	and	a′(x)	=	0,	then	a(x)	is	a	constant	polynomial.	Why	is	this	conclusion	not
necessarily	true	if	F	has	characteristic	p	≠	0?
5	Find	the	derivative	of	the	following	polynomials	in	 5[x]:

x6	+	2x3	+	x	+	1 x5	+	3x2	+	1 x15	+	3x10	+	4x5	+	1

6	If	F	has	characteristic	p	≠	0,	and	a′(x)	=	0,	prove	that	the	only	nonzero	terms	of	a(x)	are	of	the	form
ampxmp	for	some	m.	[That	is,	a(x)	is	a	polynomial	in	powers	of	xp.]

†	J.	Multiple	Roots
Suppose	a(x)	≅	F[x],	and	K	is	an	extension	of	F.	An	element	c	∈	K	is	called	a	multiple	root	of	a(x)	if	(x
−	c)m|a(x)	for	some	m	>	1.	It	is	often	important	to	know	if	all	the	roots	of	a	polynomial	are	different,	or



not.	 We	 now	 consider	 a	 method	 for	 determining	 whether	 an	 arbitrary	 polynomial	 a(x)	 ≅	 F[x]	 has
multiple	roots	in	any	extension	of	F.

Let	K	be	any	field	containing	all	the	roots	of	a(x)	.Suppose	a(x)	has	a	multiple	root	c.
1	Prove	that	a(x)	=	(x	−	c)2q(x)	∈	K[x].
2	Compute	a′(x),	using	part	1.
3	Show	that	x	−	c	is	a	common	factor	of	a(x)	and	a′(x).Use	Exercise	hi	to	conclude	that	a(x)	and	a′(x)
have	a	common	factor	of	degree	>1	in	F[x].

Thus,	if	a(x)	has	a	multiple	root,	 then	a(x)	and	a′(x)	have	a	common	factor	in	F[x].	To	prove	the
converse,	suppose	a(x)	has	no	multiple	roots.	Then	a(x)	can	be	factored	as	a(x)	=	(x	−	c1)	⋯	 (x	−	cn)
where	c1,	…,	cn	are	all	different.
4	Explain	why	a′(x)	is	a	sum	of	terms	of	the	form

(x	−	c1)⋯(x	−	ci	−	1)(x	−	ci	+	1)⋯(x	−	cn)

5	Using	part	4,	explain	why	none	of	the	roots	c1,	…,	cn	of	a(x)	are	roots	of	a′(x).
6	Conclude	that	a(x)	and	a′(x)	have	no	common	factor	of	degree	>1	in	F[x].

This	important	result	is	stated	as	follows:	A	polynomial	a(x)	in	F[x]	has	a	multiple	root	iff	a(x)	and
a′	(x)	have	a	common	factor	of	degree	>1	in	F[x].
7	Show	 that	 each	of	 the	 following	polynomials	has	no	multiple	 roots	 in	 any	 extension	of	 its	 field	of
coefficients:

x3	−	7x2	+	8	∈	 [x] x2	+	x	+	1	∈	 5[x] x100	−	1	∈	 7[x]

The	preceding	example	is	most	interesting:	it	shows	that	there	are	100	different	hundredth	roots	of
1	over	 7.	(The	roots	±1	are	in	 7,	while	the	remaining	98	roots	are	in	extensions	of	 7.)	Corresponding
results	hold	for	most	other	fields.



CHAPTER

TWENTY-EIGHT

VECTOR	SPACES

Many	physical	quantities,	such	as	length,	area,	weight,	and	temperature,	are	completely	described	by	a
single	 real	 number.	 On	 the	 other	 hand,	 many	 other	 quantities	 arising	 in	 scientific	 measurement	 and
everyday	reckoning	are	best	described	by	a	combination	of	several	numbers.	For	example,	a	point	 in
space	is	specified	by	giving	its	three	coordinates	with	respect	to	an	xyz	coordinate	system.

Here	 is	 an	 example	 of	 a	 different	 kind:	 A	 store	 handles	 100	 items;	 its	 monthly	 inventory	 is	 a
sequence	of	100	numbers	(a1,	a2,	…,	a100)	specifying	the	quantities	of	each	of	the	100	items	currently	in
stock.	Such	a	sequence	of	numbers	is	usually	called	a	vector.	When	the	store	is	restocked,	a	vector	is
added	to	the	current	inventory	vector.	At	the	end	of	a	good	month	of	sales,	a	vector	is	subtracted.

As	 this	 example	 shows,	 it	 is	 natural	 to	 add	 vectors	 by	 adding	 corresponding	 components,	 and
subtract	 vectors	 by	 subtracting	 corresponding	 components.	 If	 the	 store	 manager	 in	 the	 preceding
example	decided	to	double	inventory,	each	component	of	the	inventory	vector	would	be	multiplied	by	2.
This	shows	that	a	natural	way	of	multiplying	a	vector	by	a	real	number	k	is	to	multiply	each	component
by	k.	This	kind	of	multiplication	is	commonly	called	scalar	multiplication.

Historically,	as	the	use	of	vectors	became	widespread	and	they	came	to	be	an	indispensable	tool	of
science,	vector	algebra	grew	to	be	one	of	the	major	branches	of	mathematics.	Today	it	forms	the	basis
for	much	of	advanced	calculus,	the	theory	and	practice	of	differential	equations,	statistics,	and	vast	areas
of	 applied	 mathematics.	 Scientific	 computation	 is	 enormously	 simplified	 by	 vector	 methods;	 for
example,	3,	or	300,	or	3000	individual	readings	of	scientific	 instruments	can	be	expressed	as	a	single
vector.

In	any	branch	of	mathematics	it	is	elegant	and	desirable	(but	not	always	possible)	to	find	a	simple
list	 of	 axioms	 from	 which	 all	 the	 required	 theorems	 may	 be	 proved.	 In	 the	 specific	 case	 of	 vector
algebra,	we	wish	 to	 select	 as	 axioms	only	 those	particular	properties	of	vectors	which	 are	 absolutely
necessary	for	proving	further	properties	of	vectors.	And	we	must	select	a	sufficiently	complete	 list	of
axioms	 so	 that,	 by	 using	 them	and	 them	alone,	we	 can	 prove	 all	 the	 properties	 of	 vectors	 needed	 in
mathematics.

A	delightfully	simple	list	of	axioms	is	available	for	vector	algebra.	The	remarkable	fact	about	this
axiom	system	is	that,	although	we	conceive	of	vectors	as	finite	sequences	(a1,	a2,	…,	an)	of	numbers,



nothing	in	the	axioms	actually	requires	them	to	be	such	sequences!	Instead,	vectors	are	treated	simply	as
elements	in	a	set,	satisfying	certain	equations.	Here	is	our	basic	definition:

A	vector	space	over	a	 field	F	 is	 a	 set	V,	with	 two	operations	+	and	 ·	 called	vector	addition	 and
scalar	multiplication,	such	that
1.	V	with	vector	addition	is	an	abelian	group.
2.	For	any	k	∊	F	and	a	∊	V,	the	scalar	product	ka	is	an	element	of	V,	subject	to	the	following	conditions:
for	all	k,	l	∊	F	and	a,	b	∊	V,
(a)	k(a)	+	b)	=	ka	+	kb,
(b)	(k	+	l)a	=	ka	+	la,
(c)	k(la)	=	(kl)a,
(d)	1a	=	a.

The	elements	of	V	are	called	vectors	and	the	elements	of	the	field	F	are	called	scalars,
In	 the	 following	 exposition	 the	 field	 F	 will	 not	 be	 specifically	 referred	 to	 unless	 the	 context

requires	it.	For	notational	clarity,	vectors	will	be	written	in	bold	type	and	scalars	in	italics.
The	traditional	example	of	a	vector	space	is	the	set	 n	of	all	n-tuples	of	real	numbers,	(a1,	a2,	…,

an),	with	the	operations

(a1,	a2,	…,	an)	+	(b1,	b2,	…,	bn)	=	(a1	+	b1,	a2	+	b2,	…,	an	+	bn)

and	 k(a1,	a2,	…,	an)	=	(ka1,	ka2,	…,	kan)

For	example,	 2	is	the	set	of	all	two-dimensional	vectors	(a,	b),	while	 3	is	the	set	of	all	vectors	(a,	b,	c)
in	euclidean	space.	(See	the	figure	on	the	next	page.)

However,	these	are	not	the	only	vector	spaces!	Our	definition	of	vector	space	is	so	very	simple	that
many	other	things,	quite	different	in	appearance	from	the	traditional	vector	spaces,	satisfy	the	conditions
of	our	definition	and	are	therefore,	legitimately,	vector	spaces.

For	example,	 ,	you	may	recall,	is	the	set	of	all	functions	from	 	to	 .	We	define	the	sum	f	+	g	of
two	functions	by	the	rule

[f	+	g](x)=	f(x)	+	g(x)

and	we	define	the	product	af,	of	a	real	number	a	and	a	function	f,	by

[af](x)	=	af(x)

It	is	very	easy	to	verify	that	 ,	with	these	operations,	satisfies	all	the	conditions	needed	in	order	to	be	a
vector	space	over	the	field	 .

As	another	example,	let	 denote	the	set	of	all	polynomials	with	real	coefficients.	Polynomials	are



added	as	usual,	and	scalar	multiplication	is	defined	by

k(a0	+	a1x	+	⋯	+	anxn)	=	(ka0)	+	(ka1)x	+	⋯	+	(kan)xn

Again,	it	is	not	hard	to	see	that	 	is	a	vector	space	over	 .
Let	V	be	a	vector	space.	Since	V	with	addition	alone	is	an	abelian	group,	there	is	a	zero	element	in

V	called	the	zero	vector,	written	as	0.	Every	vector	a	in	V	has	a	negative,	written	as	−a.	Finally,	since	V
with	 vector	 addition	 is	 an	 abelian	 group,	 it	 satisfies	 the	 following	 conditions	 which	 are	 true	 in	 all
abelian	groups:

a	+	b	=	a	+	c	 implies	 b=	c	 (1)

a	+	b	=	0	 implies	 a	=	−b	 and 	b	=	−a	 (2)

−(a	+	b)	=	(−a)	+	(−b) and 	−(−a)	=	a	 (3)

There	 are	 simple,	 obvious	 rules	 for	 multiplication	 by	 zero	 and	 by	 negative	 scalars.	 They	 are
contained	in	the	next	theorem.

Theorem	1	If	V	is	a	vector	space,	then:

(i) 0a	=	0,	for	every	a	∈	V
(ii) k0	=	0,	for	every	scalar	k.
(iii) If	ka	=	0,	then	k	=	0	or	a	=	0.
(iv) (−1)a	=	−a	for	every	a	∈	V.

To	prove	Rule	(i),	we	observe	that

0a	=	(0	+	0)a	=	0a	+	0a

hence	0	+	0a	=	0a	+	0a.	It	follows	by	Condition	(1)	that	0	=	0a.
Rule	(ii)	is	proved	similarly.	As	for	Rule	(iii),	if	k	=	0,	we	are	done.	If	k	≠0,	we	may	multiply	ka	=

0	by	1/k	to	get	a	=	0.	Finally,	for	Rule	(iv),	we	have

a	+	(−1)a	=	1a	+	(−1)a	=	(1	+	(−1))a	=	0a	=	0

so	by	Condition	(2),	(−1)a	=	−a.
Let	V	be	a	vector	space,	and	U	⊆	V.	We	say	that	U	is	closed	with	respect	to	scalar	multiplication	if

ka	∈	U	 for	every	scalar	k	and	every	a	∈	U.	We	call	U	a	subspace	of	V	 if	U	 is	closed	with	respect	 to
addition	and	scalar	multiplication.	It	is	easy	to	see	that	if	V	is	a	vector	space	over	the	field	F,	and	U	is	a
subspace	of	V,	then	U	is	a	vector	space	over	the	same	field	F.

If	a1,a2,	…,	an	are	in	V	and	k1,	k2,	…,	kn	are	scalars,	then	the	vector

k1a1	+	k2	a2	+	⋯	+	knan

is	called	a	linear	combination	of	a1,a2,	…,	an.	The	set	of	all	the	linear	combinations	of	a1,a2,	…,	an	is	a
subspace	of	V.	(This	fact	is	exceedingly	easy	to	verify.)

If	U	 is	 the	 subspace	 consisting	 of	 all	 the	 linear	 combinations	 of	 a1,a2,	 …,	 an,	 we	 call	U	 the



subspace	spanned	by	a1,a2,	…,	an.	An	equivalent	way	of	saying	the	same	thing	is	as	follows:	a	space	(or
subspace)	U	is	spanned	by	a1,a2,	…,	an	iff	every	vector	in	U	is	a	linear	combination	of	a1,	a2,	…,	an.

If	U	is	spanned	by	a1,a2,	…,	an,	we	also	say	that	a1,a2,	…,	an	span	U.
Let	S	=	{a1,a2,	…,	an}	be	a	set	of	distinct	vectors	in	a	vector	space	V.	Then	S	is	said	to	be	linearly

dependent	if	there	are	scalars	k1,	…,	kn,	not	all	zero,	such	that

k1a1	+	k2a2	+	⋯	+	knan	=	0	 (4)

Obviously	this	is	the	same	as	saying	that	at	least	one	of	the	vectors	in	S	is	a	linear	combination	of	the
remaining	ones.	[Solve	for	any	vector	ai,	in	Equation	(4)	having	a	nonzero	coefficient.]

If	S	=	{a1,a2,	…,	an}	is	not	linearly	dependent,	then	it	is	linearly	independent.	That	is,	S	is	linearly
independent	iff

k1a1	+	k2a2	+	⋯	+	knan	=	0	 implies	 k1	=	k2	=	⋯	=	kn	=	0

This	is	the	same	as	saying	that	no	vector	in	S	is	equal	to	a	linear	combination	of	the	other	vectors	in	S.
It	 is	 obvious	 from	 these	definitions	 that	 any	 set	of	vectors	 containing	 the	 zero	vector	 is	 linearly

dependent.	Furthermore,	the	set	{a},	containing	a	single	nonzero	vector	a,	is	linearly	independent.
The	next	two	lemmas,	although	very	easy	and	at	first	glance	rather	trite,	are	used	to	prove	the	most

fundamental	theorems	of	this	subject.
Lemma	1	 If	{a1,	a2,	…,	an}	 is	 linearly	 dependent,	 then	 some	ai,	 is	 a	 linear	 combination	 of	 the

preceding	ones,	a1,	a2,	…,	ai−1.
PROOF:	Indeed,	if	{a1,	a2,	…,	an}	is	linearly	dependent,	then	k1a1	+	⋯	+	knan	=	0	 for	coefficients

k1,k2,	…,kn	which	are	not	all	zero.	If	ki	is	the	last	nonzero	coefficient	among	them,	then	k1ai	+	⋯	+	kiai	=
0,	and	this	equation	can	be	used	to	solve	for	ai	in	terms	of	a1,⋯,ai−1.■

Let	{a1	a2,	…, ,	…,	an}	denote	the	set	{a1,a2,	…,	an}	after	removal	of	ai.
Lemma	2	If	{a1,a2,	…,	an}	spans	V,	and	ai	is	a	linear	combination	of	preceding	vectors,	then	{a1,

…, ,	…,an}	still	spans	V.
PROOF:	Our	assumption	is	that	ai,	=	k1a1	+	⋯	+	ki−1ai−1	for	some	scalars	k1,	…,	ki−1.	Since	every

vector	b∈	V	is	a	linear	combination

b	=	l1a1	+	⋯	+	liai	+	⋯	+	lnan

it	can	also	be	written	as	a	linear	combination

b	=	l1a1	+	⋯	+	li(k1	a1	+	⋯	+ki−1	ai−1)	+	⋯	ln	an

in	which	ai	does	not	figure.	■

A	set	of	vectors	{a1,	…,	an}	in	V	is	called	a	basis	of	V	if	it	is	linearly	independent	and	spans	V.

For	example,	the	vectors	ε1	=	(1,	0,	0),	ε2	=	(0,1,0),	and	ε3	=	(0,0,1)	form	a	basis	of	( 3.	They	are



linearly	 independent	 because,	 obviously,	 no	 vector	 in	 {ε1,	ε2,	ε3}	 is	 equal	 to	 a	 linear	 combination	 of
preceding	ones.	[Any	linear	combination	of	ε1	and	ε2	is	of	the	form	aε1	+	bε2	=	(a,	b,	0),	whereas	ε3	is
not	of	this	form;	similarly,	any	linear	combination	of	ε1	alone	is	of	the	form	aε1	=	(a,	0,	0),	and	ε2	is	not
of	that	form.]	The	vectors	ε1,ε2,	ε3	span	 3	because	any	vector	(a,	b,	c)	in	 	can	be	written	as	(a,	b,	c)	=
aε1	+	bε2	+	cε3.

Actually,	{ε1,	ε2,	ε3}	is	not	the	only	basis	of	 3.	Another	basis	of	 3	consists	of	the	vectors	(1,	2,	3),
(1,0,	2),	and	(3,	2,1);	in	fact,	there	are	infinitely	many	different	bases	of	 3.	Nevertheless,	all	bases	of	 3

have	 one	 thing	 in	 common:	 they	 contain	 exactly	 three	 vectors!	 This	 is	 a	 consequence	 of	 our	 next
theorem:

Theorem	2	Any	two	bases	of	a	vector	space	V	have	the	same	number	of	elements.

PROOF:	Suppose,	on	the	contrary,	that	V	has	a	basis	A	=	{a1,	…,	an}	and	a	basis	B	=	{b1,	…,	bm}
where	m	≠	n.	To	be	specific,	suppose	n	<	m.	From	this	assumption	we	will	derive	a	contradiction.

Put	the	vector	bl	in	the	set	A,	so	A	now	contains	{b1,	a1	a2,	…,	an}.	This	set	is	linearly	dependent
because	b1	is	a	linear	combination	of	a1,	…,	an.	But	then,	by	Lemma	1,	some	ai	is	a	linear	combination
of	preceding	vectors.	By	Lemma	2	we	may	expel	this	ai,	and	the	remaining	set	{b1,	al,	…,	 ,	…,	an}
still	spans	V.

Repeat	this	argument	a	second	time	by	putting	b2	in	A,	so	A	now	contains	{b2,	b1,	a1,	a2,	…, ,	…,
an}.	This	set	is	linearly	dependent	because	{b1,a1,	…,	 ,	…,	an}	spans	V	and	therefore	b2	 is	a	linear
combination	of	b1,	a1,	…,	 ,	…,	an.	By	Lemma	1,	some	aj	is	a	linear	combination	of	preceding	vectors
in	A,	so	by	Lemma	2	we	may	remove	aj,	and	{b2,	b1,	a1,	a2,	…, ,	…,	 ,	an}	still	spans	V.

This	 argument	 is	 repeated	n	 times.	Each	 time,	 a	 vector	 from	B	 is	 put	 into	A	 and	 a	 vector	ak	 is
removed.	At	the	end	of	the	nth	repetition,	A	contains	only	b1,	…,bn,	and	{b1,	…,	bn}	still	spans	V.	But
this	is	impossible	because	it	implies	that	bn	+1	is	a	linear	combination	of	b1,	…,	bn,	whereas	in	fact,	B	=
{bl,	…,	bn,	…,	bm}	is	linearly	independent!

This	contradiction	proves	that	any	two	bases	of	V	must	contain	the	same	number	of	elements	!	■

If	V	 has	 a	 basis	 {a1,	…,	an},	we	 call	V	 a	 finite-dimensional	 vector	 space	 and	 say	 that	V	 is	 of
dimension	n.	In	that	case,	by	Theorem	2	every	basis	of	V	has	exactly	n	elements.

In	 the	 sequel	we	consider	only	 finite-dimensional	vector	 spaces.	The	next	 two	 lemmas	are	quite
interesting.	The	first	one	states	that	if	{a1	…,	am}	spans	V,	there	is	a	way	of	removing	vectors	from	this
set,	one	by	one,	until	we	are	left	with	an	independent	set	which	still	spans	V.

Lemma	3	If	the	set	{a1,	…,	am}	spans	V,	it	contains	a	basis	of	V.

PROOF:	 If	{a1,	…,	am}	 is	an	 independent	 set,	 it	 is	a	basis,	and	we	are	done.	 If	not,	 some	a1	 is	a
linear	combination	of	preceding	ones,	so	{a1,	…,	 ,	…,	am}	still	spans	V.	Repeating	this	process,	we
discard	vectors	one	by	one	from	{a1	…,am}	and,	each	time,	the	remaining	vectors	still	span	V.	We	keep
doing	 this	until	 the	 remaining	 set	 is	 independent.	 (In	 the	worst	 case,	 this	will	happen	when	only	one
vector	is	left.)	■

The	next	lemma	asserts	that	if	{a1,	…,	as}	is	an	independent	set	of	vectors	in	V,	there	is	a	way	of



adding	vectors	to	this	set	so	as	to	get	a	basis	of	V.
Lemma	4	If	the	set	{a1,	…,as}	is	linearly	independent,	it	can	be	extended	to	a	basis	of	V.
PROOF:	 If	 {b1,	…,	bn}	 is	 any	basis	of	V,	 then	 {a1,	…,	as,	b1,	…,	bn}	 spans	V.	By	 the	 proof	 of

Lemma	3,	we	may	discard	vectors	from	this	set	until	we	get	a	basis	of	V.	Note	that	we	never	discard	any
ai,	because,	by	hypothesis,	ai,	is	not	a	linear	combination	of	preceding	vectors.	■

The	next	theorem	is	an	immediate	consequence	of	Lemmas	3	and	4.

Theorem	3	Let	V	have	dimension	n.	If	{a1,	…,	an}	is	an	independent	set,	 it	 is	already	a	basis	of
V.If{bl,	…,bn}	spans	V,	it	is	already	a	basis	of	V.

If	{a1,	…,	an}	is	a	basis	of	V,	then	every	vector	c	in	V	has	a	unique	expression	c	=	k1a1	+	⋯	+	knan
as	a	linear	combination	of	a1,	…,	an.	Indeed,	if

c	=	k1	a1	+	⋯	+	knan	=	l1a1	+	⋯	+	lnan

then

(k1	−	l1)a1	+	⋯	+(kn	−	ln)an	=	0

hence

k1	−	l1	=	⋯	=	kn	−	ln	=	0

so	k1	=	l1,	…	kn	=	ln. 	If	 c	=	k1al	+	⋯	+	knan, the	 coefficients	k1,	…,	kn	are	called	the	coordinates	of
c	with	respect	to	the	basis	{al,	…,	an}.	It	is	then	convenient	to	represent	c	as	the	n-tupie

c	=	(k1,	…,	kn)

If	U	and	V	are	vector	spaces	over	a	field	F,	a	function	h	:	U	→	V	is	a	homomorphism	if	it	satisfies
the	following	two	conditions:

h(a	+	b)	=	h(a)	+	h(b)

and

h(ka)	=	kh(a)

A	homomorphism	of	vector	spaces	is	also	called	a	linear	transformation.
If	h	:	U→V	is	a	linear	transformation,	its	kernel	[that	is,	the	set	of	all	a	∈	U	such	that	h(a)	=	0]	is	a

subspace	of	U,	 called	 the	null	space	 of	h.	Homomorphisms	 of	 vector	 spaces	 behave	 very	much	 like
homomorphisms	of	groups	and	rings.	Their	properties	are	presented	in	the	exercises.

EXERCISES

A.	Examples	of	Vector	Spaces



1	Prove	that	 n,	as	defined	on	page	283,	satisfies	all	the	conditions	for	being	a	vector	space	over	 .
2	Prove	that	 ( ),	as	defined	on	page	284,	is	a	vector	space	over	 .
3	Prove	that	 ,as	defined	on	page	284,	is	a	vector	space	over	 .
4	Prove	 that	 2( ),	 the	 set	of	all	2	×	2	matrices	of	 real	numbers,	with	matrix	addition	and	 the	 scalar
multiplication

is	a	vector	space	over	 .

B.	Examples	of	Subspaces
#	1 	Prove	that	{(a,	b,	c)	:	2a	−	3b	+	c	=	0}	is	a	subspace	of	 3.
2 	Prove	that	the	set	of	all	(x,	y,	z)	∈	 3	which	satisfy	the	pair	of	equations	ax	+	by	+	c	=	0,	dx	+	ey	+	f
=	0	is	a	subspace	of	 3.
3 	Prove	that	{f	:	f(l)	=	0}	is	a	subspace	of	 ( ).
4 	Prove	that	{	f	:	f	is	a	constant	on	the	interval	[0,1]}	is	a	subspace	of	 ( ).
5 	Prove	that	the	set	of	all	even	functions	[that	is,	functions	f	such	that	f(x)	=	f(−x)]	is	a	subspace	of	 (
).	Is	the	same	true	for	the	set	of	all	the	odd	functions	[that	is,	functions	f	such	that	f(−x)	=	−f(x)]?
6 	Prove	that	the	set	of	all	polynomials	of	degree	≤n	is	a	subspace	of	

C.	Examples	of	Linear	Independence	and	Bases

1 	Prove	that	{(0,0,0,1),	(0,0,1,1),	(0,1,1,1),	(1,1,1,1)}	is	a	basis	of	 4.
2 	If	a	=	(1,	2,	3,4)	and	b	=	(4,	3,2,1),	explain	why	{a,	b}	may	be	extended	to	a	basis	of	 4.	Then	find	a
basis	of	 4	which	includes	a	and	b.
3 	Let	A	be	the	set	of	eight	vectors	(x,	y,	z)	where	x,	y,	z	=	1,	2.	Prove	that	A	spans	 3,	and	find	a	subset
of	A	which	is	a	basis	of	 3.
4 	If	 	is	the	subspace	of	 	consisting	of	all	polynomials	of	degree	≤	n,	prove	that	{1,	x,	x2,	…,	xn}
is	a	basis	of	 .	Then	find	another	basis	of	 .
5 	Find	a	basis	for	each	of	the	following	subspaces	of	 3:

#	(a)	S1	=	{(x,	y,	z)	:	3x	−	2y	+	z	=	0}		 (b)	S2	=	{(x,	y,	z)	:	x	+	y	−	z	=	0	and	2x	−	y	+	z	=	0}

6 	Find	a	basis	for	the	subspace	of	 3	spanned	by	the	set	of	vectors	(x,	y,	z)	such	that	x2	+	y2	+	z2	=	1.
7 	Let	U	be	the	subspace	of	 ( )	spanned	by	{cos2	x,	sin2	x,	cos	2x}.	Find	the	dimension	of	U,	and	then
find	a	basis	of	U.
8 	Find	a	basis	for	the	subspace	of	 	spanned	by

{x3	+	x2	+	x	+	1,	x2	+	1,	x3	−	x2	+	x	−	1,	x2	−	1}

D.	Properties	of	Subspaces	and	Bases
Let	V	be	a	finite-dimensional	vector	space.	Let	dim	V	designate	the	dimension	of	V.	Prove	each	of	the
following:



1 	If	U	is	a	subspace	of	V,	then	dim	U	≤	dim	V.
2 	If	U	is	a	subspace	of	V,	and	dim	U	=	dim	V,	then	U	=	V.
3 	Any	set	of	vectors	containing	0	is	linearly	dependent.
4 	The	set	{a},	containing	only	one	nonzero	vector	a,	is	linearly	independent.
5 	Any	subset	of	an	independent	set	is	independent.	Any	set	of	vectors	containing	a	dependent	set	is
dependent.
#	6 	If	{a,	b,	c}	is	linearly	independent,	so	is	{a	+	b,	b	+	c,	a	+	c}.
7 	If	{a1,	…,	an}	is	a	basis	of	V,	so	is	{k1a1,	…,	k	nan	}	for	any	nonzero	scalars
8 	The	space	spanned	by	{a1,	…,an}	is	the	same	as	the	space	spanned	by	{b1,	…,	bm}	iff	each	ai	is	a
linear	combination	of	b1,	…,	bm,	and	each	bj	is	a	linear	combination	of	a1	…,	an.

E.	Properties	of	Linear	Transformations
Let	U	 and	 V	 be	 finite-dimensional	 vector	 spaces	 over	 a	 field	 F,	 and	 let	 h	 :	 U	 →	 V	 be	 a	 linear
transformation.	Prove	parts	1–3:

1 	The	kernel	of	h	is	a	subspace	of	U.	(It	is	called	the	null	space	of	h.)
2 The	range	of	h	is	a	subspace	of	V.	(It	is	called	the	range	space	of	h.)
3 	h	is	injective	iff	the	null	space	of	h	is	equal	to	{0}.

Let	Nbe	the	null	space	of	h,	and	 the	range	space	of	h.	Let	{a1,	…,	ar}	be	a	basis	of	N.	Extend	it	to	a
basis	{al,	…,	ar,	…,	an}	of	U.
Prove	parts	4–6:
4 	Every	vector	b∈	 	is	a	linear	combination	of	h(ar+1),	…,	h(an).
#	5 	{h(ar+1),	…,	h(an)}	is	linearly	independent.
6 	The	dimension	of	 	is	n	−	r.
7 	Conclude	as	follows:	for	any	linear	transformation	h,	dim	(domain	h)	=	dim	(null	space	of	h)	+	dim
(range	space	of	h).
8 	Let	U	and	V	have	the	same	dimension	n.	Use	part	7	to	prove	that	h	is	injective	iff	h	is	surjective.

F.	Isomorphism	of	Vector	Spaces
Let	U	and	V	be	vector	spaces	over	 the	field	F,	with	dim	U	=	n	and	dim	V	=	m.	Let	h	 :	U	→	V	 be	 a
homomorphism.
Prove	the	following:
1 	Let	h	be	injective.	If	{a1..	.,	ar}	 is	a	 linearly	 independent	subset	of	U,	 then	{h(a1),	…,	h(ar)}	 is	a
linearly	independent	subset	of	V.
#	2 	h	is	injective	iff	dim	U	=	dim	h(U).
3 	Suppose	dim	U	=	dim	V;	h	is	an	isomorphism	(that	is,	a	bijective	homomorphism)	iff	h	is	injective
iff	h	is	surjective.
4 	Any	n-dimensional	vector	space	V	over	F	is	isomorphic	to	the	space	Fn	of	all	n-tupies	of	elements	of
F.



†G.	Sums	of	Vector	Spaces
Let	T	and	U	be	subspaces	of	V.	The	sum	of	T	and	U,	denoted	by	T	+	U,	is	the	set	of	all	vectors	a	+	b,
where	a	∈	T	and	b	∈	U.
1 	Prove	that	T	+	U	and	T	∩	U	are	subspaces	of	V.

V	is	said	to	be	the	direct	sum	of	T	and	U	if	V	=	T	+	U	and	T	∩	U	=	{0}.	In	that	case,	we	write	V	=	T
⊕	U.
#	2 	Prove:	V	=	T	⊕	U	iff	every	vector	c	∈	V	can	be	written,	in	a	unique	manner,	as	a	sum	c	=	a	+	b
where	a	∈	U	and	b	∈	U.

3 	Let	T	be	a	k-dimensional	subspace	of	an	n-dimensional	space	V.	Prove	that	an	(n	−	k)-dimensional
subspace	U	exists	such	that	V	=	T	⊕	U.
4 	If	T	and	U	are	arbitrary	subspaces	of	V,	prove	that

dim	(T	+	U)	=	dim	T	+	dim	U	−	dim	(T	∩	U)



CHAPTER

TWENTY-NINE

DEGREES	OF	FIELD	EXTENSIONS

In	 this	 chapter	we	will	 see	 how	 the	machinery	 of	 vector	 spaces	 can	 be	 applied	 to	 the	 study	 of	 field
extensions.

Let	F	and	K	be	fields.	If	K	is	an	extension	of	F,	we	may	regard	K	as	being	a	vector	space	over	F.
We	may	treat	the	elements	in	K	as	“vectors”

and	 the	 elements	 in	 F	 as	 “scalars.”	 That	 is,	 when	 we	 add	 elements	 in	K,	 we	 think	 of	 it	 as	 vector
addition;	when	we	add	and	multiply	elements	 in	F,	we	 think	of	 this	as	addition	and	multiplication	of
scalars;	 and	 finally,	when	we	multiply	 an	 element	 of	F	 by	 an	 element	 of	K,	we	 think	 of	 it	 as	 scalar
multiplication.

We	will	be	especially	interested	in	the	case	where	the	resulting	vector	space	is	of	finite	dimension.
If	K,	as	a	vector	space	over	F,	is	of	finite	dimension,	we	call	K	a	finite	extension	of	F.	If	the	dimension
of	 the	vector	 space	K	 is	n,	we	 say	 that	K	 is	 an	extension	of	degree	n	 over	F.	 This	 is	 symbolized	 by
writing

[K	:	F]	=	n

which	should	be	read,	“the	degree	of	K	over	F	is	equal	to	n.”
Let	 us	 recall	 that	F(c)	 denotes	 the	 smallest	 field	which	 contains	F	 and	c.	 This	means	 that	F(c)

contains	F	and	c,	and	that	any	other	field	K	containing	F	and	c	must	contain	F(c).	We	saw	in	Chapter	27
that	if	c	is	algebraic	over	F,	then	F(c)	consists	of	all	the	elements	of	the	form	a(c),	for	all	a(x)	in	F[x].
Since	F(c)	is	an	extension	of	F,	we	may	regard	it	as	a	vector	space	over	F.	Is	F(c)	a	finite	extension	of



F?
Well,	let	c	be	algebraic	over	F,	and	let	p(x)	be	the	minimum	polynomial	of	c	over	F.	[That	is,	p(x)

is	 the	monic	polynomial	of	lowest	degree	having	casa	root.]	Let	the	degree	of	the	polynomial	p(x)	be
equal	to	n.	It	turns	out,	then,	that	the	n	elements

1,	c,c2,	…,	cn	−	1

are	 linearly	 independent	 and	 span	F(c).	We	will	 prove	 this	 fact	 in	 a	moment,	 but	meanwhile	 let	 us
record	what	it	means.	It	means	that	the	set	of	n	“vectors”	{1,c,c2,	…,	cn	−	1}	is	a	basis	of	F(c);	hence
F(c)	is	a	vector	space	of	dimension	n	over	the	field	F.	This	may	be	summed	up	concisely	as	follows:

Theorem	1	The	degree	of	F(c)	over	F	is	equal	to	the	degree	of	the	minimum	polynomial	of	c	over
F.

PROOF:	 It	 remains	 only	 to	 show	 that	 the	 n	 elements	 1,	 c,	…,	 cn	−	 l	 span	F(c)	 and	 are	 linearly
independent.	Well,	if	a(c)	is	any	element	of	F(c),	use	the	division	algorithm	to	divide	a(x)	by	p(x):

a(x)	=	p(x)q(x)	+	r(x)	 where	deg	r(x)≤n	−	1

Therefore,

This	shows	that	every	element	of	F(c)	is	of	the	form	r(c)	where	r(x)	has	degree	n	−	l	or	less.	Thus,	every
element	of	F(c)	can	be	written	in	the	form

a0	+	a1c	+	⋯	+	an	−	1cn	−	1

which	is	a	linear	combination	of	1,c,c2,	…,	cn	−	1.
Finally,	to	prove	that	1,c,c2,	…,	cn	−	l	are	linearly	independent,	suppose	that	a0	+	a1c	+	⋯	+	an	−	lcn

−	1	=	0.	If	the	coefficients	a0,a1,	…,	an	−	1	were	not	all	zero,	c	would	be	the	root	of	a	nonzero	polynomial
of	degree	n	−	1	or	less,	which	is	impossible	because	the	minimum	polynomial	of	c	over	F	has	degree	n.
Thus,	a0	=	a1	=	⋯	=	an	−	1	=	0.■

For	example,	let	us	look	at	 ( ):	the	number	 	is	not	a	root	of	any	monic	polynomial	of	degree
1	over	 .	For	such	a	polynomial	would
have	to	be	 ,and	the	latter	is	not	in	 [x]	because	 	is	irrational.	However,	 	is	a	root	of	x2	−	2,
which	is	therefore	the	minimum	polynomial	of	 	over	 ,	and	which	has	degree	2.	Thus,

In	particular,	every	element	in	 ( )	is	therefore	a	linear	combination	of	1	and	 ,that	is,	a	number	of
the	form	 	where	a,b	∈	 .

As	another	example,	i	is	a	root	of	the	irreducible	polynomial	of	over	x2	+	1	in	 [x].Therefore	x2	+	1
is	the	minimum	polynomial	of	i	over	 	x2	+	1	has	degree	2,	so	[ (i)	:	 ]	=	2.	Thus,	 (i)	consists	of	all	the



linear	combinations	of	1	and	i	with	real	coefficients,	that	is,	all	the	a	+	bi	where	a,b	∈	 .Clearly	then,	
(i)	=	 ,	so	the	degree	of	 	over	 	is	equal	to	2.

In	the	sequel	we	will	often	encounter	the	following	situation:	E	is	a	finite	extension	of	K,	where	K
is	a	finite	extension	of	F.	If	we	know	the

degree	of	E	 over	K	 and	 the	degree	of	K	 over	F,	 can	we	determine	 the	degree	of	E	 over	F	 This	 is	 a
question	of	major	importance!	Fortunately,	it	has	an	easy	answer,	based	on	the	following	lemma:

Lemma	Let	a1a2,	…,	am	be	a	basis	of	the	vector	space	K	over	F,	and	let	b1,b2,	…,	bn	be	a	basis	of
the	vector	space	E	over	K.	Then	the	set	of	mn	products	{aibj}	is	a	basis	of	the	vector	space	E	over	the
field	F.

PROOF:	To	prove	that	the	set	{aibj}	spans	E,	note	that	each	element	c	in	E	can	be	written	as	a	linear
combination	c	=	k1b1	+	⋯	+	knbn	with	coefficients	ki	 in	K.	But	each	k,i	because	 it	 is	 in	K,	 is	 a	 linear
combination

ki	=	li1a1	+	⋯	+	lim	am

with	coefficients	lij	in	F.	Substituting,

and	this	is	a	linear	combination	of	the	products	aibj	with	coefficient	lij	in	F.
To	prove	that	{aibj}	is	linearly	independent,	suppose	∑	lijaibj	=	0.	This	can	be	written	as

(l11a1	+	⋯	+	l1m	am)	b1	+	⋯	+	(ln1a1	+	⋯	+	lnmam)bn	=	0

and	 since	 b1,	 …,	 bn	 are	 independent,	 lila1	 +	 ·	 ·	 ·	 +	 limam	 =	 0	 for	 each	 i.	 But	 a1,	 …,	 am	 are	 also
independent,	so	every	lij	=	0.	■

With	this	result	we	can	now	conclude	the	following:

Theorem	2	Suppose	F	⊆	K	⊆	E	where	E	is	a	finite	extension	of	K	and	K	 is	a	finite	extension	of
F.Then	∈	is	a	finite	extension	of	F,	and

[E	:	F]	=	[E	:	K][K	:	F]

This	theorem	is	a	powerful	tool	in	our	study	of	fields.	It	plays	a	role	in	field	theory	analogous	to
the	role	of	Lagrange’s	theorem	in	group	theory.	See	what	it	says	about	any	two	extensions,	K	and	E	of	a



fixed	“base	field”	F	:	If	K	is	a	subfield	of	E9	then	the	degree	of	K	(over	F)	divides	the	degree	of	∈	(over
F).

If	c	is	algebraic	over	F,	we	say	that	F(c)	is	obtained	by	adjoining	c	to	F.	If	c	and	d	are	algebraic
over	F,	we	may	find	adjoin	c	to	F,	thereby	obtaining	F(c),	and	then	adjoin	d	to	F(c).	The	resulting	field
is	denoted	F(c,	d)	and	is	the	smallest	field	containing	F,	c	and	d.	[Indeed,	any	field	containing	F,	c	and	d
must	contain	F(c),	hence	also	F(c,d).]	 It	does	not	matter	whether	we	first	adjoin	c	and	 then	d	or	vice
versa.

If	c1,	…,	cn	are	algebraic	over	F,	we	let	F(c1,	…,	cn)	be	the	smallest	field	containing	F	and	c1,	…,
cn.	We	call	 it	 the	 field	obtained	by	adjoining	c1,…,cn	 to	F.	We	may	 form	F(c1,	…,	cn)	 step	 by	 step,
adjoining	one	ci	at	a	time,	and	the	order	of	adjoining	the	ci	is	irrelevant.

An	extension	F(c)	formed	by	adjoining	a	single	element	to	F	is	called	a	simple	extension	of	F.	An
extension	F(c1,	…,	cn)formed	by	adjoining	a	 finite	number	of	elements	c1,	…,	cnis	 called	an	 iterated
extension.	It	is	called	“iterated”	because	it	can	be	formed	step	by	step,	one	simple	extension	at	a	time:

F	⊆	F(c1)	⊆	F(c1,c2)	⊆	F(cl,c2,c3)	⊆	…	⊆	F(c1,	…,	cn	 (1)

If	 c1,	 …,	 cn	 are	 algebraic	 over	 F,	 then	 by	 Theorem	 1,	 each	 extension	 in	 Condition	 (1)	 is	 a	 finite
extension.	By	Theorem	2,	F(c1	c2)	is	a	finite	extension	of	F;	applying	Theorem	2	again,	F(c1,c2,c3)	is	a
finite	extension	of	F;	and	so	on.	So	finally,	if	c1,	…,	cn	are	algebraic	over	F,	then	F(c1,	…,	cn)	is	a	finite
extension	of	F.

Actually,	the	converse	is	true	too:	every	finite	extension	is	an	iterated	extension.	This	is	obvious:
for	if	K	is	a	finite	extension	of	F,	say	an	extension	of	degree	n,	then	K	has	a	basis	{a1,	…,an}	over	F.
This	means	that	every	element	in	K	is	a	linear	combination	of	a1,	…,	an	with	coefficients	in	F;	but	any
field	containing	F	and	a1,	…,	an	obviously	contains	all	the	linear	combinations	of	a1,	…,	an;	hence	K	is
the	smallest	field	containing	F	and	a1,	…,	an.	That	is,	K	=	F(a1,	…,	an).

In	fact,	if	K	is	a	finite	extension	of	F	and	K	=	F(a1,	…,	an),	then	a1,	…,	an	have	 to	be	algebraic
over	F.	This	is	a	consequence	of	a	simple	but	important	little	theorem:

Theorem	3	If	K	is	a	finite	extension	of	F,	every	element	of	K	is	algebraic	over	F

PROOF:	 Indeed,	 suppose	K	 is	 of	 degree	n;	 over	F,	 and	 let	 c	 be	 any	 element	 of	K.	 Then	 the	 set
{1,c,c2,	…,	cn)	is	linearly	dependent,	because	it	has	n	+	1	elements	in	a	vector	space	K	of	dimension	n.
Consequently,	there	are	scalars	a0,…,an	∈	F,	not	all	zero,	such	that	a0	+	a1c	+	⋯	+	ancn	=	0.	Therefore	c
is	a	root	of	the	polynomial	a(x)	=	a0	+	a1x	+	⋯	+	anxn	in	F[x].■

Let	us	sum	up:	Every	iterated	extension	F(c1,	…,	cn),	where	c1,	…,	cn	are	algebraic	over	F,	is	finite
extension	of	extension	of	F.	Conversely,	every	finite	extension	of	F	is	an	iterated	extension	F(c1,	…,	cn),
where	c1,	…,	cn	are	algebraic	over	F.

Here	is	an	example	of	the	concepts	presented	in	this	chapter.	We	have	already	seen	that	 ( )	is	of
degree	2	over	 ,	and	therefore	 ( )	consists	of	all	the	numbers	a	+	b 	where	a,b	∈	 .	Observe	that	

cannot	be	in ( );	for	if	it	were,	we	would	have	 	=	a	+	b 	for	rational	a	and	b;	squaring	both
sides	and	solving	for	 	would	give	us	 	=	a	rational	number,	which	is	impossible.

Since	 	 is	not	 in	 ( ), 	cannot	be	a	 root	of	a	polynomial	of	degree	1	over	 ( )	 (such	 a



polynomial	would	have	 to	be	x	−	 ).	But	 	 is	 a	 root	of	x2	−	 3,	which	 is	 therefore	 the	minimum
polynomial	of	 	over	 ( ).Thus,	 ( , )	is	of	degree	2	over	 ( ),	and	therefore	by	Theorem	2,
( , )	is	of	degree	4	over	 .

By	the	comments	preceding	Theorem	1,	{1, }	is	a	basis	of	 ( )	over	 ,and	{1, }	is	a	basis
of	 ( , )	over	 ( ).	Thus,	by	the	lemma	of	this	chapter,	{1, , , }	is	a	basis	of	 ( , )
over	 .	This	means	that	 ( , )	consists	of	all	the	numbers	a	+	b +	c 	+	d	 ,	for	all	a	b,c,	and
d	in	 .

For	later	reference.	The	technical	observation	which	follows	will	be	needed	later.
By	 the	 comments	 immediately	 preceding	 Theorem	 1,	 every	 element	 of	 F(c1)	 is	 a	 linear

combination	of	powers	of	c1,	with	coefficients	in	F.	That	is,	every	element	of	F(c1)	is	of	the	form

where	the	ki	are	in	F.	For	the	same	reason,	every	element	of	F(c1	c2)	is	of	the	form

where	the	coefficients	lj	are	in	F(c1).Thus,	each	coefficient	lj	is	equal	to	a	sum	of	the	form	(2).	But	then,
clearing	brackets,	it	follows	that	every	element	of	F(c1c2)	is	of	the	form

where	the	coefficients	kij	are	in	F.
If	we	continue	this	process,	it	is	easy	to	see	that	every	element	of	F(c1,c2,…,	cn)	is	a	sum	of	terms

of	the	form

where	the	coefficient	k	of	each	term	is	in	F.

EXERCISES

A.	Examples	of	Finite	Extensions
1	 Find	 a	 basis	 for	 (i )	 over	 ,	 and	 describe	 the	 elements	 of	 (i ).(See	 the	 two	 examples
immediately	following	Theorem	1.)
2	Show	that	every	element	of	 (2	+	3i)	can	be	written	as	a	+	bi,	where	a,b	∈ 	Conclude	that	 (2	+	3i)	=	
.
#	 3	 If	 ,	 show	 that	 {1,	 21/3,	 22/3,	 a,21/3a,	 22/3a}	 is	 a	 basis	 of	 (a)	 over	 .	 Describe	 the
elements	of	 (a).

#	4	Find	a	basis	of	 ( )	over	 ,	and	describe	the	elements	of	 .
5	Find	a	basis	of	 	over	 	and	describe	the	elements	of	 ( ).(See	the	example	at



the	end	of	this	chapter.)
6	Find	a	basis	of	 ( , , )	over	 ,	and	describe	the	elements	of	 ( , , .
7	Name	an	extension	of	 	over	which	π	is	algebraic	of	degree	3.

†	B.	Further	Examples	of	Finite	Extensions
Let	F	be	a	field	of	characteristic	≠	2.	Let	a	≠	b	be	in	F.

1	Prove	that	any	field	F	containing	 	+	 	also	contains	 	and	 .[HINT:	Compute	( 	+	 )2	and
show	that	 	∈	F.	Then	compute	 ( 	+	 ),	which	is	also	in	F]	Conclude	that	F( 	+	 )	=	F(

, ).
2	Prove	that	if	b	≠	x2a	for	any	x	∈	F,	then	 ∉F( ).	Conclude	that	F( , )	is	of	degree	4	over	F.
3	Show	that	x	=	 	+	 	satisfies	x4	−	2(a	+	b)x2	+	(a	−	b)2	=	0.	Show	that	x	=	 	also
satisfies	this	equation.	Conclude	that

4	Using	parts	1	to	3,	find	an	uncomplicated	basis	for	 (d)	over	 ,	where	d	 is	a	root	of	x4	−	14x2	+	9.
Then	find	a	basis	for	 	over	 .

C.	Finite	Extensions	of	Finite	Fields
By	the	proof	of	the	basic	theorem	of	field	extensions,	if	p(x)	is	an	irreducible	polynomial	of	degree	n	in
F[x],	then	F[x]/〈p(x)〉	≅	F(c)	where	c	is	a	root	of	p(x).	By	Theorem	1	in	this	chapter,	F(c)	is	of	degree	η
over	F.	Using	the	paragraph	preceding	Theorem	1:
1	Prove	that	every	element	of	F(c)	can	be	written	uniquely	as	a0	+	a1c	+	⋯	+an	−	lcn	−	1,	for	some	a0,…,
an	−	1	∈	F.
#	2	Construct	a	field	of	four	elements.	(It	is	to	be	an	extension	of	 	2.)	Describe	its	elements,	and	supply
its	addition	and	multiplication	tables.

3	Construct	a	field	of	eight	elements.	(It	is	to	be	an	extension	of	 	2).

4	Prove	that	if	F	has	q	elements,	and	a	is	algebraic	over	F	of	degree	n,	then	F(a)	has	qn	elements.
5	Prove	that	for	every	prime	number	p,	there	is	an	irreducible	quadratic	in	 p[x].	Conclude	that	for	every
prime	p,	there	is	a	field	with	p2	elements.

D.	Degrees	of	Extensions	(Applications	of	Theorem	2)
Let	F	be	a	field,	and	K	a	field	extension	of	F.	Prove	the	following:

1	[K:F]	=	1	iff	K	=	F.
#	2	If	[K	:	F]	is	a	prime	number,	there	is	no	field	properly	between	F	and	K	(that	is,	there	is	no	field	L
such	that	F	 	L	 	K).

3	If	[K:F]	is	a	prime,	then	K	=	F(a)	for	every	a	∈	K	−	F.
4	 Suppose	a,b	∈	K	 are	 algebraic	 over	F	with	degrees	m	 and	η,	where	m	 and	 «	 are	 relatively	 prime.
Then:



(a) F(a,b)is	degree	mn	over	F.
(b) 	F(a)	 	F(b)=	F.

5	If	the	degree	of	F(a)	over	F	is	a	prime,	then	F(a)	=	F(an)	for	any	n	(on	the	condition	that	an	∉	F).
6	If	an	irreducible	polynomial	p(x)	∈	F[x]	has	a	root	in	K,	then	deg	p(x)|[K:F].

E.	Short	Questions	Relating	to	Degrees	of	Extensions
Let	F	be	a	field.
Prove	parts	1−3:
1	The	degree	of	a	over	F	is	the	same	as	the	degree	of	1/a	over	F.	It	is	also	the	same	as	the	degrees	of	a	+
c	and	ac	over	F,	for	any	c	∈	F.
2	a	is	of	degree	1	over	F	iff	a	∈	F.
3	If	a	real	number	c	is	a	root	of	an	irreducible	polynomial	of	degree	>1	in	 [x],	then	c	is	irrational.
4	Use	part	3	and	Eisentein	’	s	irreducibility	criterion	to	prove	that	 (where	ra,	m	n	∈	 )	is	irrational
if	there	is	a	prime	number	which	divides	ra	but	not	n,and	whose	square	does	not	divide	ra.
5	Show	that	part	4	remains	true	for	 	where	q	>1.
6	If	a	and	b	are	algebraic	over	F,	prove	that	F(a,	b)	is	a	finite	extension	of	F.

†	F.	Further	Properties	of	Degrees	of	Extensions
Let	F	be	a	field,	and	K	a	finite	extension	of	F.	Prove	each	of	the	following:
1	Any	element	algebraic	over	K	is	algebraic	over	F,	and	conversely.
2	If	b	is	algebraic	over	K,	then	[F(b	:F]	|	[K(b)	:F].
3	If	fe	is	algebraic	over	K,	then	[K(b)	:K]	≤	[F(b)	:	F].	(HINT:	The	minimum	polynomial	of	b	over	F	may
factor	in	K[x],	and	6	will	then	be	a	root	of	one	of	its	irreducible	factors.)
#	4	If	b	is	algebraic	over	K,	then	[K(b):F(b)]	≤	[K	:F].	[HINT:	Note	that	F	⊆	K	⊆	K(b)	and	F	⊆	F(b)	⊆
K(b).	Relate	the	degrees	of	the	four	extensions	involved	here,	using	part	3.]

#	5	Let	p(x)	be	irreducible	in	F[x].	If	[K	:	F]	and	deg	p(x)	are	relatively	prime,	then	p(x)	is	irreducible	in
K[x].

†	G.	Fields	of	Algebraic	Elements:	Algebraic	Numbers
Let	F	⊆	K	and	a,b	∈	K.	We	have	seen	on	page	295	that	if	a	and	b	are	algebraic	over	F,	then	F(a,	b)	is	a
finite	extension	of	F.
Use	the	above	to	prove	parts	1	and	2.

1	If	a	and	b	are	algebraic	over	F,	then	a	+	b,	a	−	b,	ab,	and	a	/	b	are	algebraic	over	F.	(In	the	last	case,
assume	b	≠	0.)
2	The	set	{x	∈	K	:	x	is	algebraic	over	F}	is	a	subfield	of	K,	containing	F.

Any	complex	number	which	is	algebraic	over	 	is	called	an	algebraic	number.	By	part	2,	the	set	of
all	the	algebraic	numbers	is	a	field,	which	we	shall	designate	by	 .

Let	a(x)	=	a0	+	a1x	+	⋯	+	anxn	be	in	 [x],	and	let	c	be	any	root	of	a(x).	We	will	prove	that	c	∈	 .
To	begin	with,	all	the	coefficients	of	a(x)	are	in	 (a0,a1,	…,an).



3	Prove:	 (a0,	a1,	…,	an)	is	a	finite	extension	of	 .
Let	 (a0,	…,	an)	=	 1	Since	a(x)	∈	 1[x],	c	is	algebraic	over	 1	Prove	parts	4	and	5:

4	 1(c)	is	a	finite	extension	of	 1	hence	a	finite	extension	of	 .	(Why?)
5	c	∈ .
Conclusion:	 The	 roots	 of	 any	 polynomial	 whose	 coefficients	 are	 algebraic	 numbers	 are	 themselves
algebraic	numbers.

A	field	F	is	called	algebraically	closed	if	the	roots	of	every	polynomial	in	F[x]	are	in	F.	We	have
thus	proved	that	 	is	algebraically	closed.



CHAPTER

THIRTY
RULER	AND	COMPASS

The	ancient	Greek	geometers	considered	the	circle	and	straight	line	to	be	the	most	basic	of	all	geometric
figures,	other	 figures	being	merely	variants	and	combinations	of	 these	basic	ones.	To	understand	 this
view	we	must	 remember	 that	 construction	 played	 a	 very	 important	 role	 in	Greek	 geometry:	when	 a
figure	was	defined,	a	method	was	also	given	for	constructing	it.	Certainly	the	circle	and	the	straight	line
are	 the	 easiest	 figures	 to	 construct,	 for	 they	 require	 only	 the	 most	 rudimentary	 of	 all	 geometric
instruments:	 the	 ruler	 and	 the	 compass.	 Furthermore,	 the	 ruler,	 in	 this	 case,	 is	 a	 simple,	 unmarked
straightedge.

Rudimentary	 as	 these	 instruments	may	be,	 they	 can	be	 used	 to	 carry	 out	 a	 surprising	 variety	 of
geometric	constructions.	Lines	can	be	divided	into	any	number	of	equal	segments,	and	any	angle	can	be
bisected.	From	any	polygon	it	is	possible	to	construct	a	square	having	the	same	area,	or	twice	or	three
times	 the	 area.	With	 amazing	 ingenuity,	Greek	geometers	 devised	ways	 to	 cleverly	 use	 the	 ruler	 and
compass,	unaided	by	any	other	instrument,	to	perform	all	kinds	of	intricate	and	beautiful	constructions.
They	were	so	successful	that	it	was	hard	to	believe	they	were	unable	to	perform	three	little	tasks	which,
at	first	sight,	appear	to	be	very	simple:	doubling	the	cube,	trisecting	any	angle,	and	squaring	the	circle.
The	first	task	demands	that	a	cube	be	constructed	having	twice	the	volume	of	a	given	cube.	The	second
asks	 that	 any	 angle	 be	 divided	 into	 three	 equal	 parts.	The	 third	 requires	 the	 construction	of	 a	 square
whose	area	is	equal	to	that	of	a	given	circle.	Remember,	only	a	ruler	and	compass	are	to	be	used!

Mathematicians,	 in	 Greek	 antiquity	 and	 throughout	 the	 Renaissance,	 devoted	 a	 great	 deal	 of
attention	 to	 these	 problems,	 and	 came	 up	 with	 many	 brilliant	 ideas.	 But	 they	 never	 found	 ways	 of
performing	the	above	three	constructions.	This	is	not	surprising,	for	these	constructions	are	impossible!
Of	course,	the	Greeks	had	no	way	of	knowing	that	fact,	for	the	mathematical	machinery	needed	to	prove
that	these	constructions	are	impossible—in	fact,	the	very	notion	that	one	could	prove	a	construction	to
be	impossible—was	still	two	millennia	away.

The	final	resolution	of	these	problems,	by	proving	that	the	required	constructions	are	impossible,
came	from	a	most	unlikely	source:	 it	was	a	by-product	of	 the	arcane	study	of	field	extensions,	 in	 the
upper	reaches	of	modern	algebra.

To	understand	how	all	this	works,	we	will	see	how	the	process	of	ruler-and-compass	constructions
can	be	placed	in	the	framework	of	field	theory.	Clearly,	we	will	be	making	use	of	analytic	geometry.

If	 	is	any	set	of	points	in	the	plane,	consider	operations	of	the	following	two	kinds:

1. Ruler	operation:	Through	any	two	points	in	 ,	draw	a	straight	line.



2. Compass	operation:	Given	 three	points	A,	B,	 and	C	 in	 ,	 draw	a	 circle	with	 center	C	 and	 radius
equal	in	length	to	the	segment	AB.

The	points	of	intersection	of	any	two	of	these	figures	(line-line,	line-circle,	or	circle-circle)	are	said
to	be	constructible	in	one	step	from	 .	A	point	P	is	called	constructible	from	 	if	there	are	points	P1,
P2,	…,	Pn	=	P	 such	 that	P1	 is	constructible	 in	one	step	from	 ,	P2	 is	constructible	 in	one	step	from	

,	and	so	on,	so	that	Pi	is	constructible	in	one	step	from	 .
As	a	simple	example,	 let	us	see	that	 the	midpoint	of	a	 line	segment	AB	 is	constructible	from	the

two	points	A	and	B	in	the	above	sense.	Well,	given	A	and	B,	first	draw	the	line	AB.	Then,	draw	the	circle
with	center	A	and	radius	 	and	the	circle	with	center	A	and	radius	 ;	let	C	and	D	be	the	points	of
intersection	of	these	circles.	C	and	D	are	constructible	in	one	step	from	{A,	B}.	Finally,	draw	the	line
through	C	and	D;	the	intersection	of	this	line	with	AB	is	the	required	midpoint.	It	is	constructible	from
{A,	B}.

As	 this	 example	 shows,	 the	 notion	 of	 constructible	 points	 is	 the	 correct	 formalization	 of	 the
intuitive	idea	of	ruler-and-compass	constructions.

We	call	a	point	in	the	plane	constructible	if	it	is	constructible	from	 	×	 ,	that	is,	from	the	set	of	all
points	in	the	plane	with	rational	coefficients.

How	 does	 field	 theory	 fit	 into	 this	 scheme?	 Obviously	 by	 associating	 with	 every	 point	 its
coordinates.	More	exactly,	with	every	constructible	point	P	we	associate	a	certain	field	extension	of	 ,
obtained	as	follows:

Suppose	P	has	coordinates	(a,	b)	and	is	constructed	from	 	×	 	in	one	step.	We	associate	with	P
the	 field	 (a,	 b),	 obtained	 by	 adjoining	 to	 	 the	 coordinates	 of	 P.	 More	 generally,	 suppose	 P	 is
constructible	 from	 	×	 	 in	n	 steps:	 there	 are	 then	n	 points	P1,	P2,	…,	Pn	 =	P	 such	 that	 each	Pi	 is
constructible	in	one	step	from	 	×	 	 	{P1,	…,	Pi	−1}.	Let	the	coordinates	of	P1,	…,	Pn	be	(a1,	b1),	…,
(an,	bn),	respectively.	With	the	points	P1,	…,	Pn	we	associate	fields	K1,	…,	Kn	where	K1	=	 (a1,	b1),	and
for	each	i	>	1,

Ki	=	Ki	−	1	(ai,bi)

Thus,	K1	=	 (a1,	b1),	K2	=	K1(a2,	b2),	and	so	on:	beginning	with	 ,	we	adjoin	first	the	coordinates	of	P1,
then	the	coordinates	of	P2,	and	so	on	successively,	yielding	the	sequence	of	extensions

	⊆	K1	⊆	K2	⊆	·	·	·	⊆	Kn	=	K

We	call	K	the	field	extension	associated	with	the	point	P.



Everything	we	will	have	to	say	in	the	sequel	follows	easily	from	the	next	lemma.
Lemma	If	K1,	…,	Kn	are	as	defined	previously,	then	[Ki	:	Ki	−	1]	=	1,2,	or	4.
PROOF:	Remember	that	Ki	−	1	already	contains	the	coordinates	of	P1,.	.	.,	Pi	−	1,	and	Ki	is	obtained

by	adjoining	to	Ki	−	1	the	coordinates	xi,	yi	of	Pi.	But	Pi	is	constructible	in	one	step	from	 	×	 	 	{P1,.	.
.,	Pi	−	1},	so	we	must	consider	three	cases,	corresponding	to	the	three	kinds	of	intersection	which	may
produce	Pi,	namely:	line	intersects	line,	line	intersects	circle,	and	circle	intersects	circle.

Line	intersects	line:	Suppose	one	line	passes	through	the	points	(a1,	a2)	and	(b1,	b2),	and	the	other
line	passes	through	(c1,	c2)	and	(d1,	d2).	We	may	write	equations	for	these	lines	in	terms	of	the	constants
a1,	a2,	b1,	b2,	c1,	c2	and	d1,	d2	(all	of	which	are	in	Ki	−	1),	and	then	solve	these	equations	simultaneously
to	give	the	coordinates	x,	y	of	the	point	of	intersection.	Clearly,	these	values	of	x	and	y	are	expressed	in
terms	of	a1,	a2,	b1,	b2,	c1,	c2,	d1,	d2,	hence	are	still	in	Ki	−	1.	Thus,	Ki,	=	Ki	−	1.

Line	 intersects	circle:	Consider	 the	 line	AB	 and	 the	circle	with	center	C	 and	 radius	 equal	 to	 the
distance	 .	 Let	 A,	 B,	 C	 have	 coordinates	 (a1,	 a2),	 (b1,	 b2),	 and	 (c1,	 c2),	 respectively.	 By
hypothesis,	Ki	−	1	contains	the	numbers	a1,	a2,	b1,	b2,	c1,	c2,	as	well	as	k2	=	the	square	of	the	distance	

.	(To	understand	the	last	assertion,	remember	that	Ki	−	1	contains	the	coordinates	of	D	and	E;	see	the
figure	and	use	the	Pythagorean	theorem.)

Now,	the	line	AB	has	equation

and	the	circle	has	equation

(x	−	c1)2	+	(y	−	c2)2	=	k2	 (2)

Solving	for	x	in	(1)	and	substituting	into	(2)	gives

This	 is	 obviously	 a	 quadratic	 equation,	 and	 its	 roots	 are	 the	 x	 coordinates	 of	 S	 and	 T.	 Thus,	 the	 x
coordinates	of	both	points	of	intersection	are	roots	of	a	quadratic	polynomial	with	coefficients	in	Ki	−	1.
The	same	is	 true	of	 the	y	coordinates.	Thus,	 if	Ki	=	Ki	−	 1(xi,	yi)	where	(xi,	yi)	 is	one	of	 the	points	of
intersection,	then



{This	assumes	that	xi,	yi,	∉	Ki	−	1.	If	either	xi	or	yi,	or	both	are	already	in	Ki	−	1,	then	[Ki	−	1,(xi,	yi)	:	Ki	−
1]	=	1	or	2.}

Circle	intersects	circle:	Suppose	the	two	circles	have	equations

x2	+	y2	+	ax	+	by	+	c	=	0	 (3)

and

x2	+	y2	+	dx	+	ey	+	f	=	0	 (4)

Then	both	points	of	intersection	satisfy

(a	−	d)x	+	(b	−	e)y	+	(c	−	f)	=	0	 (5)

obtained	 simply	 by	 subtracting	 (4)	 from	 (3).	 Thus,	 x	 and	 y	 may	 be	 found	 by	 solving	 (4)	 and	 (5)
simultaneously,	which	is	exactly	the	preceding	case.	■

We	are	now	in	a	position	to	prove	the	main	result	of	this	chapter:

Theorem	 1:	 Basic	 theorem	 on	 constructible	 points	 If	 the	 point	 with	 coordinates	 (a,	 b)	 is
constructible,	then	the	degree	of	 (a)	over	 	is	a	power	of	2,	and	likewise	for	the	degree	of	 (b)	over	
.

PROOF:	Let	P	be	a	constructible	point;	by	definition,	there	are	points	P1.	.	.,	Pn	with	coordinates	(a1,
b1),	…,	(an,	bn)	such	that	each	Pi	is	constructible	in	one	step	from	 	×	 	 	{P1,...,	Pi	−	1},	and	Pn	=	P.
Let	the	fields	associated	with	P1,.	.	.,	Pn	be	K1,.	.	.,	Kn.	Then

[Kn	:	 ]	=	[Kn	:	Kn	−	1]	[Kn	−	1	:	Kn	−	2]	⋯	[K1	:	 ]

and	by	the	preceding	lemma	this	is	a	power	of	2,	say	2m.	But

[Kn	:	 ]	=	[Kn	:	 (a)][ (a): ]

hence[ (a)	:	 ]	is	a	factor	of	2m,	hence	also	a	power	of	2.	■

We	will	now	use	this	theorem	to	prove	that	ruler-and-compass	constructions	cannot	possibly	exist
for	the	three	classical	problems	described	in	the	opening	to	this	chapter.

Theorem	2	“Doubling	the	cube”	is	impossible	by	ruler	and	compass.



PROOF:	Let	us	place	the	cube	on	a	coordinate	system	so	that	one	edge	of	the	cube	coincides	with
the	unit	interval	on	the	x	axis.	That	is,	its	endpoints	are	(0,0)	and	(1,0).	If	we	were	able	to	double	the
cube	by	ruler	and	compass,	this	means	we	could	construct	a	point	(c,	0)	such	that	c3	=	2.	However,	by
Theorem	 1,	 [ (c)	 :	 ]	 would	 have	 to	 be	 a	 power	 of	 2,	 whereas	 in	 fact	 it	 is	 obviously	 3.	 This
contradiction	proves	that	it	is	impossible	to	double	the	cube	using	only	a	ruler	and	compass.	■

Theorem	3	“Trisecting	the	angle”	by	ruler	and	compass	is	impossible.	That	is,	there	exist	angles
which	cannot	be	trisected	using	a	ruler	and	compass.

PROOF:	We	will	show	specifically	 that	an	angle	of	60°	cannot	be	 trisected.	If	we	could	 trisect	an
angle	of	60°,	we	would	be	able	to	construct	a	point	(c,	0)	(see	figure)	where	c	=	cos	20°;	hence	certainly
we	could	construct	(b,0)	where	b	=2	cos	20°.

But	from	elementary	trigonometry

cos	3θ	=	4	cos3	θ	−	3	cos	θ

hence	

Thus,	b	=	2	cos	20°	satisfies	b3	−	3b	−	1	=	0.	The	polynomial

p(x)	=	x3	−	3x	−	1

is	irreducible	over	 	because	p(x	+	1)	=	x3	+	3x2	−	3	is	irreducible	by	Eisenstein’s	criterion.	It	follows
that	 (b)	has	degree	3	over	 ,	contradicting	the	requirement	(in	Theorem	1)	that	this	degree	has	to	be	a
power	of	2.	■



Theorem	4	“Squaring	the	circle”	by	ruler	and	compass	is	impossible.

PROOF.	If	we	were	able	to	square	the	circle	by	ruler	and	compass,	it	would	be	possible	to	construct
the	point	 ;	hence	by	Theorem	1,	 	would	be	a	power	of	2.	But	it	is	well	known	that
π	is	transcendental	over	 .	By	Theorem	3	of	Chapter	29,	the	square	of	an	algebraic	element	is	algebraic;
hence	 	 is	 transcendental.	 It	 follows	 that	 	 is	not	even	a	 finite	extension	of	 ,	much	 less	 an
extension	of	some	degree	2m	as	required.	■

EXERCISES

†	A.	Constructible	Numbers
If	O	and	I	are	any	two	points	in	the	plane,	consider	a	coordinate	system	such	that

the	interval	OI	coincides	with	the	unit	interval	on	the	x	axis.	Let	 	be	the	set	of	real	numbers	such	that	
	iff	the	point	(a,	0)	is	constructible	from	{O,	I}.	Prove	the	following:

1	If	 ,	then	 	and	 .
2	If	 ,	then	 .	(HINT:	Use	similar	triangles.	See	the	accompanying	figure.)

3	If	 ,	then	 .	(Use	the	same	figure	as	in	part	2.)
4	If	a	>	0	and	 ,	then	 .	(HINT:	In	the	accompanying	figure,	AB	is	the	diameter	of	a	circle.	Use
an	elementary	property	of	chords	of	a	circle	to	show	that	 .)

It	follows	from	parts	1	to	4	that	 	is	a	field,	closed	with	respect	to	taking	square	roots	of	positive
numbers.	 	is	called	the	field	of	constructible	numbers.
5	 .
6	If	a	is	a	real	root	of	any	quadratic	polynomial	with	coefficients	in	 ,	then	 .	(HINT:	Complete	the
square	and	use	part	4.)



†	B.	Constructible	Points	and	Constructible	Numbers
Prove	each	of	the	following:
1	 Let	 	 be	 any	 set	 of	 points	 in	 the	 plane;	 (a,	 b)	 is	 constructible	 from	 	 iff	 (a,	 0)	 and	 (0,	 b)	 are
constructible	from	 .
2	If	a	point	P	is	constructible	from	{O,I}	[that	is,	from	(0,	0)	and	(1,	0)],	then	P	is	constructible	from	
×	 .
#	3	Every	point	in	 	×	 	is	constructible	from	{O,	I}.	(Use	Exercise	A5	and	the	definition	of	 .)
4	If	a	point	P	is	constructible	from	 	×	 ,	it	is	constructible	from	{O,	I}.

By	combining	parts	2	and	4,	we	get	the	following	important	fact:	Any	point	P	is	constructible	from
	 ×	 	 iff	P	 is	 constructible	 from	 {O,I}.	 Thus,	 we	 may	 define	 a	 point	 to	 be	 constructible	 iff	 it	 is

constructible	from	{O,	I}.

5	A	point	P	is	constructible	iff	both	its	coordinates	are	constructible	numbers.

†	C.	Constructible	Angles
An	angle	α	is	called	constructible	iff	there	exist	constructible	points	A,	B,	and	C	such	that	∠LABC=	α.
Prove	the	following:
1	The	angle	α	is	constructible	iff	sin	α	and	cos	α	are	constructible	numbers.
2	cos	 	iff	sin	 .
3	If	cos	α,	cos	 ,	then	cos	(α	+	ß),	cos	 .
4	cos	 	iff	cos	 .
5	If	α	and	β	are	constructible	angles,	so	are	 ,	and	nα	for	any	positive	integer	n.
#	6	The	following	angles	are	constructible:	 .
7	The	following	angles	are	not	constructible:	20°;	40°,	140°.	(HINT:	Use	the	proof	of	Theorem	3.)

D.	Constructible	Polygons
A	polygon	is	called	constructible	iff	its	vertices	are	constructible	points.	Prove	the	following:
#	1	The	regular	n-gon	is	constructible	iff	the	angle	2π/n	is	constructible.
2	The	regular	hexagon	is	constructible.
3	The	regular	polygon	of	nine	sides	is	not	constructible.

†	E.	A	Constructible	Polygon
We	 will	 show	 that	 2π/5	 is	 a	 constructible	 angle,	 and	 it	 will	 follow	 that	 the	 regular	 pentagon	 is
constructible.
1	If	r	=	cos	k	+	i	sin	k	is	a	complex	number,	prove	that	1/r	=	cos	k	−	i	sin	k.	Conclude	that	r	+	1/r	=	2
cos	k.

By	de	Moivre’s	theorem,



is	a	complex	fifth	root	of	unity.	Since

x5	−	1	=	(x	−	1)(x4	+	x3	+	x2	+	x	+	1)

ω	is	a	root	of	p(x)	=	x4	+	x3	+	x2	+	x	+	1.
2	Prove	that	ω2	+	ω	+	1	+	ω−1	+	ω−2	=	0.
3	Prove	that

(HINT:	Use	parts	1	and	2.)	Conclude	that	cos	(2π/5)	is	a	root	of	the	quadratic	4x2	−	2x	−	1.
4	Use	part	3	and	A6	to	prove	that	cos	(2π/5)	is	a	constructible	number.
5	Prove	that	2π/5	is	a	constructible	angle.
6	Prove	that	the	regular	pentagon	is	constructible.

†	F.	A	Nonconstructible	Polygon
By	de	Moivre’s	theorem,

is	a	complex	seventh	root	of	unity.	Since

x7	−	1	=	(x	−	1)(x6	+	x5	+	x4	+	x3	+	x2	+	x	+	1)

ω	is	a	root	of	x6	+	x5	+	x4	+	x3	+	x2	+	x	+	1.
1	Prove	that	ω3	+	ω2	+	ω	+	1	+	ω−1	+	ω−2	+	ω−3	=	0.
2	Prove	that

(Use	part	1	and	Exercise	El.)	Conclude	that	cos	(2π/7)	is	a	root	of	8x3	+	4x2	−	4x−	1.
3	Prove	that	8x3	+	4x2	−	4x	−	1	has	no	rational	roots.	Conclude	that	it	is	irreducible	over	 .
4	Conclude	from	part	3	that	cos	(2π/7)	is	not	a	constructible	number.
5	Prove	that	2π/7	is	not	a	constructible	angle.
6	Prove	that	the	regular	polygon	of	seven	sides	is	not	constructible.

G.	Further	Properties	of	Constructible	Numbers	and	Figures
Prove	each	of	the	following:
1	If	the	number	a	is	a	root	of	an	irreducible	polynomial	p(x)	∈	 [x]	whose	degree	is	not	a	power	of	2,
then	a	is	not	a	constructible	number.
#	2	Any	constructible	number	can	be	obtained	from	rational	numbers	by	repeated	addition,	subtraction,



multiplication,	division,	and	taking	square	roots	of	positive	numbers.
3	 	is	the	smallest	field	extension	of	 	closed	with	respect	to	square	roots	of	positive	numbers	(that	is,
any	field	extension	of	 	closed	with	respect	to	square	roots	contains	 ).	(Use	part	2	and	Exercise	A.)
4	All	the	roots	of	the	polynomial	x4	−	3x2	+	1	are	constructible	numbers.

A	 line	 is	 called	 constructible	 if	 it	 passes	 through	 two	 constructible	 points.	 A	 circle	 is	 called
constructible	if	its	center	and	radius	are	constructible.
5	The	line	ax	+	by	+	c	=	0	is	constructible	if	 .
6	The	circle	x2	+	y2	+	ax	+	by	+	c	=	0	is	constructible	if	 .
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